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Abstract: Multiply divisor cordial labeling of a graph G* having set of node V* is
a bijective h from V(G*) to {1, 2, ..., |V (G*)|} such that an edge zy is assigned the
label 1 if 2 divides (h(z) - h(y)) and 0 otherwise, then the number of edges labeled
with 0 and the number of edges labeled with 1 differ by at most 1. A graph having
multiply divisor cordial labeling is said to be a multiply divisor cordial graph.
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1. Introduction

Graph theory is a useful tool for quantifying and simplifying the various mov-
ing aspects of dynamic systems given a collection of nodes and connections that
can abstract anything from city plans to computer data. Many arrangements, net-
working, optimization, matching, and operational problems can indeed be solved
by studying graphs using a framework. Many people in Artificial Intelligence and
Data Science use graph theory for presentation, and there are some good libraries
for it. To store graph data directly in native graph form and support graph-oriented
queries, many people will also adopt graph databases like Neo4j. But there are still
certain specialised applications for graph databases.
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All graphs included here are without loops and parallel edges, having no ori-
entation, finite and connected. We follow the basic notations and terminologies
of graph theory as in [9]. A graph labeling is a mapping that carries the graph
components to the set of numbers, usually to the set of natural numbers. If the
domain is the set of nodes the labeling is called node labeling. If the domain is the
set of edges, then we speak about edge labeling. If the labels are assigned to both
nodes and edges then the labeling is called total labeling. For a dynamic survey of
various graph labeling, we refer to [2].

The concept of multiply divisor cordial labeling was introduced by J. T. Gondalia
and A. H. Rokad [5]. J. T. Gondalia and A. H. Rokad et al. [5], [6] proved that
cycle, cycle with one chord, cycle with twin chord, cycle with triangle, path graph,
star graph, jellyfish and coconut tree are multiply divisor cordial graphs. Further,
they proved that ring sum of a star with cycle, ring sum of a star with cycle having
one chord, ring sum of a star with cycle having twin chords, ring sum of a star with
cycle having triangle, ring sum of a star with double fan, ring sum of a star with
double wheel and ring sum of a star with helm graph are multiply divisor cordial
labeling.

A. H. Rokad [11] proved that the graph obtained by the joint sum of two copies
of Globe Gl(n) is Fibonacci cordial. A. H. Rokad and G. V. Ghodasara [12] proved
that the graph obtained by the joint sum of two copies of wheel W,, is Fibonacci
cordial. They also proved that the graph obtained by the joint sum of two copies
of the Petersen graph is Fibonacci cordial.

A. H. Rokad [13] proved that the graph obtained by the joint sum of two copies
of wheel W, shell S,,, Double wheel DW,,, Petersen graph, closed helm CH,,
coconut tree C'T}, ,, are different cordial graphs.

2. Preliminaries

Definition 2.1. The joint sum of two graphs G and H is the graph obtained by
the joining a node of G with a node of H by an edge.

Definition 2.2. A helm H,,n > 3 is the graph obtained from the wheel W, by
adding a pendant edge at each node on the rim of the wheel W,.

Definition 2.3. A closed helm CH, is the graph obtained by taking a helm H,
and adding edges between the pendant nodes.

Definition 2.4. A gear graph is obtained from the wheel W, by adding a node
between every pair of adjacent nodes of rim of the wheel W,,.

Definition 2.5. A globe is a graph obtained from two isolated node are joined by
n paths of length two. It is denoted by Gl(n).
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Definition 2.6. A double-wheel graph DW,, of size n can be composed of 2C,,+ K1,
i.e. it consists of two cycles of size n, where the nodes of the two cycles are all
connected to a common hub.

3. Main Results

Theorem 3.1. The graph obtained by joint sum of two copies of cycle C,, 1is
multiply divisor cordial graph.

Proof. Let G be the joint sum of two copies of C,. Let {uj,us,...,u,} and
{v1,vg,...,v,} be the nodes of first and second copy of C,, respectively.

We define labeling function f : V(G) — {1,2,..., V(G)}, as follows.

fluy) =2i-1;1 <i<n.

flo)=2i;1<i<n.

In view of above defined labeling pattern we have e;(0) =n and ef(1) =n + 1.
Therefore |ef(0)-ef(1)] = 1.

Thus, the graph obtained by joint sum of two copies of cycle C,, is multiply divisor
cordial graph.

Illustration 3.1. The multiply divisor cordial labeling of joint sum of two copies
of C5 is shown in Graph 1.
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Figure 1: Graph 1

Theorem 3.2. The graph obtained by joint sum of two copies of Globe Gl(n) is
multiply divisor cordial graph.

Proof. Let G be the joint sum of two copies of Gl(n). Let {u, v, uy,ug,...,u,}
and {v, v, vy, g, ..., v, } be the nodes of first and second copy of GI(n) respectively.
We define labeling function f: V(G) — {1,2,..., V(G)}, as follows.

flu) =1,

F) =3,
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flw)=2i+3;1<i<n.

F(v) =2,

f(

fvi)) =2i+4;1<i<n.

In view of above defined labeling pattern we have e;(0) = 2n and ef(1) = 2n + 1.

Therefore |ef(0)-ef(1)| < 1. Thus, the graph obtained by joint sum of two copies
of Globe Gl(n) is multiply divisor cordial graph.

Ilustration 3.2. The Multiply divisor cordial labeling of joint sum of two copies
of Gl5 is shown in Graph 2.

Figure 2: Graph 2

Theorem 3.3. The graph obtained by joint sum of two copies of wheel W, 1is
multiply divisor cordial.

Proof. Let G be the joint sum of two copies of W,,. Let {ug,uy,us,...,u,} and
{vo, v1, V2, ..., v, } be the nodes of first and second copy of W,, respectively, where
ug and vy be the apex nodes of first and second copy of W,, respectively.

Here we define labeling function f: V(G) — {1,2,...,V} as follows.

f(u()) = 1)
flu;)) =2i+1;1<i<n.
f(U(J) =2,

f(v) =2i;1 <i<n.

We have e(0) = 2n and ef(1) = 2n + 1.

Therefore |ef(0) — ef(1)| = 1 in each case.

Hence joint sum of two copies of W,, is multiply divisor cordial.

Ilustration 3.3. The Multiply divisor cordial labeling of joint sum of two copies
of W is shown in Graph 3.
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Figure 3: Graph 3

Theorem 3.4. The graph obtained by joint sum of two copies of double wheel
DW,, is multiply divisor cordial.

Proof. Let G be the joint sum of two copies of DW,,. Let {uq, u1, us, ..., wy,, u}, u, ...,
ul, } and {wvg, v1, v, ..., U, V], V), ..., v, } be the nodes of first and second copy of DW,,
respectively, where uy and vy be the apex nodes of first and second copy of DW,,
respectively. Here we define labeling function f: V(G) — {1,2,...,V} as follows.

f(UO) =1,

flu;)) =2i+1;1<i<n.
flu)=2n+2i+1;1 <i<n.
f(UO):27
flo)=2i+2;1<i<n.

fh)=2n+2i4+2;1<i<n.

We have e;(0) = 4n and ef(1) = 4n + 1.

Therefore |ef(0) —ef(1)] = 1 in each case.

Hence joint sum of two copies of DW,, is multiply divisor cordial.

Tllustration 4. The Multiply divisor cordial labeling of joint sum of two copies of
DWs is shown in Graph 4.

Figure 4: Graph 4
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Theorem 3.5. The graph obtained by joint sum of two copies of double fan DF,
18 multiply divisor cordial.

Proof. Let G be the joint sum of two copies of DF,,. Let {u, v, uy,us,...,u,} and
{v,v',v1,v9, ..., v, } be the nodes of first and second copy of DF,, respectively, where
u, v’ and v,v" be two apex nodes of first and second copy of DF,, respectively.
Here we define labeling function f: V(G) — {1,2,...,V} as follows.

fu) = 1
flu') =

(ul)—22+3 1<i<n.

fv) =

f') = 4

fv)=2i+4;1<i<n.

We have e(0) = 3n — 1 and ef(1) = 3n.

Therefore |ef(0) — es(1)] = 1 in each case.

Hence joint sum of two copies of DF;, is multiply divisor cordial.

Ilustration 3.5. The Multiply divisor cordial labeling of joint sum of two copies
of DF% is shown in Graph 5.

Figure 5: Graph 5

Theorem 3.6. The graph obtained by joint sum of two copies of helm H, 1is
multiply divisor cordial.

Proof. Let G be the joint sum of two copies of H,,. Let {ug, u1, us, ..., uy, v}, u, ...,
u, } and {vg, vy, Vg, ..., Uy, V], V5, ..., vl } be the nodes of first and second copy of H,
respectively, where ug and vy be the apex nodes of first and second copy of H,
respectively.

The labeling pattern is the same as Theorem 3.4.
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We have €(0) = 3n and ef(1) = 3n+ 1.
Therefore |ef(0) — es(1)| = 1 in each case.
Hence joint sum of two copies of H,, is multiply divisor cordial.

Illustration 3.6. The Multiply divisor cordial labeling of joint sum of two copies
of Hj is shown in Graph 6.
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Figure 6: Graph 6

Theorem 3.7. The graph obtained by joint sum of two copies of helm CH, is
multiply divisor cordial.
Proof. Let G be the joint sum of two copies of CH,. Let {ug,us,us, ..., Up,

uy, wy, ..., ul b oand {vg, v1, va, ..., Un, V], V5, ..., vl } be the nodes of first and second

copy of C'H,, respectively, where uy and vy be the apex nodes of first and second
copy of C'H,, respectively.

The labeling pattern is the same as Theorem 3.4.

We have ef(0) = 4n and ef(1) = 4n + 1.

Therefore |ef(0) — es(1)| = 1 in each case.

Hence joint sum of two copies of C'H,, is multiply divisor cordial.

Illustration 3.7. The Multiply divisor cordial labeling of joint sum of two copies
of C'Hy is shown in Graph 7.

Figure 7: Graph 7
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Theorem 3.8. The graph obtained by joint sum of two copies of gear G, is multiply
divisor cordial.

Proof. Let G be the joint sum of two copies of G,. Let {ug,uy,us, ..., us,} and
{vo, v1, V2, ..., v2, } be the nodes of first and second copy of G,, respectively, where
ug and vy be the apex nodes of first and second copy of G,, respectively.

Here we define labeling function f: V(G) — {1,2,...,V} as follows.

fl) =1,

Flu) =2i+1;1<i<2n.

f(v) =2,

F) =2i+2;1<i<2n.

We have e(0) = 3n and ef(1) = 3n+ 1.

Therefore |ef(0) —es(1)] = 1.

Hence joint sum of two copies of G,, is multiply divisor cordial.

Ilustration 3.8. The Multiply divisor cordial labeling of joint sum of two copies
of G¢ is shown in Graph 8.
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Figure 8: Graph 8

4. Conclusion

In this paper, I investigated eight new multiply divisor cordial graphs. The
results proved in this paper are novel. It will create a bridge between graph theory
and number theory for researchers. Illustrations are provided at the end of each
theorem for a better understanding of the labeling pattern defined in each theorem.
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