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Abstract: This paper deals with a new type of crisp subset, viz., 0¢-closed set of
a set X endowed with fuzzy topology. Using this newly defined set, we introduce
and study 0%-continuity between two fuzzy topological spaces. Lastly, we show
that under this function §¢-almost compactness remains invariant.
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1. Introduction

In [7], a-shading in a fuzzy topological space is introduced. Afterwards, different
types of compactness are introduced using this concept as a basic tool which is a
generalization of fuzzy compactness introduced by Chang [5]. Using a-shading in
[4], 6%-almost compactness is introduced and studied for crisp subsets in a fuzzy
topological space. In this paper a class of crisp subsets, called ¢'-closed subsets is
introduced. Then establish that 0¢-almost compactness of a space is inherited by
such subsets.

2. Preliminaries

Throughout this paper, (X, 7) or simply by X, we shall mean a fuzzy topological
space (fts, for short) in the sense of Chang [5]. An ordinary subset A of X is said
to be a crisp subset of X where the underlying structure of the set X being a fuzzy
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topology. Fuzzy set is introduced by L.A. Zadeh in 1965 as follows : A fuzzy set A
is a mapping from a nonempty set X into the closed interval I = [0, 1] of the real
line, i.e., A € I* [9]. For a fuzzy set A, the fuzzy closure [5] and fuzzy interior [5] of
Ain X are denoted by clA and intA respectively. The support [9] of a fuzzy set A
in X will be denoted by suppA and is defined by suppA = {z € X : A(x) # 0}. A
fuzzy point [8] in X with the singleton support {z} C X and the valuet (0 <t < 1)
at x will be denoted by x;. For a fuzzy set A | the complement [9] of A in X will
be denoted by 1y \ A and is defined by (1x \ A)(z) =1 — A(x), for each x € X.
For any two fuzzy sets A and B in X, we write A < B if A(x) < B(z), for each
r € X [9] while we write AgB if A is quasi-coincident (g-coincident, for short)
with B [§8], i.e., if there exists x € X such that A(z) 4+ B(z) > 1; the negation
of these statements are written as A £ B and A 4B respectively. A fuzzy set A
is called fuzzy regular open [1] if A = int(clA). A fuzzy set B is called a fuzzy
neighbourhood (fuzzy nbd, for short) [8] of a fuzzy point z; if there is a fuzzy open
set U in X such that z,qU < B. If, in addition, B is fuzzy open in X, then B
is called fuzzy open nbd of z; [8]. A fuzzy set B is called a quasi-neighbourhood
(g-nbd, for short) [8] of a fuzzy set A if there is a fuzzy open set U in X such that
UgA < B. If, in addition, B is fuzzy open in X, then B is called fuzzy open ¢-nbd
of A [8]. A fuzzy point z; is said to be a fuzzy o-cluster point of a fuzzy set B in an
fts X if every fuzzy regular open set U in X such that x,qU, UgB [6]. The union
of all fuzzy d-cluster points of B is called the fuzzy d-closure of B and is denoted
by dclB [6]. A fuzzy set B in an fts X is fuzzy d-closed if and only if B = 6clB [6].
The complement of a fuzzy d-closed set is called fuzzy d-open [6]. The union of all
fuzzy d-open sets contained in a fuzzy fuzzy set B is called fuzzy d-interior of B,
denoted by dintB [6]. A fuzzy set B € I¥ is fuzzy §-open if and only if B = dintB
[6]. For any fuzzy set B € I*, dcl(1x \ B) = 1x \ dintB [6].

3. 02-Closed Set : Some Properties

In this section a new type of crisp subset of an fts X is introduced and studied.
Also a new type of Urysohn space is introduced which helps to establish a strong
relationship between 0%-closed set and d¢-almost compactness.

We first recall some definitions from [2, 3, 4].

Definition 3.1. [2] A fuzzy set B in an fts (X, 7) is said to be fuzzy 0-semiopen if
B < cl(¢intB). The complement of this set is called fuzzy §-semiclosed.

Definition 3.2. [3] A fuzzy set A in an fts X is said to be a fuzzy 6-semi-g-nbd of
a fuzzy point x; in X if there is a fuzzy §-semiopen set B in X such that x,qB < A.

Definition 3.3. [3] A fuzzy point x; in an fts X is called a fuzzy 0-semicluster
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point of a fuzzy set A in X if every fuzzy 0-semi-qg-nbd U of xy, UqA. The union
of all fuzzy d-semicluster points of a fuzzy set A is called fuzzy §-semiclosure of A,

denoted by dsclA. For any A € IX, dscl(dsclA) = dsclA.

Result 3.4. [3] Let (X, 1) be an fts and B € IX. Then a fuzzy point x; € dsclB if
and only if every fuzzy 6-semiopen set V in X with x,qV,VqB.

Result 3.5. [3] Let (X,7) be an fts and C, D € I with C 4D. If C is fuzzy
d-semiopen, then C' gdsclD.

Result 3.6. [3] The union (resp., intersection) of any collection of fuzzy §-
semiopen (resp., fuzzy d-semiclosed) sets in an fts is also so.

Result 3.7. [3] Let (X, 7) be an fts and B € I*X. Then dscl(1x\ B) = 1x \dsintB,
dsint(1x \ B) = 1x \ dsclB.

Result 3.8. [4] For a fuzzy 6-semiopen set U € I, §scl(dsint(dsclU)) = dsclU.

Definition 3.9. Let (X,7) be an fts and B, a crisp subset of X. Let U be a
collection of fuzzy sets in X. Then U is called an a-shading (where 0 < a < 1) of
B if for each x € B, there is some V,, € U such that V,(x) > « [7]. If, in addition,
the members of U are fuzzy open (resp., fuzzy 0-semiopen) sets, then U is called a
fuzzy open [7] (resp., fuzzy d-semiopen) a-shading of B.

Definition 3.10. [4] Let B be a crisp subset of an fts (X, 7). Then B is called
08 -almost compact if each fuzzy d-semiopen a-shading U of B has a finite 0s-
prozimate a-subshading, i.e., there exists a finite subcollection Uy of U such that
{6sclU : U € Uy} is again an a-shading of B. If, in particular B = X, we get the
definition of 6&-almost compact space X.

Let us now introduce a new concept of limit points of a crisp subset of an fts.

Definition 3.11. Let A be a crisp subset of an fts (X, 7). A point v € X is said to
be an §%-limit point of A if for every fuzzy 0-semiopen set B in X with B(z) > a,
there exists y € A\ {x} such that (dsclB)(y) > «.

The set of all 63 -limit points of A will be denoted by [A]f .

For a crisp subset A of X, the 0$-closure of A, to be denoted by d$-clA, is defined
by 0g-clA = AUJ[A]§ .

Definition 3.12. A crisp subset A of an fts X is said to be 0$-closed if it contains
all of its 0S¢ -limit points. The complement of a 0$-closed set is called ¢ -open set.

Remark 3.13. [t is clear from definition that for any crisp subset A of X, A C ¢
clA and 65-clA = A if and only if 63-clAC A. Also AC B C X = [A]§ C [B]§.

Theorem 3.14. A §%-closed subset of a 05-almost compact space is 6 -almost
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compact.

Proof. Let a crisp subset A of a §$-almost compact space X be 0¢-closed. Then
for any a ¢ A, there is a fuzzy d-semiopen set B, in X such that B,(a) > «, but
(0sclBy)(b) < a, for every b € A. Let U = {B, : a ¢ A}. Let V be a fuzzy
d-semiopen a-shading of A. Then U |JV is a fuzzy d-semiopen a-shading of X.
By §%-almost compactness of X, there exists a finite subcollection {C1, Cs, ..., C,,}
of U|JV such that for every x € X, there exists C;(1 < ¢ < n) such that
(0sclC;)(x) > a. Since by construction, for every member B, of U, (dsclB,)(b) < «,
for every b € A, we discard the members of & which are in that finite subcollection
and get our desired result.

To get the converse of the above theorem, we have to introduce the following con-
cept.

Definition 3.15. An fts (X, 1) is said to be 6%-Urysohn if for any two distinct
crisp points a,b of X, there exist a fuzzy open set A and a fuzzy d-semiopen set B

in X with A(a) > a, B(b) > o and min((dsclA)(c), (dsclB)(c)) < a, forallc € X.

Theorem 3.16. A 0$-almost compact set in a 6$-Urysohn space X is 62-closed.
Proof. Let A be a 6¢-almost compact set in a §%-Urysohn space X. Let a € X'\ A.
Then for each b € A, there is a fuzzy open set (), and a fuzzy d-semiopen set D,
in X such that Cy(a) > «, Dy(b) > a and min((0sclCy)(t), (dsclDy)(t)) < a, for all
teX ... (1).

Let D ={D,: b€ A}. Then D is a fuzzy d-semiopen a-shading of A. By 6%-almost
compactness of A, there are finitely many points by, bs, ..., b, in A such that Dy =
{dsclDy,,dsclDy,, ...,dsclDy, } forms an a-shading of A. Let C' = Cy, ()...[)Ch,-
Then C' being a fuzzy open set in X is fuzzy d-semiopen in X such that C'(a) > «.
We claim that (dsclC)(b) < «, for each b € A. If not, there is some x € A such
that (dsclC)(xz) > « and so (dsclDy, )(x) > a, for some k (1 < k < n). Also
(0sclCy, )(x) > a. Hence min{((dsclCy, )(x), (dsclDy,)(x))} > «, contradicts (1).

Corollary 3.17. A crisp subset A of a 0$-almost compact, 6%-Urysohn space X is
0 -almost compact if and only if A is 6%-closed set in X.

Theorem 3.18. Every cover of a 6$-almost compact space X by 6%-open sets has
a finite subcover.

Proof. Let A = {Az: 3 € A} be a cover of X by 0-open sets of X. Then for each
a € X, there is A, € A such that a € A,. Now X \ A4, is §%-closed set in X. So
there is a fuzzy d-semiopen set B, in X such that B,(a) > «a, but (dsclB,)(b) < «,
for each b € X\ A, ... (1). Let B={B,:a € X}. Then B is a fuzzy d-semiopen
a-shading of X. By hypothesis, there is a finite subset {ay, as, ..., a,} of X such
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that {0sclB,, : i =1,2,...,n} is an a-shading of X ... (2).
We claim that Ay = {A,, : i = 1,2,...,n} is a finite subcover of A. If not, then

there is some b € X \ UAai = ﬂ(X\Aai). Using (1), (dsclBy,)(b) < «, for

i=1 i=1

i =1,2,...,n implies that (U dsclB,,)(b) < «, contradicts (2).

i=1
Theorem 3.19. Let (X, 7) be a 6%-almost compact space. Then every collection
of 6%-closed sets in X with finite intersection property has non-empty intersection.
Proof. Let U = {U; : i € A} be a collection of §%-closed sets in a §¢-almost com-

pact space X having finite intersection property. On the contrary, let ﬂ U, = ¢.
ieA
ThenX\ﬂUi = U(X\UZ) =X =V ={X\U :i¢€ A} is a 6f-open
ieA ieA
cover of X. Then by Theorem 3.13, there is a finite subset Ay of A such that
U (X\U;) =X = ﬂ U; = ¢, contradicts our hypothesis.

i€\o i€\

It is clear from definitions that ¢&-almost compactness implies a-almost com-
pactness. To get the reverse implication we have to introduce the following concept.

Definition 3.20. Let (X,7) be an fts. Then X is called §%-reqular, if for each
point y € X and each fuzzy open set V, in X with V,(y) > «, there is a fuzzy
d-semiopen set U, in X with U,(y) > « such that dsclU, < V.

Theorem 3.21. Let (X, 7) be an fts. Then the following are statements are equiv-
alent :

(a) X is 0%-regular.

(b) For each fuzzy closed set A and each point y € X with A(y) < 1 — «, there is
a fuzzy d-semiopen set B in X with that (dsclB)(y) <1 —a and A < B.

(c) For each fuzzy closed set A and each pointy € X with A(y) < 1 — «, there are
fuzzy §-semiopen sets B and C' in X such that C(y) > o, A< B and B 4C.
Proof. (a) = (b) : Let y € X and A be a fuzzy closed set in X with A(y) < 1—a.
Put B = 1x \ A. Then B(y) > « where B is fuzzy open set in X. By (a), there
is a fuzzy d-semiopen set U in X with U(y) > a and dsclU < B = 1x \ A. Then
A <1x\dsclU = ésint(1x\U) =V (say). Then V is a fuzzy d-semiopen set in X.
Now, dsclV = dscl(dsint(1x \U)) = dscl(1x \dsclU) = 1x \dsint(dsclU) < 1x\U.
Thus (dsclV)(y) < (Ix \U)(y) <1 — .

(b)=(a) : Let y € X and A € 7 with A(y) > a. Let B = 1x \ A. Then
B € 7¢ with B(y) < 1 —a. By (b), there exists a fuzzy J-semiopen set C
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in X with (0sclC)(y) < 1 —a and B < C. So (1x \ dsclC)(y) > a. Put
D = 1x \ 0sclC. Then D is a fuzzy d-semiopen set in X with D(y) > a. Now
dsclD = dscl(1x \ 0sclC) = 1x \ dsint(dsclC) < 1x \C < 1x \ B=A.

(b)=(c) : Let y € X and A, a fuzzy closed set in X with A(y) < 1 — «a. By
(b), there exists a fuzzy d-semiopen set B in X such that (dsclB)(y) < 1 — a and
A < B. Then y,_, ¢ dsclB. Hence by Result 3.4, there is a fuzzy J-semiopen set
C' in X such that y;_oqC and C 4B, ie,C(y)+1—a>1= C(y) > a.

(¢)=(b) : Let y € X, and A, a fuzzy closed set in X with A(y) < 1 — a. Then
by (c), there are two fuzzy d-semiopen sets B,C in X with C(y) > a, A < B and
B C. Now C(y) > a = 11-49qC. Now B 4C, by Result 3.5, dsclB qC =
(0sclB)(y) <1—-C(y) <1-—a

Theorem 3.22 A ¢-almost compact crisp subset of a 0% -reqular space is -
compact.

Proof. Let (X, 7) be a 0¢-regular space and Y (C X) be §%-almost compact set
in X. Let U be a fuzzy open a-shading of Y. Then for each a € Y, there exists
B, € U such that B,(a) > a. By our hypothesis, there exists a fuzzy d-semiopen
set C, in X with Cy(a) > a and dsclC, < B, ... (1).

Let V ={C,:a €Y}. ThenV is a fuzzy d-semiopen a-shading of Y. By 6%-almost
compactness of Y, there is a finite subset Y; of Y such that Vo = {0sclC, : a € Y5}
is an a-shading of Y. Then by (1), Uy = {B. : a € Yy} is a finite a-subshading of
U. Hence Y is a-compact (and hence a-almost compact).

Theorem 3.23. Let (X, 7) be an fts and Y(C X). Then Y is 0¢-almost compact
if and only if every family of fuzzy d-semiopen sets, the d-semiinteriors of whose
0-semiclosures form an a-shading of Y has a finite subfamily, the d-semiclosures
of whose members form an a-shading of Y.
Proof. The proof follows from Result 3.8.

Theorem 3.24. Let (X, 1) be an fts and Y (C X). ThenY is §%-almost compact if
and only if for every collection {U; : i € A} of fuzzy 0-semiopen sets with the prop-

erty that for each finite subset Ay of A, there isy € Y such that 'iI}\f Ui(y) > 1—a,
1€N0

we have ig{{(c?sclUi)(z) >1—a, for some z €Y.

Proof. Let Y be §%-almost compact set in an fts (X, 7). If possible, let {U; :

i € A} be a collection of fuzzy d-semiopen sets in X with the property that

for each finite subset Ay of A, there is y € Y such that ir}\f U(y) > 1 — «,
€70

but in{{(ésclUi)(y) < 1l—a,foral yeY. Then a < (1x \ mésclUi)(y) =
i€
i€A
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[U(lx\(SsclUi)](y), for each y € Y which shows that {1x \ dsclU; : i € A} is a
ieA

fuzzy d-semiopen a-shading of Y. By hypothesis, there is a finite subset Ay of A
such that {dscl(1x \ dsclU;) : i € Ao} = {1x \ dsint(dsclU;) : i € Ao} is an a-

shading of Y. So a < [| J (1x \ sint(dsclU;))](y) = [Lx \ ([ ) dsint(dsclUy))](y),

i€Ao i€Ag
for each y € Y. Then (ﬂ Ui)(y) < [ﬂ dsint(dsclU;)|(y) < 1—«, for each y € Y,
i€MNo i€Ag

which contradicts our assumption .

Conversely, suppose that Y is not d-almost compact though the given condition
holds. Then we have a fuzzy d-semiopen a-shading G = {G; : i € A} of Y such that
for every finite subset Ag of A, {dsclG; : i € Ap} is not an a-shading of Y. Then
there is some y € Y such that sup(ésch Wy) < a, ie., 1x \ sup(dsclG;)(y) =

i€Mg i€Ng

‘1€r}\f(1x\(550lGl)( y) > 1 —a. So {lx \ dsclG; : i € A} is a family of fuzzy J-

semiopen sets in X with the given property. So there exists some a € Y such
that in[f;[5scl(lx\5schi)](a) >1—-—a= squ( ) < sup(5smt(5sch ))(a) =
1€

1 - ig{{(lX\CSSint(éschi))( a) =1-— 1nf[6scl(1x\5sch )]((a) < « which goes
against our ssumption that G is a fuzzy 5 semiopen a-shading of Y.

Definition 3.25. Let (X, 7) be an fts and Y(C X). A family {G; : i € A} of
fuzzy sets in X is said to have 0$-interiorly finite intersection property (0¢-IFIP,
for short) in a subset Y of X, if for each finite subset Ay of A, there exists y € Y
such that [ﬂ dsintGil(y) > 1 — a.
i€Ao

Theorem 3.26. Let (X, 7) be an fts and Y be a crisp subset of X. Then'Y is §¢-
almost compact if and only if for every family G = {G; : i € A} of fuzzy 6-semiclosed
sets in X with 0¢-IFIP in'Y, there is some y € Y such that 22{ Gi(y) > 1—a.

Proof. Let G = {G; : i € A} be a family of fuzzy J-semiclosed sets in X with

0S-IFIP in Y where Y is 0¢-almost compact subset of X. If possible, let for each

yevy, gg{f\’Gl(y) <1l-—aie, (QG,)(y) < 1 — « and hence [g(lx \ Gi)](y) > «a.

So F ={lx \ G;:i€ A} is a fuzzy d-semiopen a-shading of Y. By assumption,

there exists a finite subfamily Ay of A such that [U dscl(1x \ Gi)|(y) > a, ie.,
i€\

- (mész’ntGi)(y) > q, ie., (ﬂ5sintG@-)(y) < 1 — a, for each y € Y, which

i€Ao i€Ag
shows that G does not have ¢3-IFIP in Y, which contradicts our assumption.
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Conversely, suppose that G = {G; : i € A} is a fuzzy d-semiopen a-shading of
Y. Then V = {1x \ G; : i € A} is a family of fuzzy d-semiclosed sets in X with
;12[{(1;( \G;)(y) < 1—aq, for each y € Y. Then by our assumption, V does not have
0¢-IFIP in Y. Then there is some finite subset Ay of A such that for each y € Y,
[m dsint(lx \Gy)](y) <1—a=1-— (U IsclGi)(y) <1 —a, foreachy € Y =
i€l i€Ag
( U dsclG;)(y) > a, for each y € Y = Y is 6¢-almost compact.
i€ Ao
4. §¢-Continuous Function and its Applications

In this section a new class of functions is introduced under which ¢-almost
compactness remains invariant.

Definition 4.1. Let (X, 7) and (Y, 1) be two fts’s. A function f: (X,7) = (Y, 71)
is said to be 6%-continuous if for each crisp point x € X and each fuzzy §-semiopen
set A in'Y with A(f(x)) > «, there exists a fuzzy 6-semiopen set B in X with
B(x) > a such that dscl,B < f~'(dscl, A).

Theorem 4.2. If f: (X,7) — (Y, 71) is 6¢-continuous, then the following state-
ments are true :

(a) F(IAL) C [F(A)S., for every AC X.

(b) [ ()5, € F(AR), for cvery AC Y.

(c) f71(A) is §%-closed in X, for each 6%-closed set A in'Y .

(d) f~1(A) is 6%-open in X, for each §%-open set A inY .

Proof. (a). Let z € [A]§ and B be any fuzzy d-semiopen set in Y with B(f(x)) >
a. Then by definition, there is a fuzzy d-semiopen set C' in X with C(z) > «
and dscl,C < f~'(0scl,,B). Now z € [A]§ and C is a fuzzy J-semiopen set
in X with C(z) > a = dsclC(y) > a, for some y € A\ {z}. Then a <
55l Cly) < (f " (0sclo, B))(y) = (65cls, BY(f(y)) whete £(y) € F(A)\ {f(x)} =
f(z) € [f(A)]§.. Hence (a) follows.

(b) Using (), F(f~ (A)) C [/F (AN € [ = (£ (A) .
(©) By ypothesis, [4]7 = A Using (), [~ (4)l5, € 7~ ({Alg) = 1~ (4) =
U A)]E = fH(A) = f1(A) is 62-closed set in X.

(d) Follows from (c).

Let us now recall the following definition and remark from [3] for ready refer-
ences.

Definition 4.3. [3] A function f: (X,7) — (Y, 1) is called fuzzy d-semiopen if
f(U) is fuzzy 6-semiopen set in'Y for every fuzzy d-semiopen set U in X.

Remark 4.4. [3] If f : (X,7) — (Y, 71) is a bijective fuzzy §-semiopen function,
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then f(U) is fuzzy §-semiclosed set in'Y for every fuzzy d-semiclosed set U in X.

Theorem 4.5. If a bijective function f: (X, 7) — (Y, 71) is a fuzzy §-semiopen,
then f(A) is 6%-closed set in (Y, 11), for every 6%-closed set in A in (X, 7).
Proof. Let A be a §%-closed set in (X, 7) and let b € Y\ f(A). Then there exists
a unique a € X such that f(a) =b. Asb ¢ f(A), a ¢ A. Now, A is §%-closed
set in X. So there exists a fuzzy d-semiopen set B in X such that B(a) > « and
(0scl;B)(t) < a, for each t € A ...(1).

By definition, f(B) is a fuzzy d-semiopen set in Y, and also (f(B))(b) = B(a) > «a.
Let ¢ € f(A). Then as f is bijective, there exists unique d € A such that
f(d) = ¢. As f is fuzzy d-semiopen function, by Remark 4.4, dscl,, f(B) <
dscly, (f(dscl,B)) = f(dscl,B). So (dscly, f(B))(c) < f(dscl.B)(c) = dscl.B(d) <
a (by (1)). So b is not a §¢-limit point of f(A). Hence the proof.

From Theorem 4.2 (c¢) and Theorem 4.5, we can state the following corollary :

Corollary 4.6. Let a bijective function f : (X,7) — (Y, 71) be a fuzzy 62-
continuous and fuzzy §-semiopen function. Then f~(A) is 6%-closed set in X
if and only if A is 6%-closed set in'Y .

Theorem 4.7. Let f : (X, 1) — (Y, 1) be fuzzy 6%-continuous function. If A(C X)
is 6%-almost compact subset of X, then f(A) is §%-almost compact subset of Y .
Proof. Let B={B;:i € A} be a fuzzy J-semiopen a-shading of f(A), where A is
d%-almost compact set in X. Then for each a € A, f(a) € f(A) and so there exists
B, € B such that B,(f(a)) > a. By hypothesis, there exists a fuzzy d-semiopen set
C, in X such that Cy(a) > a and f(dscl,C,) < dscly, B,. Then C ={C, : a € A}
is a fuzzy d-semiopen a-shading of A. By 6¢-almost compactness of A, there are
finitely many points ay, as, ..., a, of A such that Cy = {dscl,C,, : i =1,2,...,n} is
again an a-shading of A. We propose to show that By = {dscl,,B,, : i =1,2,...,n}
is an a-shading of f(A). Indeed, y € f(A) = there exists x € A such that y = f(x).
Since Cp is an a-shading of A, there is an C,; (for some j,1 < j < n) such that
(0scl:Cq;)(xz) > a and so (scly Ba,)(y) > f(0scl,Cq;)(y) > 65cl.Cy,(x) > o
Hence f(A) is d%-almost compact subset of Y.

5. Conclusion

This paper is a continuation of [4]. Here we study a new type of limit points of a
crisp subset of a topological space X which helps us to introduce a continuous-like
function under which ¢¢-almost compactness remains invariant.
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