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1. Introduction

Basis partitions are defined as successive ranks [6] or the “rank vector” of a
partition and they were first considered by Gupta [10]. More precisely, an integer
partition of n is a basis partition if, in the set of all partitions of n with a given
rank vector, its weight is minimum.

A partition 7 of a positive integer n is a finite non-increasing sequence of positive
integers (7, ma, . .., m) such that n = my+me+- - -+m. We write 7 = (mq, w2, ..., m)
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and call ;s is the parts of m. The size of 7 is the sum of all parts, which is denoted
by |rw|. The Ferrers graph of 7 is defined to be a left-justified arrangement of n
dots in [ rows consisting of 71, ma, ..., dots. The Durfee square of 7 is the largest
square subarray of dots in the Ferrers graph of 7. If the Durfee square has side d,
then every partition m with Durfee square of side d gives rise to a ‘successive rank
vector’ (r1,rs,...,rq). Note that rp = xp — yg, where xy is the kth largest part of
m and y; is the kth largest part of the conjugate partition of 7.

On the contrary, given a vector r = (r1,...,74), there is a unique partition mg
of minimal size called the basis partition with r as its successive rank vector. In
[14], Nolan et al. showed that if b(n) denotes the number of basis partitions of n,
then the generating function is

IUOTED I 1)

In [11], Hirschhorn interpreted (1) as a weighted partition identity connecting b(n)
with the Rogers-Ramanujan partitions of n with weights as powers of 2. Recently,
Andrews [1] studied a common generalization of the Rogers-Ramanujan series and
the generating function for basis partitions and deduced the following identity.
Theorem 1.1. [1, Theorem 1]
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where
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Andrews called the B, (), z), the Basis Partition polynomial, abbreviated BsP-
polynomial. It associated with Rogers-Ramanujan identities, the basis partition
generating function and overpartitions.
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In order to facilitate the subsequent application, we recall some standard nota-
tions for the basic hypergeometric series in [8]:

n—1 [e's)

(@@)o=1, (@@= (a)n=[[(1—ad"), (a:0)n = (@)oe = [](1 - ag"),

k=0 k=0
and we also adopt the following compact notation for the multiple ¢-shifted facto-
rial:
(a1, a2, am; @Qn = (a1; @)nlaz; @)n - - - (@i @),

where n is an integer or co. The basic hypergeometric series ,. ¢, is defined by
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The remainder of the paper is structured as follows. In Section 2, we deduce a
finite form of Andrews’s identity (2) by applying the method of Carlitz inversion
technique. An extension of the equation (2) be given in Section 3 and as applica-
tions, several of special cases will be discussed in Section 4.

2. A finite form of Andrews’s identity (2)

In this section, we obtain a finite form of the identity (2). To begin our main
result, we first list some results of Carlitz inversion for use later.

In [7], Carlitz gave a useful g-analogue of the result that Gould and Hsu [9]
found a pair of reciprocal formulas.

Lemma 2.1. (Carlitz inversion) Let {a;} and {b;} be any two sequences of numbers
and the sequences of q-polynomials

n

¢(x,n) = H(ai +¢"b;),(n=1,2,...)

i=1

be different from zero for monnegative integers x and n with ¢(x,0) = 1. Then
there hold the following inverse relations:

fm) = Y2 (=0* [ 1] a2tk m)g(k), (3)

zo nia k
o) =31 [}] BT (), (@)
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Theorem 2.2. We have

i [7:] X" (@), = i(_l)k [m (A(A)—k (1 A )N+ BN, ),

)m+k+1

k—1

Proof. Setting ap = 1, by = —Ag" ! in (3) and (4), then the following inverse

relation holds.

Fm) =32 (=0¢ [ 1] a2 gag ), (5)
n n oy 2k
o) = S [}] G ) (©
and after elementary simplification by using (5) and (6), we have
= pma A = LIm] L=Xg?* 2
> [ 90 = (=) ] o) (7)

Taking g(n) = (A, x), in (5), then

o) =Y (=[] " O )

n

=g @ S [7] g i)

k
k=0

Substituting f(n) and g(n) into the equation (7), we can obtain the desired identity.
Note that when m — oo in Theorem (2.2), we can immediately obtain the identity
(2). Letting = 0 in Theorem (2.2), then we obtain

S [ = 3w [ frm .

k
n=0 k=0 (Aq )m—l—l

Furthermore, setting A = 1 or ¢ in (8), the equality reduces to the finite forms of
well-known Rogers-Ramanujan identities:

z’”: [7:] o7 = D kim(_l)k [;E} 52
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3. An extension of Andrews’s identity (2)
First, let us recall the definition of the Bailey pair and Bailey lemma.
The sequences (a,, 3,) are called a Bailey pair relative to (a, q) if (a,, 8,) satisfy

n

ﬁnzz(q)—’” (9)

r—0 n—r (QQ)n—H" .

for all n > 0. Moreover, if only the (3, are given, then «,, can be determined using
Bailey inversion:

(D" (1 = ag®) (@) =, o
(@)n(1 —a) ;(q ,aq");4’ B, (10)

Ay =

Bailey lemma says that if (a,, 3,) be a Bailey pair with respect to a, then so
is the new Bailey pair (c,, 3,) given by

o Pl "

(ag/p)n(ag/o)n

for all n > 0, and

n

' (p)j(0);(aq/po)n—jlag/po) .
. (aq/p)n(aq/o)n(q@)n-; b (12)

=0
Substituting (11) and (12) into (9) and letting n — oo, we have

o0

Z(p)n(ff)n(aq/pa)"ﬁn _ (aq/p,aq/0)os Z (p)n(a)n(aq/pa)"a . (13)

(aq,aq/po)es = (aq/p)nlag/o)n "

n=0
More details of the Bailey pair and Bailey lemma, see [2, 16].
Next, we obtain an extension of the equality (2) by using the Bailey pair.
Theorem 3.1. We have

(A, Aab/q)oe <~ (¢/a,q/b, 2)n(Nab/q)"
(A, Ab) oo ;% @
20 (1= A2 (A, /a, q/b)n(—Aab/q)"q()

- (L= N)(gha ), B,(\, x). (14)
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Proof. Taking 3, = g;: and using (10), we have

(—1)"q3) (1 = A®) (V) &= (77 A" @),
PN R Vv

any =
=0

then (o, B,) form a Bailey pair. Inserting the Bailey pair (o, 8,) into (13) with
a— A, p— q/aand 0 — q/b, we find the right-hand side of this equation becomes

(A, M) = (1= A2 (A, g/a, q/b)n(—Aab/q)"q(%) Z (" a2

(A, Aab/q)os “= (1= X)(q, Aa, Ab),, = () ’
and the left-hand side of this equation becomes
= = b, x),(Aab/q)"
S (a/a,a/b)n(Mabfq)y 5 = 3 L1 (q)> (Aab/q)"
n=0 n=0 n

We complete the proof of Theorem 3.1.

Remark: Note that Theorem 3.1 is also a corollary of a transformation formula
from Liu’s work. Liu [13] obtained the general transformation formula by using
a g-expansion formula [12] which utilizes the Leibniz formula for the g-differential
operator. If setting

A, = (/b 2)n(b/a)"
(@)n

9

in [13, Theorem 1.6], we can also deduce Theorem 3.1.

Taking a,b — 0, then Theorem 3.1 reduces to the identity (2). And, we can ob-
tain a series of others identities associated with BsP-polynomial by using Theorem
3.1.

Setting (a,b) = (1,0), (=1,0), (\/g, —/q) and (—gq,0), respectively, in Theorem
3.1, we are led to the following theorem.
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Theorem 3.2. We have

S @)a(=2)"g2) = 3 (1 = AN BN ), (15)
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Setting (a,b,q) = (1,¢,¢%), (=¢* —q,¢*) and (q,0,¢*), respectively, in Theorem
3.1, we obtain the following theorem.

Theorem 3.3. We have

B,(\,z). (18)
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4. Some applications of Theorems 3.2 and 3.3
In this section, we consider some special cases of Theorems 3.2 and 3.3. To this
end, we need the following identity [13, Lemma 4.1]:

oq" kg a2 (@ zn: (¢);a gt

T (eq)n @),
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Setting ¢ = 1,2 = 0, we can obtain B,(\,0) = A"¢"™*, B,(\,0,¢2) = \"¢**. So let
x = 0 in Theorems 3.2 and 3.3, we obtain the following corollary.

Corollary 4.1. We have

i(—k)"q(g) = 2(1 — AN (22)
:fg(q;q?();)(nk)" Azqq i:o /\qQ” ))n(<A qu)kj” e (24)
i (_U?gf = - (<Aq>zo Z = qu)(—_xlﬁ <Aq),"—(;ql>): o (25)
S e - i el iy (26)
g( (q)%q(/;q - ooz% 1_”14" ))(zn;iz)jnzq( ¢ %"V"q?’"i (#1)
S -t DR e

Note. (23) can be obtained in [5, Entry 4.2.3] with a = b = \/q,c = 0 and (25)
can be obtained with a = —\/q,b = X in [5, Entry 4.2.4], respectively. It is obvious
that the Corollary 4.1 contains many identities as special cases.

(a). Setting A = ¢ in (24), we conclude the following identity:

i (%4)n(=0)" _ (44" fo’" e/ (29)

~ (D

Taking a — 0, b = q, t = —q in the following identity:
= (a)n (at, bt; ¢*) oo (a,b;¢?)n(tq)"
= 30
nzqnatbq (t, abt; ¢%) oo Z thq ’ (30)

(see [3, p.29, Ex.4]), combing with (29), then
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Corollary 4.2. We have

DM@ @)™ 1 s sy _ ()
; (¢% ¢*)n w<q2>;q U(g?)’

where the Gauss function,

N io: () _ (216w
= q =3
n=0

(qvq %ﬁ.

(b). Setting A = 1 or ¢? in (26), respectively, we obtain the following corollary.
Corollary 4.3. We have

3 (%) ng ™" 3 (1 — g™,
1._
n=0 q n:O
n n n TL2 n
(@:@)ng" =D (=1 (L4 ¢* g .

Note. The second equality can be found in [4, Entry 9.5.2].
(c). Setting A = 1 in (27), we deduce the following identity:

> = e (31)

Letting a — 0, b = —1, ¢ — 0, t = ¢ in the following identity:
> e = (S i, @
— (4% ¢*)n(C)2n ~ at )

(see [4, (9.3.3)]), combing with (31), then
Corollary 4.4. We have

= (=1)"(g; q2)n _ = )" 3n
2 (@)n nz

n=0

(d). Setting A =1 or ¢* in (28), respectively, we obtain the following corollary.
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Corollary 4.5. We have

S (_1)n(CI§(]2>nqn2 1 - 2ny 4n*—n
L, gt

n=0 ’ q n=0
(¢, —¢°, 0% ¢*)ox
¥(q) ’
i (—1)“(q2§‘q23nqn2+2” = LN g
ot (4% ¢*)n (g) &
(4,4 % )
¥(q) '

Note. Replaced ¢ by —gq, then the results above become the Ramanujan-Slater
Mod 8 identities, which can be found in [15, Eq.(1.11),(1.12)].
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