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1. Introduction .
We denote by C the set of all finite complex numbers. Let f = > a,2" be

n=0
an entire function defined on C. The maximum modulus function M(r) of f on

|z| = 7 is defined as M;(r) = 1‘rn|ax |f (2)| and the maximum term pu(r,f) is defined
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as ps(r) = max (|an| ™). For more details on the standard notations and definitions
n>

of the theory of entire functions, e.g. see [8, 11, 12]. For x € [0,00) and k € N
where N be the set of all positive integers, define iterations of the exponential and

logarithmic functions as expl®l z = exp (exp[k_” x) and log[k] xr = log (log[k‘_l] x

with convention that log[o] r=ux, log[_l] r =expz, expz = z, and expl~tz =
log x. To start our paper, we just recall the following definition:

Definition 1. The order p; and the lower order Ay of an entire function f are
defined as

— loglog M log log M
pf:hmwand)\f:h_mw_

r—+00 log r 400 logr

1.1. Notation and hypotheses

Let L be a class of continuous non-negative functions « defined on (—o00,+00)
such that a(z) = a(zg) > 0 for x < xy with a(z) T +oo as xy < x — +00. We say
that o € Ly, if o € L and a(a+b) < a(a)+a(b)+c for all a,b > Ry and fixed ¢ € (0,
+00). Further we say that o € Ly, if « € L and a(x 4+ O(1)) = (1 + o(1))a(x) as
r — +oo. Finally, o € L3, if @ € L and a(a + b) < a(a) + a(b) for all a, b > Ry,
i.e., « is subadditive. Clearly L3 C L;.

Particularly, for a € L3 one can easily verify that a(mr) < ma(r), m (> 2)
is an integer. We note that up to a normalization, subadditivity is implied by
concavity. Indeed, if o(r) is concave on [0,+00) and satisfies a(0) > 0, then for
t €[0,1],

altr) = a(te+(1—1)-0)
> ta(zr) + (1 —t)a(0) > ta(x).

If we take t = % or t = -2 then

a+b a_—&-b7
(a+b) = ——af +b)+L (a+0b)
ana et atr b\

< a(aib(a+b)) +a(aib(a+b))

= afa)+ «a(b), a,b>0.
As a non-decreasing subadditive and unbounded function, «(r) satisfies

a(r) < a(r+ Ry) < a(r) + a(Ry)
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for any Ry > 0. This yields that a(r) ~ a(r + Ry) as r — 4o00. Throughout
the present paper we take «, aq, as, a3 € Ly, f € Ly, v € Lg.

Sheremeta [9], introduced the generalized order («,B) of an entire function
which considerably extended the definition of p-order of entire function introduced
by Chyzhykov et al. [5]. Later, Heittokangas et al. [6] introduced the concept
of p-order of entire function considering ¢ as subadditive function. Belaidi et al.
[1] extended this concept and have introduced the definitions of («,,7y)-order and
(ov,8,7)-lower order of an entire function f in terms of maximum modulus in the
following way:

Definition 2. [1] The («,3,7)-order denoted by p(a,sq | f] and (a,B,7)-lower order
denoted by Ao, f] of an entire function f are defined as:

_ = ollog®(M(r ) iy @og® (M (r, £)))
peslfl = Im =gty N Aesalll = lim =i o

Remark 1. If we take a(r) = B(r) = v(r) = r, then Definition 2 coincides with
Definition 1.

Definition 2 is alternatively written by Biswas et al. [4] using maximum term,
which is as follows:

Definition 3. [4] The (o,3,7)-order psq[f] and (a,B,7)-lower order Aa,p.)[f]
of an entire function f are defined as:

_ i olog®(u(r. 1))
Plasmlf] = TL+oo B (log((r)))

i olog® (u(r, £)))
rotoo B (log(y(r))

Usually, the growth investigation of entire functions are done through their
maximum moduli function in comparison with those of exponential functions. But
to evaluate the growth rates of any entire function with respect to a new entire
function, the notions of relative growth indicators (see e.g. [2, 3]) are needed. Re-
cently, Mulyavai et al. [7] discussed on relative growth of Hadamard compositions
of entire Dirichlet series. Now in order to make some progresses in the study of rel-
ative order, one may introduce the definitions of relative («,/3,y)-order and relative
(o, 8,7)-lower order of an entire function with respect to another entire function in
the following way:

and Aa,5.)[f] =

Definition 4. The relative (o, 3,7)-order denoted by pia,s~) [ f]n and relative (o, 3,7)
-lower order denoted by Aap)[f]n of an entire function f are defined as:
— a(log My (M;(r)))

= lim an = lim a(log Mh_l(Mf(r)))
Plaslfln = rL+oo 5 (log(~(r))) 4 Mas TLTOO B (log(v(r)))
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Remark 2. Clearly if h(z) = exp z, then Definition 4 reduces to Definition 2. If
we take a(r) = B(r) = v(r) = r and h(z) = exp z, then Definition 4 reduces to
Definition 1.

In terms of maximum terms of entire functions, Definition 4 can be reformulated
as:

Definition 5. The relative (a,8,7)-order p,p)|[fln and relative (a,B,y)-lower
order Ao~ [ f]n of an entire function f are defined as:

_ g ollog (s (r)) iy 0oz (1(r)
el = BT oty e = BB T Gog ()

In this paper, we study some growth properties of the composite entire functions
on the basis of relative («,3,y)-order and relative («,3,y)-lower order relating to
maximum term.

2. Lemma
In this section, we present some lemmas which will be needed in the sequel.

Lemma 1. [2] Suppose f is an entire function and A > 1,0 < B < A. Then for

all sufficiently large r,
Mf(A’f‘) Z BMf(T)

Lemma 2. Definition 4 and Definition 5 are equivalent.
Proof. Let h be an entire function. Then from the left-hand side of the inequalities
pn(r) < My(r) < Z2=pn(R) {cf. [10]}, where 0 < r < R, we obtain

Mt (r) <yt (r)

and in the right-hand side putting R = ar for any a > 1, we get that

() < vt (0 )

Since M, *(r) and p;, ' (r) are increasing functions of r, for any a > 1 it follows from
the above, Lemma 1 and the inequalities puy(r) < My(r) < “5pus(ar) {cf. [10]}
that

M (3 (=) ) < o) (1)
and
it s () < o (o1, (=) )
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Now from (1), we get

a(tog 21 (01 ({535 )) < alons (ns(r1)

o((tog M (M (555))) _ allog i us(r))
B (log(v(r))) — B(log(v(r)))

I a(loth_ (Mf<(

€y A 3 <10g <7 (((22:11))2)

i.e.,

\_/V
N——
3
1
+
8
™
)
LN
=
=
S—
S—
S—

— a(log 1 (p4(r))
STL+OO B (log(y(r)))

| — a(log p, " (11y(r)))
i€ plasmlfln 1< TEIFOO 3 (log (v (f))

)
a(log pu, (uf(T)))

v paslfln < B =20 000 @)
Similarly, using (2) we can prove that

o allogpy (ps(r)))

e, m =2 (10g(7(7”))) < pasolfln- (4)

From (3) and (4), we get the result.

[(log 1}, (1 £ ()]

Lemma 3. If the integral [ 4
To

Wdr (ro > 0) is convergent for 0 < t <

+00, then
elatlog uy * (up (r))]

T )) I

[ee(lo (pe(r)
Proof. Since the integral f [eﬁ(li::%dr is convergent for 0 < t < +o0, for

any given ¢ (> 0) there eX1sts a number ny € N, such that

dr < e for ry > ng.

T elatog i, (s (r))]
/ [eBlog(r(r))]E+1

To
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This means that for ry > ny,

ro+7r

/ ela(log uy, * (up (r))]

[cBUoeC )]+ dr <e.

T0

As eleosiy (i) is an increasing function of 7, so

o teB1og((r0)))
ot "7 lalog u s (r) platlog i (1 (o))

[eAosG]iT 0" 2

. Allog(x(r0)))
2 Ao ¢

T0

ro—4-eBlog(v(rg)))
o 7 elallog iy (ur )] plallog s (ro)))

This means that [eAlal ] dr > e for ro > ng,

T0

plotog i, s (ro)))]

[eBUoey(ro))]t < ¢ for 7y > ny,

or

from which it is clear that

elatlog uy, * (uy (r))]

A Asee

This proves the lemma.

3. Main Results
In this section, the main results of the paper are presented.

Theorem 1. The growth indicator p(a,p)[fln is alternatively defined as: The

. % laCog uy (g () .
integral fe[eﬂ(log(';wdr (ro > 0) diverges when t < p.p[fln and converges
To

when t > pias [ flh-

Proof. Case 1. Let p(a,)[f]n = +00.

Since p(a,p,1) [ f]n = 00, by Definition 5 for arbitrary positive K, we have a sequence
of real numbers r tending to infinity so that

a(log iy, (s (r))) > K - 8 (log(v(r))),

ice., elologni ] 5 [oBlog(y (MK 5)
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[a(log ;L (1 f ()]

Suppose that the integral f st AT (ro > 0) is convergent.

Lemma 3,

_ elaQoguy (1))

I ST

So for all sufficiently large values of 7,

ele(log i (1 (1)) < [eﬂ(log(v(r)))]K

Now from (5) and (6) we reach at a contradiction.

[a(log u,: (g (r))]

Hence f mnmmyrer dr (ro > 0) is divergent whenever K is finite.

a(log py, (l‘f(")))]

19

Then by

Next, suppose that f Wdr (ro > 0) is divergent. Then for any

chosen positive number K and for arbitrarily chosen positive number ¢, we have a

sequence of real numbers r tending to infinity, so that

e[a(loguﬁl(w(r)))] > [eﬁ(log(“/(r)))]K—é‘

I

i.e, allog i (17(r))) > (K — ) - B (log(x(r)))..
This gives
— allog i (14(1)))

m > K —e.
r=too 3 (log(y(r)))
As K > 0 is arbitrary, it implies that
—1
Tim a(logﬂh (Mf(ﬂ)) — .
rtoo 3 (log(y(r)))

Thus Definition 5 follows.
Case 2. Let 0 < p(ag)[fln < +00.
Subcase (1). 0 < pg[fln < +o00.

If 0 < p(a,s,) | f]n < 00, then for any arbitrary positive € and for all sufficiently

large values of r, we have

a(log (s ()
Blog(y(r)))  Fles [fln + &,
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., elotoBm (] < [oBoBN] (Pl Ihite),

 elolor )] [eBoRGO)]bra s M)

I TN [BUos O]t
elotlog p* (uy (1)) 1

1.€.,

[P  [eBlogOM ] P e

[r(log 1y, L (1 £ (1))

Therefore [ T dr (ro > 0) is divergent when ¢ < p(q,5)[f]r and con-
T0

eﬂ(log(”r(?")))}wrl

vergent when ¢ > p(a.5.1)[f]n-
Subcase (/7). When p ) [f]n = 0, then Definition 5 gives for all sufficiently
large values of r that
a(log " (p4(r)))
B (log(v(r)))

Then with a similar arguments used in the previous sub-case, we get that
olatog g (g (m))]
f [eB(log(v(r))) t+1

<e.

dr (ro > 0) is convergent when ¢ > 0 and divergent when ¢ < 0.

clottog uy (g (M)
[eBlog((r))]P (a8, FlnF=H1

If the integral f dr converge, then by Lemma 3 and for

arbitrary positive 5 we get
elatlog uy, * (1y (r))]

TEIJPoo [eBog(v())] (a5 Flnte =0,

i.e, for all sufficiently large values of r,

elalog gt (s (r))]

[eBog(v())]PasmFlnte < €o,

ie., elatlog i (up ()] £o - [eﬂ(log(v(r)))]p(a,sm[f]h+e’

a(log iy, (115 (r))) <logeo + (prasm [ fln +€) - B (og(y(r))) .

a(log 1y, (ps(r))) log £
S (log(~(r))) = 3 (log(7(r))) + Plasylfln ¢

- — a(logp, (py(r)))
i.e., lim 3 Qog(1 (1)) < Plapfln e

r—+00

1.€.,

Letting € approach zero, we get

— allo i (s ()
T B S < e 7)
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Glatog gy ()]
eB108(3(r))]P(er, B,y Ul == F1

o
If the integral f [ dr is divergent, we have a sequence of values
)
of r tending to infinity for which

eleClog 5 (7)) 1
[PUoRGO Pap =1~ [eAlogrmN] i+

ie, elologny (up ()] 5 (eP1oBO N (e [Fln=2e

i.e., a(log u;l(uf(r))) > (Papfln —2¢) - B (log(y(r)))

a(log 1y, " (1s(r)))
7 Blog(v(r)))

As e approaches zero, we get

1.e > (p(aﬁgﬁ) [.ﬂh — 26).

e allog py g (r)))
rtoo B (log(y(r)))

Thus from (7) and (8) it follows that

2 P(a,8,7) [f]n- (8)

~— al(log ;" (1y(r)))
AT B o)) e
This is by the Definition 5.
Hence by Case 1 and Case 2, we reach at the conclusion.
The following Theorem 2 can be proved using a similar argument to that used
for Theorem 1.

Theorem 2. The growth indicator Ao~ [f]n is alternatively defined as: The

% lalog g, L p (1))

integral [ Wdr (ro > 0) diverges when t < Aagq)[fln and converges
o

when t > A fln-

Example 1. Let us consider the functions «, 3,y defined on (—oo, +00) such that

ali) = (o) =) = { D050

So a, B and v are continuous, non-negative, increasing and unbounded functions.
It is easily seen that o € L;,58 € Ly and v € L3. Now let us consider the entire
functions f and h defined on C

o9
znk

f(2) = exp(2*) = Z . and h(z) = exp(z) where k > 1.
n=0 ’



22 J. of Ramanujan Society of Mathematics and Mathematical Sciences

By definition of the maximum term

rnk

up(r) = pulr, f) = max —.

Using Stirling’s approximation formula

n n
n! ~ v2mn (—) ,
e

one can show that the maximum term occurs when n ~ exp(r*). Hence
(1) ~ exp(r*) as r — oo,

As 7 — 00, pup(r) ~ exp(r) = ;' (s) ~ log s.
= a(log(uy, ' (11s(r)))) ~ klogr and B(log(y(r))) = logr.
Thus p(a,s[flh = Nasn [fln =k < oo

The integral in the Theorem 1 and Theorem 2 becomes

r explalog(i (s ()] [
w e (Fogy ()T Sy T

From the p-test of improper integral we can say that the above integral is divergent
when ¢ < k and convergent when ¢ > k. Therefore the example satisfy the Theorem
1 and Theorem 2.

Theorem 3. Let f, g and h be three entire functions such that 0 < Xag[fln <
P(a,B,y) [f]h < 400 and A(Oé,,@’fy) [f o g]h = 4o00. Then

a(log 115 (110g(r)))
r—+4o00 a(log ,u;zl (Nf (T)))

= +00.

Proof. Suppose Theorem 3 does not hold. Then we can find a constant A > 0
such that for a sequence of values of r tending to infinity

a(log 11, (fog(r))) < A - au(log i, (i (r))). (9)

Again from the definition of p(a 54 [f]n given by Definition 5, it follows for all
sufficiently large values of r that

a(log . (114(r))) < (prapey [fln + €) - Bllog(v(r)))- (10)
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From (9) and (10), for a sequence of values of r tending to +o0o, we have

a(log 11y (11709 (r))) < Alp(a,[fln + €)Blog((r)),

+ o ollog ity (jigeg (1)) .
T Bloghry) = SWes et

e lim a(log i, (1ifog(7)))
7 S Blog(y(r)))

Again from Definition 5, it is clear that

< +00.

/\(a,ﬁ,v) [f o g]h < +o0.

This is a contradiction.
Thus the theorem follows.

Example 2. Let us consider the functions «, /3, v defined on (—o0, 400) such that

Oifx <0
alz) = v(x):{ it >0 and

Blz) = {Oifx<1

logz if x > 1.

So «, 8 and ~ are continuous, non-negative, increasing and unbounded functions.
It is easily seen that o € Lq,8 € Ly and v € L3. Now let us consider the entire
functions f, g and h defined on C such that

f(2) = expllog =) = Y 1T

n=0
h(z) = exp(z) and g(z) = exp(z™) where m,k > 1.
By definition of the maximum term
)nk

B B (logr
pr(r) = p(r, f) = max ——

Using Stirling’s approximation formula

n! ~ v2mn <ﬁ>n,

(&



24 J. of Ramanujan Society of Mathematics and Mathematical Sciences

one can show that the maximum term occurs when n ~ exp(logr)*. Hence

k

pr(r) ~ exp(logr)” as r — oo.

As 7 — o0, jup(r) ~ exp(r) = ' (s) ~ log s.

= a(log(, ' (1s(r)))) ~ klog(logr) and B(log(+(r))) = log(log ).
Thus
Plasn fln = Nagy)fln =k < o0.
Now (f o g)(z) = exp(2")

implies fifoq(r) ~ exp(r™")

)

So, a(log (i, (f110g(r)))) ~ mklogr and B(log((r))) = log(logr).
Which implies

i 000805 G0 ko
NesolF o= I T gt ) Edoaion )

Therefore, the problem satisfy all the hypothesis of the Theorem 3. Now

Oz(log(/ub;1<ﬂfog(r)))) — mk:_log?“ =
oo a(log(ugl(,uf(T)))) r—oo klog(log )

Hence the example satisfy the Theorem 3.

Remark 3. If we take 0 < Aagyl9ln < papylgln < +oo instead of 0 <
Nagn fln < papylfln < +oo and other conditions remain same, the conclusion
of Theorem 3 remains true with a(log u; ' (114(r))) in place of a(log uy ' (up(r))) in
the denominator.

Remark 4. Theorem 3 and Remark 3 are also valid with “limit superior” instead
of “limit” if Ma,g[f 0 gln = +00 is replaced by pia,s)[f © gl = +00 and the other
conditions remain the same.

Theorem 4. Let f, g and h be three entire functions such that 0 < Ao, g [fog]n <
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Plar,py)lf © gl < +o0 and 0 < Nagyfln < plasylfln < +0o. Then

Aar,s S © gln < lim ay (IOgﬂgl(Nfog<r)))
Planslfln  r5reo an (log puy,  (uy(r)))
< win { Navgm [ 0 9ln Plansmlf o g]h}
B )‘(az,ﬂ,’y) [f]h 7 P(az.B,7) [f]h
< o { Nangm [ f 0 9ln Plarsmlf © g]h}
N )‘(042”3,7) [f]h 7 Plaz,8,7) [f]h
— a1 (log p, (115eg(7)))

< lim —
rotoo a (log py, (g (7))

p(al)ﬂzw)[f og]h
)\(aQﬁ»'Y) [f]h

Proof. Using Definition 5, we have from the definitions of A, 50091, Prar,5,) [ f©
9lhs Maz,8) [ f1r and pias, 5. [ f]n, for arbitrary positive e and for all sufficiently large
values of r that

<

i (log 11, (1£0g(r)) = (Aay g [f © gln — €) Blog(v(r))), (11)
a (log g, (trog (1)) < (pran,smlf © gln +€) Blog(v(r))), (12)

as (log i, ' (117(r)) = (Mas,s [fln — €) Blog(v(r))) (13)
and as (log ;' (117(r)) < (Paz,pn [ + €) B(log(v(r))). (14)

Again for a sequence of values of r tending to infinity,

ay (log py, (fog (1)) < (Aar.sm Lf © gln + €) Blog(v(r))), (15)
ay (10g 1, (150g(7))) = (Pian.so[f 0 gln — €) Blog(y(r))), (16)

ay (log p,  (1p(r)) < (Mag,s [f]n 4 €) Bog(v(r))), (17)
and as (log p, (14 (7)) = (Pas,s[fln — €) Blog(y(r))). (18)

Now from (11) and (14) it follows for all sufficiently large values of r that

a1 (10g 11 (11729 (1))  Mewpmlf o gln — ¢
az (log 1w, (1s(r)) ~ Plasplfln+e

As ¢ tends to zero, we obtain that

- aq (log 1, (geg(1)) _ Aaw g f © 9ln
1 > . 19
oo 02 (log iyt (ps (7)) Pz, S 1n e
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Combining (13) and (15), we have for a sequence of values of r tending to infinity
that

on (1og y (t709(r))) _ Atan o lf 0 gln + £

as (log i, (17 (1)) = Aazslfln —¢
Since ¢ tends to zero, it follows that

lim 2t (log (1109 (1)) _ Atan oy lf ° gl

rroo @ (log 1 (s (1)) = Nasg [ .

Again from (11) and (17), for a sequence of values of r tending to infinity, we
get

ai (10g M;l(ﬂfOQ(r))) > Nan,87) [foglh—e
ax (log . (ns(r) ~ Ao fn+e
As € (> 0) is arbitrary, we get from above that

= 1 (1015 (g (1) Acwsnlf o gl

lim — > (21)
rtoe ag (log 1 (1 (r) — AMons [
Also, it follows from (12) and (13), for all sufficiently large values of r that
o (log iy, (t709(r))) _ Pranpylf o gln+e
as (log (s (1))~ Mass[fln =€
Since ¢ approach zero, we obtain that
— | e OTrS o
s (Ogﬂh_l(ﬂf 4(1))) < Ploas fogln (22)
rotee g (log g ' (1r (1))~ Atz [fn

Now from (12) and (18), it follows for a sequence of values of r tending to infinity
that
a1 (log i, (1se4(r))) < Pla1p) [foglh+e

Qo (log u;l(uf(r))) T Plasslfln—e
As ¢ is arbitrary, we obtain that

lim . (log 'uf:l(:ufOQ(r))) < Ploa,B,7) [fogln
rotoo (g (log u;l(uf(r))) T Plsslfln

(23)

Combining (14) and (16), we get for a sequence of values of r tending to infinity
that .
aq (log Ky, (Mfog<r))) > Pla1,8,7) [f o g]h — €

Q2 (log Nﬁl(ﬂf(r))) g Plaz,B,7) [f]h + €
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Since ¢ is arbitrary, it follows that

Tim a1 (log N}:I(/Jfog(r))) S Plar s Lf © gl
—1 = :
rotoo y (log py,  (py(r))) Plas,Bm) Lf]n

Thus the theorem follows from (19), (20), (21), (22), (23) and (24).

(24)

Example 3. Let us consider the functions «a, aq, s, 5,7 defined on (—o0, +00)
such that

a(r) = 0 (1) = ag(e) = Bla) = () = { vite =0

So «, ay, ag, B and v are continuous, non-negative, increasing and unbounded func-
tions. It is easily seen that o, a1, € Ly, 3 € Ly and v € Ls. Now let us consider
the entire functions f, g and h defined on C such that

o0 n

f(z) =h(z) =exp(z) = Z % and g(z) = 2™ where m > 1.
n=0
Hence
pr(r) ~ exp(r) as r — oo.
As 7 — 00, pup(r) ~ exp(r) = ;' (s) ~ log s.
= a(log(u, ' (us(r)))) ~ logr and S(log(y(r))) = logr-.
Therefore,
Plas ) FIn = Aapyfln = 1.

Hence,

0 < Aapmlfln < papyfln < +00
Now (f o g)(z) = exp(z™),

Asr — oo
og (1) ~ exp(r™).
Again, pi,(r) ~ exp(r) = ;' (s) ~ log s.
= an(log(uy, ' (us(r)))) ~mlogr,
Thus,
Aarsnlf © glh = Plar sy f © gln = m.
Hence,

0 < Mg lf 0 9ln < pran s lf o gln < +oo.
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Therefore the problem satisfy all the hypothesis of the Theorem 4. Now

Mavglfogl _m _
Plas sl foglh 1 ’
ar(log(py (pgeg(r)))) .. mlogr
E— —1 ——— =1m,
rotoe a(log(y, (up(r))))  rotoc logr
[

min { Aanslf © g]h, Plarpin)lf © g]h} = min {@, T} =m,
>\(a2757’y) [f]h p(a27ﬁ,'Y) [f]h 11
and
p(alaﬂzw)[-fog]h . m

A(a27ﬁa7) [f]h B 1
Therefore the example satisfy conclusion of the Theorem 4.

Remark 5. If we take 0 < Nay )9 < Plassylgln < +o00 instead of 0 <
Nas,8) L 1h < Plas,sy) [f]n < +00 and other conditions remain same, the conclusion
of Theorem, 4 remains true with Aoy 5.,)9ln: Pas,sm[9ln and ag (log iy, (11g(r))) in

place of Nay 5. [ f1hs Plassm [ fln and as (log (1 (r))) respectively in the denom-
wmators.
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