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1. Introduction

We denote by C the set of all finite complex numbers. Let f =
+∞∑
n=0

anz
n be

an entire function defined on C. The maximum modulus function Mf (r) of f on
|z| = r is defined as Mf (r) = max

|z|=r
|f (z)| and the maximum term µ(r,f) is defined
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as µf (r) = max
n≥0

(|an| rn). For more details on the standard notations and definitions

of the theory of entire functions, e.g. see [8, 11, 12]. For x ∈ [0,∞) and k ∈ N
where N be the set of all positive integers, define iterations of the exponential and

logarithmic functions as exp[k] x = exp
(
exp[k−1] x

)
and log[k] x = log

(
log[k−1] x

)
,

with convention that log[0] x = x, log[−1] x = exp x, exp[0] x = x, and exp[−1] x =
log x. To start our paper, we just recall the following definition:
Definition 1. The order ρf and the lower order λf of an entire function f are
defined as

ρf = lim
r→+∞

log logMf (r)

log r
and λf = lim

r→+∞

log logMf (r)

log r
.

1.1. Notation and hypotheses
Let L be a class of continuous non-negative functions α defined on (−∞,+∞)

such that α(x) = α(x0) ≥ 0 for x ≤ x0 with α(x) ↑ +∞ as x0 ≤ x → +∞. We say
that α ∈ L1, if α ∈ L and α(a+b) ≤ α(a)+α(b)+c for all a,b ≥ R0 and fixed c ∈ (0,
+∞). Further we say that α ∈ L2, if α ∈ L and α(x + O(1)) = (1 + o(1))α(x) as
x → +∞. Finally, α ∈ L3, if α ∈ L and α(a + b) ≤ α(a) + α(b) for all a, b ≥ R0,
i.e., α is subadditive. Clearly L3 ⊂ L1.

Particularly, for α ∈ L3 one can easily verify that α(mr) ≤ mα(r), m (≥ 2)
is an integer. We note that up to a normalization, subadditivity is implied by
concavity. Indeed, if α(r) is concave on [0,+∞) and satisfies α(0) ≥ 0, then for
t ∈ [0,1],

α(tx) = α(tx+ (1− t) · 0)
≥ tα(x) + (1− t)α(0) ≥ tα(x).

If we take t = a
a+b

or t = b
a+b

, then

α(a+ b) =
a

a+ b
α(a+ b) +

b

a+ b
α(a+ b)

≤ α

(
a

a+ b
(a+ b)

)
+ α

(
b

a+ b
(a+ b)

)
= α(a) + α(b), a, b ≥ 0.

As a non-decreasing subadditive and unbounded function, α(r) satisfies

α(r) ≤ α(r +R0) ≤ α(r) + α(R0)
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for any R0 ≥ 0. This yields that α(r) ∼ α(r + R0) as r → +∞. Throughout
the present paper we take α, α1, α2, α3 ∈ L1, β ∈ L2, γ ∈ L3.

Sheremeta [9], introduced the generalized order (α,β) of an entire function
which considerably extended the definition of φ-order of entire function introduced
by Chyzhykov et al. [5]. Later, Heittokangas et al. [6] introduced the concept
of φ-order of entire function considering φ as subadditive function. Beläıdi et al.
[1] extended this concept and have introduced the definitions of (α,β,γ)-order and
(α,β,γ)-lower order of an entire function f in terms of maximum modulus in the
following way:

Definition 2. [1] The (α,β,γ)-order denoted by ρ(α,β,γ)[f ] and (α,β,γ)-lower order
denoted by λ(α,β,γ)[f ] of an entire function f are defined as:

ρ(α,β,γ)[f ] = lim
r→+∞

α(log[2](M(r, f)))

β (log(γ(r)))
and λ(α,β,γ)[f ] = lim

r→+∞

α(log[2](M(r, f)))

β (log(γ(r)))
.

Remark 1. If we take α(r) = β(r) = γ(r) = r, then Definition 2 coincides with
Definition 1.

Definition 2 is alternatively written by Biswas et al. [4] using maximum term,
which is as follows:

Definition 3. [4] The (α,β,γ)-order ρ(α,β,γ)[f ] and (α,β,γ)-lower order λ(α,β,γ)[f ]
of an entire function f are defined as:

ρ(α,β,γ)[f ] = lim
r→+∞

α(log[2](µ(r, f)))

β (log(γ(r)))
and λ(α,β,γ)[f ] = lim

r→+∞

α(log[2](µ(r, f)))

β (log(γ(r)))
.

Usually, the growth investigation of entire functions are done through their
maximum moduli function in comparison with those of exponential functions. But
to evaluate the growth rates of any entire function with respect to a new entire
function, the notions of relative growth indicators (see e.g. [2, 3]) are needed. Re-
cently, Mulyavai et al. [7] discussed on relative growth of Hadamard compositions
of entire Dirichlet series. Now in order to make some progresses in the study of rel-
ative order, one may introduce the definitions of relative (α,β,γ)-order and relative
(α,β,γ)-lower order of an entire function with respect to another entire function in
the following way:

Definition 4. The relative (α,β,γ)-order denoted by ρ(α,β,γ)[f ]h and relative (α,β,γ)
-lower order denoted by λ(α,β,γ)[f ]h of an entire function f are defined as:

ρ(α,β,γ)[f ]h = lim
r→+∞

α(logM−1
h (Mf (r)))

β (log(γ(r)))
and λ(α,β,γ)[f ]h = lim

r→+∞

α(logM−1
h (Mf (r)))

β (log(γ(r)))
.
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Remark 2. Clearly if h(z) = exp z, then Definition 4 reduces to Definition 2. If
we take α(r) = β(r) = γ(r) = r and h(z) = exp z, then Definition 4 reduces to
Definition 1.

In terms of maximum terms of entire functions, Definition 4 can be reformulated
as:

Definition 5. The relative (α,β,γ)-order ρ(α,β,γ)[f ]h and relative (α,β,γ)-lower
order λ(α,β,γ)[f ]h of an entire function f are defined as:

ρ(α,β,γ)[f ]h = lim
r→+∞

α(log µ−1
h (µf (r)))

β (log(γ(r)))
and λ(α,β,γ)[f ]h = lim

r→+∞

α(log µ−1
h (µf (r)))

β (log(γ(r)))
.

In this paper, we study some growth properties of the composite entire functions
on the basis of relative (α,β,γ)-order and relative (α,β,γ)-lower order relating to
maximum term.

2. Lemma
In this section, we present some lemmas which will be needed in the sequel.

Lemma 1. [2] Suppose f is an entire function and A > 1, 0 < B < A. Then for
all sufficiently large r,

Mf (Ar) ≥ BMf (r).

Lemma 2. Definition 4 and Definition 5 are equivalent.
Proof. Let h be an entire function. Then from the left-hand side of the inequalities
µh(r) ≤ Mh(r) ≤ R

R−r
µh(R) {cf . [10]}, where 0 ≤ r < R, we obtain

M−1
h (r) ≤ µ−1

h (r)

and in the right-hand side putting R = ar for any a > 1, we get that

µ−1
h (r) ≤ aM−1

h

( ar

(a− 1)

)
.

Since M−1
h (r) and µ−1

h (r) are increasing functions of r, for any a > 1 it follows from
the above, Lemma 1 and the inequalities µf (r) ≤ Mf (r) ≤ a

a−1
µf (ar) {cf. [10]}

that

M−1
h

(
Mf

( (a− 1)r

(2a− 1)a

))
≤ µ−1

h (µf (r)) (1)

and

µ−1
h (µf (r)) ≤ aM−1

h

(
Mf

((2a− 1)

(a− 1)
r
))

. (2)
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Now from (1), we get

α
(
logM−1

h

(
Mf

( (a− 1)r

(2a− 1)a

)))
≤ α(log µ−1

h (µf (r))),

i.e.,
α
(
logM−1

h

(
Mf

(
(a−1)r
(2a−1)a

)))
β (log(γ(r)))

≤ α(log µ−1
h (µf (r)))

β (log(γ(r)))
,

i.e., lim
r→+∞

α
(
logM−1

h

(
Mf

(
(a−1)r
(2a−1)a

)))
β
(
log

(
γ
(

(a−1)r
(2a−1)a

))) · lim
r→+∞

β
(
log

(
γ
(

(a−1)r
(2a−1)a

)))
β (log(γ(r)))

≤ lim
r→+∞

α(log µ−1
h (µf (r)))

β (log(γ(r)))
,

i.e., ρ(α,β,γ)[f ]h · 1 ≤ lim
r→+∞

α(log µ−1
h (µf (r)))

β (log(γ(r)))
,

i.e., ρ(α,β,γ)[f ]h ≤ lim
r→+∞

α(log µ−1
h (µf (r)))

β (log(γ(r)))
. (3)

Similarly, using (2) we can prove that

i.e., lim
r→+∞

α(log µ−1
h (µf (r)))

β (log(γ(r)))
≤ ρ(α,β,γ)[f ]h. (4)

From (3) and (4), we get the result.

Lemma 3. If the integral
∞∫
r0

e
[α(log µ−1

h
(µf (r)))]

[eβ(log(γ(r)))]t+1 dr (r0 > 0) is convergent for 0 < t <

+∞, then

lim
r→+∞

e[α(log µ
−1
h (µf (r)))]

[eβ(log(γ(r)))]t
= 0.

Proof. Since the integral
∞∫
r0

e
[α(log µ−1

h
(µf (r)))]

[eβ(log(γ(r)))]t+1 dr is convergent for 0 < t < +∞, for

any given ε (> 0) there exists a number n0 ∈ N, such that

∞∫
r0

e[α(log µ
−1
h (µf (r)))]

[eβ(log(γ(r)))]t+1
dr < ε for r0 > n0.
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This means that for r0 > n0,

r0+r∫
r0

e[α(log µ
−1
h (µf (r)))]

[eβ(log(γ(r)))]t+1
dr < ε.

As e[α(log µ
−1
h (µf (r)))] is an increasing function of r, so

r0+eβ(log(γ(r0)))∫
r0

e[α(logµ
−1
h (µf (r)))]

[eβ(log(γ(r)))]t+1
dr ≥ e[α(log µ

−1
h (µf (r0)))]

[eβ(log(γ(r0)))]t+1
· eβ(log(γ(r0))).

This means that

r0+eβ(log(γ(r0)))∫
r0

e[α(log µ
−1
h (µf (r)))]

[eβ(log(γ(r)))]t+1
dr ≥ e[α(log µ

−1
h (µf (r0)))]

[eβ(log(γ(r0)))]t
for r0 > n0,

or
e[α(log µ

−1
h (µf (r0)))]

[eβ(log(γ(r0)))]t
< ε for r0 > n0,

from which it is clear that

lim
r→+∞

e[α(log µ
−1
h (µf (r)))]

[eβ(log(γ(r)))]t
= 0.

This proves the lemma.

3. Main Results
In this section, the main results of the paper are presented.

Theorem 1. The growth indicator ρ(α,β,γ)[f ]h is alternatively defined as: The

integral
∞∫
r0

e
[α(log µ−1

h
(µf (r)))]

[eβ(log(γ(r)))]t+1 dr (r0 > 0) diverges when t < ρ(α,β,γ)[f ]h and converges

when t > ρ(α,β,γ)[f ]h.
Proof. Case 1. Let ρ(α,β,γ)[f ]h = +∞.
Since ρ(α,β,γ)[f ]h = ∞, by Definition 5 for arbitrary positive K, we have a sequence
of real numbers r tending to infinity so that

α(log µ−1
h (µf (r))) > K · β (log(γ(r))) ,

i.e., e[α(log µ
−1
h (µf (r)))] > [eβ(log(γ(r)))]K . (5)
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Suppose that the integral
∞∫
r0

e
[α(log µ−1

h
(µf (r)))]

[eβ(log(γ(r)))]K+1 dr (r0 > 0) is convergent. Then by

Lemma 3,

lim
r→+∞

e[α(log µ
−1
h (µf (r)))]

[eβ(log(γ(r)))]K
= 0.

So for all sufficiently large values of r,

e[α(log µ
−1
h (µf (r)))] < [eβ(log(γ(r)))]K . (6)

Now from (5) and (6) we reach at a contradiction.

Hence
∞∫
r0

e
[α(log µ−1

h
(µf (r)))]

[eβ(log(γ(r)))]K+1 dr (r0 > 0) is divergent whenever K is finite.

Next, suppose that
∞∫
r0

e
[α(log µ−1

h
(µf (r)))]

[eβ(log(γ(r)))]K+1 dr (r0 > 0) is divergent. Then for any

chosen positive number K and for arbitrarily chosen positive number ε, we have a
sequence of real numbers r tending to infinity, so that

e[α(log µ
−1
h (µf (r)))] > [eβ(log(γ(r)))]K−ε,

i.e, α(log µ−1
h (µf (r))) > (K − ε) · β (log(γ(r))) .

This gives

lim
r→+∞

α(log µ−1
h (µf (r)))

β (log(γ(r)))
≥ K − ε.

As K > 0 is arbitrary, it implies that

lim
r→+∞

α(log µ−1
h (µf (r)))

β (log(γ(r)))
= ∞.

Thus Definition 5 follows.
Case 2. Let 0 ≤ ρ(α,β,γ)[f ]h < +∞.
Subcase (I). 0 < ρ(α,β,γ)[f ]h < +∞.

If 0 < ρ(α,β,γ)[f ]h < ∞, then for any arbitrary positive ε and for all sufficiently
large values of r, we have

α(log µ−1
h (µf (r)))

β (log(γ(r)))
< ρ(α,β,γ)[f ]h + ε,



20 J. of Ramanujan Society of Mathematics and Mathematical Sciences

i.e., e[α(log µ
−1
h (µf (r)))] < [eβ(log(γ(r)))](ρ(α,β,γ)[f ]h+ε),

i.e.,
e[α(log µ

−1
h (µf (r)))]

[eβ(log(γ(r)))]t
<

[eβ(log(γ(r)))](ρ(α,β,γ)[f ]h+ε)

[eβ(log(γ(r)))]t
,

i.e.,
e[α(log µ

−1
h (µf (r)))]

[eβ(log(γ(r)))]t
<

1

[eβ(log(γ(r)))]t−(ρ(α,β,γ)[f ]h+ε)
.

Therefore
∞∫
r0

e
[α(log µ−1

h
(µf (r)))]

[eβ(log(γ(r)))]t+1 dr (r0 > 0) is divergent when t < ρ(α,β,γ)[f ]h and con-

vergent when t > ρ(α,β,γ)[f ]h.
Subcase (II). When ρ(α,β,γ)[f ]h = 0, then Definition 5 gives for all sufficiently
large values of r that

α(log µ−1
h (µf (r)))

β (log(γ(r)))
≤ ε.

Then, with a similar arguments used in the previous sub-case, we get that
∞∫
r0

e
[α(log µ−1

h
(µf (r)))]

[eβ(log(γ(r)))]t+1 dr (r0 > 0) is convergent when t > 0 and divergent when t < 0.

If the integral
∞∫
r0

e
[α(log µ−1

h
(µf (r)))]

[eβ(log(γ(r)))]
ρ(α,β,γ)[f ]h+ε+1dr converge, then by Lemma 3 and for

arbitrary positive ε, we get

lim
r→+∞

e[α(log µ
−1
h (µf (r)))]

[eβ(log(γ(r)))]ρ(α,β,γ)[f ]h+ε
= 0,

i.e, for all sufficiently large values of r,

e[α(log µ
−1
h (µf (r)))]

[eβ(log(γ(r)))]ρ(α,β,γ)[f ]h+ε
< ε0,

i.e., e[α(log µ
−1
h (µf (r)))] < ε0 · [eβ(log(γ(r)))]ρ(α,β,γ)[f ]h+ε,

i.e., α(log µ−1
h (µf (r))) < log ε0 + (ρ(α,β,γ)[f ]h + ε) · β (log(γ(r))) ,

i.e.,
α(log µ−1

h (µf (r)))

β (log(γ(r)))
≤ log ε0

β (log(γ(r)))
+ ρ(α,β,γ)[f ]h + ε,

i.e., lim
r→+∞

α(log µ−1
h (µf (r)))

β (log(γ(r)))
≤ ρ(α,β,γ)[f ]h + ε.

Letting ε approach zero, we get

lim
r→+∞

α(log µ−1
h (µf (r)))

β (log(γ(r)))
≤ ρ(α,β,γ)[f ]h. (7)
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If the integral
∞∫
r0

e
[α(log µ−1

h
(µf (r)))]

[eβ(log(γ(r)))]
ρ(α,β,γ)[f ]h−ε+1dr is divergent, we have a sequence of values

of r tending to infinity for which

e[α(log µ
−1
h (µf (r)))]

[eβ(log(γ(r)))]ρ(α,β,γ)[f ]h−ε+1
>

1

[eβ(log(γ(r)))]1+ε
,

i.e, e[α(log µ
−1
h (µf (r)))] > (eβ(log(γ(r))))ρ(α,β,γ)[f ]h−2ε,

i.e., α(log µ−1
h (µf (r))) > (ρ(α,β,γ)[f ]h − 2ε) · β (log(γ(r))) ,

i.e.,
α(log µ−1

h (µf (r)))

β (log(γ(r)))
> (ρ(α,β,γ)[f ]h − 2ε).

As ε approaches zero, we get

lim
r→+∞

α(log µ−1
h (µf (r)))

β (log(γ(r)))
≥ ρ(α,β,γ)[f ]h. (8)

Thus from (7) and (8) it follows that

lim
r→+∞

α(log µ−1
h (µf (r)))

β (log(γ(r)))
= ρ(α,β,γ)[f ]h.

This is by the Definition 5.
Hence by Case 1 and Case 2, we reach at the conclusion.
The following Theorem 2 can be proved using a similar argument to that used

for Theorem 1.

Theorem 2. The growth indicator λ(α,β,γ)[f ]h is alternatively defined as: The

integral
∞∫
r0

e
[α(log µ−1

h
(µf (r)))]

[eβ(log(γ(r)))]t+1 dr (r0 > 0) diverges when t < λ(α,β,γ)[f ]h and converges

when t > λ(α,β,γ)[f ]h.

Example 1. Let us consider the functions α, β, γ defined on (−∞,+∞) such that

α(x) = β(x) = γ(x) =

{
0 if x < 0
x if x ≥ 0.

So α, β and γ are continuous, non-negative, increasing and unbounded functions.
It is easily seen that α ∈ L1, β ∈ L2 and γ ∈ L3. Now let us consider the entire
functions f and h defined on C

f(z) = exp(zk) =
∞∑
n=0

znk

n!
and h(z) = exp(z) where k ≥ 1.
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By definition of the maximum term

µf (r) = µ(r, f) = max
n≥0

rnk

n!
.

Using Stirling’s approximation formula

n! ∼
√
2πn

(n
e

)n

,

one can show that the maximum term occurs when n ∼ exp(rk). Hence

µf (r) ∼ exp(rk) as r → ∞.

As r → ∞, µh(r) ∼ exp(r) ⇒ µ−1
h (s) ∼ log s.

⇒ α(log(µ−1
h (µf (r)))) ∼ k log r and β(log(γ(r))) = log r.

Thus ρ(α,β,γ)[f ]h = λ(α,β,γ)[f ]h = k < ∞.

The integral in the Theorem 1 and Theorem 2 becomes∫ ∞

r0

exp[α(log(µ−1
h (µf (r))))]

[exp (β(log(γ(r))))]t+1 dr =

∫ ∞

r0

dr

rt+1−k
.

From the p-test of improper integral we can say that the above integral is divergent
when t < k and convergent when t > k. Therefore the example satisfy the Theorem
1 and Theorem 2.

Theorem 3. Let f , g and h be three entire functions such that 0 < λ(α,β,γ)[f ]h ≤
ρ(α,β,γ)[f ]h < +∞ and λ(α,β,γ)[f ◦ g]h = +∞. Then

lim
r→+∞

α(log µ−1
h (µf◦g(r)))

α(log µ−1
h (µf (r)))

= +∞.

Proof. Suppose Theorem 3 does not hold. Then we can find a constant ∆ > 0
such that for a sequence of values of r tending to infinity

α(log µ−1
h (µf◦g(r))) ≤ ∆ · α(log µ−1

h (µf (r))). (9)

Again from the definition of ρ(α,β,γ)[f ]h given by Definition 5, it follows for all
sufficiently large values of r that

α(log µ−1
h (µf (r))) ≤ (ρ(α,β,γ)[f ]h + ϵ) · β(log(γ(r))). (10)
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From (9) and (10), for a sequence of values of r tending to +∞, we have

α(log µ−1
h (µf◦g(r))) ≤ ∆(ρ(α,β,γ)[f ]h + ϵ)β(log(γ(r))),

i.e.,
α(log µ−1

h (µf◦g(r)))

β(log(γ(r)))
≤ ∆(ρ(α,β,γ)[f ]h + ϵ),

i.e., lim
r→+∞

α(log µ−1
h (µf◦g(r)))

β(log(γ(r)))
< +∞.

Again from Definition 5, it is clear that

λ(α,β,γ)[f ◦ g]h < +∞.

This is a contradiction.
Thus the theorem follows.

Example 2. Let us consider the functions α, β, γ defined on (−∞,+∞) such that

α(x) = γ(x) =

{
0 if x < 0
x if x ≥ 0,

and

β(x) =

{
0 if x < 1
log x if x ≥ 1.

So α, β and γ are continuous, non-negative, increasing and unbounded functions.
It is easily seen that α ∈ L1, β ∈ L2 and γ ∈ L3. Now let us consider the entire
functions f, g and h defined on C such that

f(z) = exp(log z)k =
∞∑
n=0

(log z)nk

n!
,

h(z) = exp(z) and g(z) = exp(zm) where m, k ≥ 1.

By definition of the maximum term

µf (r) = µ(r, f) = max
n≥0

(log r)nk

n!
.

Using Stirling’s approximation formula

n! ∼
√
2πn

(n
e

)n

,
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one can show that the maximum term occurs when n ∼ exp(log r)k. Hence

µf (r) ∼ exp(log r)k as r → ∞.

As r → ∞, µh(r) ∼ exp(r) ⇒ µ−1
h (s) ∼ log s.

⇒ α(log(µ−1
h (µf (r)))) ∼ k log(log r) and β(log(γ(r))) = log(log r).

Thus

ρ(α,β,γ)[f ]h = λ(α,β,γ)[f ]h = k < ∞.

Now (f ◦ g)(z) = exp(zmk)

implies µf◦g(r) ∼ exp(rmk),

So, α(log(µ−1
h (µf◦g(r)))) ∼ mk log r and β(log(γ(r))) = log(log r).

Which implies

λ(α,β,γ)[f ◦ g]h = lim
r→+∞

α(log(µ−1
h (µf◦g(r))))

β(log(γ(r)))
= lim

r→+∞

mk log r

log(log r)
= +∞.

Therefore, the problem satisfy all the hypothesis of the Theorem 3. Now

lim
r→∞

α(log(µ−1
h (µf◦g(r))))

α(log(µ−1
h (µf (r))))

= lim
r→∞

mk log r

k log(log r)
= +∞.

Hence the example satisfy the Theorem 3.

Remark 3. If we take 0 < λ(α,β,γ)[g]h ≤ ρ(α,β,γ)[g]h < +∞ instead of 0 <
λ(α,β,γ)[f ]h ≤ ρ(α,β,γ)[f ]h < +∞ and other conditions remain same, the conclusion
of Theorem 3 remains true with α(log µ−1

h (µg(r))) in place of α(log µ−1
h (µf (r))) in

the denominator.

Remark 4. Theorem 3 and Remark 3 are also valid with “limit superior” instead
of “limit” if λ(α,β,γ)[f ◦ g]h = +∞ is replaced by ρ(α,β,γ)[f ◦ g]h = +∞ and the other
conditions remain the same.

Theorem 4. Let f , g and h be three entire functions such that 0 < λ(α1,β,γ)[f◦g]h ≤
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ρ(α1,β,γ)[f ◦ g]h < +∞ and 0 < λ(α,β,γ)[f ]h ≤ ρ(α,β,γ)[f ]h < +∞. Then

λ(α1,β,γ)[f ◦ g]h
ρ(α2,β,γ)[f ]h

≤ lim
r→+∞

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
)

≤ min

{
λ(α1,β,γ)[f ◦ g]h
λ(α2,β,γ)[f ]h

,
ρ(α1,β,γ)[f ◦ g]h
ρ(α2,β,γ)[f ]h

}
≤ max

{
λ(α1,β,γ)[f ◦ g]h
λ(α2,β,γ)[f ]h

,
ρ(α1,β,γ)[f ◦ g]h
ρ(α2,β,γ)[f ]h

}
≤ lim

r→+∞

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
) ≤

ρ(α1,β,γ)[f ◦ g]h
λ(α2,β,γ)[f ]h

.

Proof. Using Definition 5, we have from the definitions of λ(α1,β,γ)[f◦g]h, ρ(α1,β,γ)[f◦
g]h, λ(α2,β,γ)[f ]h and ρ(α2,β,γ)[f ]h, for arbitrary positive ε and for all sufficiently large
values of r that

α1

(
log µ−1

h (µf◦g(r))
)
⩾

(
λ(α1,β,γ)[f ◦ g]h − ε

)
β(log(γ(r))), (11)

α1

(
log µ−1

h (µf◦g(r))
)
≤

(
ρ(α1,β,γ)[f ◦ g]h + ε

)
β(log(γ(r))), (12)

α2

(
log µ−1

h (µf (r))
)
⩾

(
λ(α2,β,γ)[f ]h − ε

)
β(log(γ(r))) (13)

and α2

(
log µ−1

h (µf (r))
)
≤

(
ρ(α2,β,γ)[f ]h + ε

)
β(log(γ(r))). (14)

Again for a sequence of values of r tending to infinity,

α1

(
log µ−1

h (µf◦g(r))
)
≤

(
λ(α1,β,γ)[f ◦ g]h + ε

)
β(log(γ(r))), (15)

α1

(
log µ−1

h (µf◦g(r))
)
⩾

(
ρ(α1,β,γ)[f ◦ g]h − ε

)
β(log(γ(r))), (16)

α2

(
log µ−1

h (µf (r))
)
≤

(
λ(α2,β,γ)[f ]h + ε

)
β(log(γ(r))), (17)

and α2

(
log µ−1

h (µf (r))
)
⩾

(
ρ(α2,β,γ)[f ]h − ε

)
β(log(γ(r))). (18)

Now from (11) and (14) it follows for all sufficiently large values of r that

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
) ⩾

λ(α1,β,γ)[f ◦ g]h − ε

ρ(α2,β,γ)[f ]h + ε
.

As ε tends to zero, we obtain that

lim
r→+∞

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
) ⩾

λ(α1,β,γ)[f ◦ g]h
ρ(α2,β,γ)[f ]h

. (19)
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Combining (13) and (15), we have for a sequence of values of r tending to infinity
that

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
) ≤

λ(α1,β,γ)[f ◦ g]h + ε

λ(α2,β,γ)[f ]h − ε
.

Since ε tends to zero, it follows that

lim
r→+∞

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
) ≤

λ(α1,β,γ)[f ◦ g]h
λ(α2,β,γ)[f ]h

. (20)

Again from (11) and (17), for a sequence of values of r tending to infinity, we
get

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
) ≥

λ(α1,β,γ)[f ◦ g]h − ε

λ(α2,β,γ)[f ]h + ε
.

As ε (> 0) is arbitrary, we get from above that

lim
r→+∞

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
) ≥

λ(α1,β,γ)[f ◦ g]h
λ(α2,β,γ)[f ]h

. (21)

Also, it follows from (12) and (13), for all sufficiently large values of r that

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
) ≤

ρ(α1,β,γ)[f ◦ g]h + ε

λ(α2,β,γ)[f ]h − ε
.

Since ε approach zero, we obtain that

lim
r→+∞

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
) ≤

ρ(α1,β,γ)[f ◦ g]h
λ(α2,β,γ)[f ]h

. (22)

Now from (12) and (18), it follows for a sequence of values of r tending to infinity
that

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
) ≤

ρ(α1,β,γ)[f ◦ g]h + ε

ρ(α2,β,γ)[f ]h − ε
.

As ε is arbitrary, we obtain that

lim
r→+∞

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
) ≤

ρ(α1,β,γ)[f ◦ g]h
ρ(α2,β,γ)[f ]h

. (23)

Combining (14) and (16), we get for a sequence of values of r tending to infinity
that

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
) ⩾

ρ(α1,β,γ)[f ◦ g]h − ε

ρ(α2,β,γ)[f ]h + ε
.
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Since ε is arbitrary, it follows that

lim
r→+∞

α1

(
log µ−1

h (µf◦g(r))
)

α2

(
log µ−1

h (µf (r))
) ⩾

ρ(α1,β,γ)[f ◦ g]h
ρ(α2,β,γ)[f ]h

. (24)

Thus the theorem follows from (19), (20), (21), (22), (23) and (24).

Example 3. Let us consider the functions α, α1, α2, β, γ defined on (−∞,+∞)
such that

α(x) = α1(x) = α2(x) = β(x) = γ(x) =

{
0 if x < 0
x if x ≥ 0,

So α, α1, α2, β and γ are continuous, non-negative, increasing and unbounded func-
tions. It is easily seen that α, α1, α2 ∈ L1, β ∈ L2 and γ ∈ L3. Now let us consider
the entire functions f, g and h defined on C such that

f(z) = h(z) = exp(z) =
∞∑
n=0

zn

n!
and g(z) = zm where m ≥ 1.

Hence
µf (r) ∼ exp(r) as r → ∞.

As r → ∞, µh(r) ∼ exp(r) ⇒ µ−1
h (s) ∼ log s.

⇒ α(log(µ−1
h (µf (r)))) ∼ log r and β(log(γ(r))) = log r.

Therefore,
ρ(α,β,γ)[f ]h = λ(α,β,γ)[f ]h = 1.

Hence,
0 < λ(α,β,γ)[f ]h ≤ ρ(α,β,γ)[f ]h < +∞

Now (f ◦ g)(z) = exp(zm),
As r → ∞

µf◦g(r) ∼ exp(rm).

Again, µh(r) ∼ exp(r) ⇒ µ−1
h (s) ∼ log s.

⇒ α1(log(µ
−1
h (µf (r)))) ∼ m log r,

Thus,
λ(α1,β,γ)[f ◦ g]h = ρ(α1,β,γ)[f ◦ g]h = m.

Hence,
0 < λ(α1,β,γ)[f ◦ g]h ≤ ρ(α1,β,γ)[f ◦ g]h < +∞.
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Therefore the problem satisfy all the hypothesis of the Theorem 4. Now

λ(α1,β,γ)[f ◦ g]h
ρ(α2,β,γ)[f ◦ g]h

=
m

1
= m,

lim
r→+∞

α1(log(µ
−1
h (µf◦g(r))))

α2(log(µ
−1
h (µf (r))))

= lim
r→+∞

m log r

log r
= m,

min

{
λ(α1,β,γ)[f ◦ g]h
λ(α2,β,γ)[f ]h

,
ρ(α1,β,γ)[f ◦ g]h
ρ(α2,β,γ)[f ]h

}
= min

{m

1
,
m

1

}
= m,

and
ρ(α1,β,γ)[f ◦ g]h
λ(α2,β,γ)[f ]h

=
m

1
= m.

Therefore the example satisfy conclusion of the Theorem 4.

Remark 5. If we take 0 < λ(α3,β,γ)[g]h ≤ ρ(α3,β,γ)[g]h < +∞ instead of 0 <
λ(α2,β,γ)[f ]h ≤ ρ(α2,β,γ)[f ]h < +∞ and other conditions remain same, the conclusion
of Theorem 4 remains true with λ(α3,β,γ)[g]h, ρ(α3,β,γ)[g]h and α3

(
log µ−1

h (µg(r))
)
in

place of λ(α2,β,γ)[f ]h, ρ(α2,β,γ)[f ]h and α2

(
log µ−1

h (µf (r))
)
respectively in the denom-

inators.
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