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1. Introduction, Notations and Definition
The ¢-rising factorial for complex numbers a and ¢ with | ¢ |< 1 is defined as:

(a;q)o =1
(a;q)n = (1 —a)(1 —aq)...(1 —ag" '), neN
(a; @)oo = [ J(1 = ag")

Ramanujan’s Notebooks, especially second 'Lost’” Notebook, contain a large num-
ber of g-series identities and fascinating results on continued fractions. Through
out the paper, some interesting results involving g¢-series and continued fractions
have been established by making use of certain known identities. We need some
established results of the paper [3, 4, 5, 6, 7] to obtain certain continued fractions
representations.
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2. Main Results
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The Rogers-Ramanujan continued fraction with an additional parameter 'a’ is

given by

(1)

i qn +n n
neo \EDn 1 agag®_ag’ 2.1)
i 1+ 14+ 14+ 1+ ..
n:O
Proof of (2.1).
We have, left hand side of (2.1) is
e qn2+nan
= (@D 1 1
i qTL?an io: qn2an B f: qn2+nan Z q a 1 —q )
“— (¢ ¢)n |4 (@) = (G0 i
+ X n2in,.n L+ > 2+n n
> T 2 -
— (¢:0)n — (¢, q)n
B 1 1
o o n? n X n +2n n
a
> wd
1 n=1 (qa Q)n—l 1 n=0 q;
+ i qn2+nan i q" 2""" a™
n=0 <Q7q>n n=0
1 1
T+ =4 L+ -
qn2+nan q 2—l—n n B qn2+2nan
— (;1; On o (g; q e (¢; 9)n
e qn +2nan qn +2nan
= (69 —~ (¢ )n
1 1
= 1+ aq 1+ aq
00 qn +nan(1 qn) i qn2+nan
— (¢:9) = (¢ On—
> qn +2nan > qn2+2nan
2 (¢ On 2 (¢ On
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_ 1 B 1
= T aqan - 1+ CL(ti
1+7;;;EE; 14 ST
= (G qn (o = (GDn
o qn2+3n a” o qn2+3n a™
— (G Dn — (¢ Dn

[terating this process, we find the right hand side of (2.1).
Taking a=1 in (2.1), we get

n=0 e I
53 n 141+ 1+ 14
= (¢ )n

which is celebrated continued fraction due to Rogers-Ramanujan.
For a=q, (2.1) yields

i qn2+2n
n—0 <Q7Q>n _ Lq_2 q3
grTm I+1+1+ ..

For a=-1, (2.1) yields

= (1)

; (4 @)n B Li q°
S G S
2 (¢ @)n

For a = ¢!, (2.1) gives
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(2.2)

(2.3)

(2.4)

(2.5)
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Comparing (2.2) and (2.5), we get

o) qn2_n e e} qn2+n
,; (43 0)n ; (43 @)n
= g Tt (2.6)
q* q"
nz:% (¢ @)n ; (¢ @)n
(ii) An identity due to Ramanujan is
0 —\a: q a qn(n+1)/2 0 —\/b: q bn n(n+1)/2
(b ) 3 / - — (cag ) 3 A 2.7)
o 4 Qn (g q)n(—ag; @)n

[Andrews, G. E. and Berndt B. C. [1], 6.2.9, p.146]

A
Putting % for a and = for A in (2.7), we get
q q

oo (—_A’q)nanqn(nfl)/2 00 (j7q>nbnqn(n+1)/2
—04; 4)oo “ = (—a;¢) 2.8
( ) ;} (45 )n(=bg; @) (~aig) HZ:O (45 O)n(—a; @)n (28)
Taking ratio of (2.7) and (2.8), we have
oo (;)\,Q)nanqn(n+1)/2 00 (%,\’q) bnqn(n+1)/2
nz% (@ n(=bg; @) nz% (¢; @)n(—ag; @)n 20
XL (i q)paqt V2 2 (22 q)pbgn D/ (29)
» (1+a)) o
— (¢;9)a(=bg; Q)n — (¢ q)n(—a;q)n
The left side of (2.9)
i (=25 q)angnti/2
= (GO (Zbg ) 1
i (25 q)narg" =02 i (=25 q)nagn=1/2 i (225 q)nang /2
— (@ Dn(=0q; @)n |, 1 (@ (b @) = (G Dn(=bG; @)n
" 2L (225 q)pangn /2
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1
(1+ 2)a/(1+bg)

1+ = angnn /2 (‘A;q) (22%;q),,
- ; q,q)n ( bq; ) (—qu;Q)n)
= (= ,q PP
nz; (—=bg% q)n
B 1
N 14 (1+ 2)a/(1+bg)
| aq(bg — -)/(1 +bq)(1 + bg®)

0 ( : q) nqn(n+1)/2

2 (¢ (=045 q)n

n=0

= (L q)aag I

nzzo (4 )n(=bg% @)n

[terating this process, we finally get
=L (22 q)nang /2 (5 q)nb g2
nz:; (@ Dn(=bs: ) ; (¢; Dn(—ag; q)n
S —_)\, L n(n—1)/2 =N bn n(n+1)/2
Z(aQ) q (1+a>z<aQ)
(4, 0)n(—0q; @)n — (¢ @)n(—a;q)n
1 (A+a)/(1+bq)
L+ | a(A — abg)/(1 +bg)(1 + bg”)
1+ ..
_ 1 (A +a)(I+bg) g(A —abg)/(1 +bg)(1 +bg®) gla + Aq) /(1 + bg?) (1 + bg?)
1+ 1+ 1+ 1+ ...

1 (a+ ) g\—abg) qla+Ag) ¢°(\—abg®) (2.10)
T 1+ (T4 bg)+ (14 bg2)+ (1 +bg3)+ (1 + bg?) + ... ‘

As b — 0, (2.10) yields

i P ,q n@ qn(”+1)/2 f: A n2

o (¢ @)n = —ag; q)n

X (2 ) arg D2 % yngrion
Z — (1+a) Z 4

owr (4 Q)n = (¢ )n(—a; @)n
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1 (a+A) A\g gla+ Ag) bV

(2.11)
1+ 1+ 1+ 1+ 14 ..
Taking a = 0 in (2.11), we obtain
= (G001 A Mg AP
e = T (2.12)
> P R A G I
— (¢ q)n
For A =1, (2.12) is same as (2.5) and for A = q, (2.12) is same as (2.2).
Taking a = 0 in (2.10), we get
i )\nan i (T)\y(J)nbn n(n+1)/2
(g On(—bg30)n = (¢ 0)n
i )\n n2_n S (b_)\ q)n pn n(n+1)/2
= (¢; @)n(=bg; @)n ; (43 9)n
1 A \q G2 A (2.13)
1+ (14 bg)+ (14 bg?)+ (14 bg3)+ (1 + bg*) + '
Taking b = 1 in (2.13), we get
i )\nan i (_)\, q)nqn(n+1)/2
L U ) R (¢ @)n
i )\nqn27n S (;/\q) q”(”+1)/2
q I n
= (0% ¢%)n ,; (¢ @)n
1 A A A¢? A
q q a (2.14)

T+ +r I+ A+ A+ @)+ A+ )+
Taking b = -1 in (2.13), we get

i i i(_l)”(k;q)nq”(nﬂw

= (@a?, = (4:0)n

i )\nqn2_n i (_1)71(27 q>nqn(n+1)/2
(a:9)%, (¢ Dn
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1 A A ¢ A
_ 1 q q d (2.15)
+1-g+(1-)+1—-¢)+ (1 —¢*) + ...
Taking A= q in (2.13), we get
n=0 *"" "7 " ( i n n (n+1)/
>
.2
— (g; q) n
1 2 3 4
_ 1 g q q q (2.16)
I+ 1=+ -)+ 1 -¢)+ 1 —q")+ ..
(iii) Following are two identities due to [Slater, L. J., 3; (34)(36), p.155]
o n2+42n 1
— (g% q) T (0 )
— (¢ ¢ nq 1
= 2.18
% (@%a®), (@44 d%) (2.18)

Taking the ratio of the left sides (2.17) and (2.18), we have

i q q n 249n
n=0 q q o 1
> (—g; q2)nq”2 Z(—q;qQ)nq” (=)
—~ (¢%¢), i (4% 4%,
f: (—¢; ¢)ng™ ™"
= (),
B 1 B 1
- q(1+q) q(1+q)
e (—q; ¢%)ng™ 2" s qrrn ) 3. 2
T o I\ TG ) — (7G5 ]
2 (), 2 @, O~ (i)
e n%+2n b+ o0 (_ 3. 2) n?+42n
Z q q nq Z q,49 )nq
n=0 n=0 (qQ;QQ)n
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. 1
B 1+
1+ ul q?
1+ —
Z ( ) qn 242n
et ( 1 q?),,
Z ( ) qn 244n
= ( $4%),,
Iterating this process, we have
i (—q; )ng"
;¢
=0 P (36907 6
f: —q; q nq (4% )0 (4% ¢%) oo
n=0

_1q(+9 ¢t 0+ ¢
I+ 1+ 1+ 1+ 14 ...
which is a known result [Andrews G. E. and Berndt B. C., 1; (6.2.38) p.154]

(iv) Let us consider the following summation formula:

(2.19)

o . ag®. . 2
qbl[a,b,q, Q/b:| :( q(D (b2;CLQaQ)oo where |%|<1 (220)

aq/b (e
[Gasper G. and Raheman M., 2; App.IT (IL.9), p.236]
Taking b— oo in (2.20), we obtain
qn(n+1)/2

> (a;%. = (~¢; 0)oo(aq; ¢*)ox ((2.21)

n=0 q7 q n

Taking ¢ for q and then putting a = -q and a = —% in (2.21), we get

0 n(n+1)/ 1
3! ” (2.22)
— @), (PP )
> (=1 ¢P)ng /2 1

< = 2.23
~ (), (¢:¢° 4% )0 (2:23)
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Taking the ratio of (2.22) and (2.23) and proceeding as in the previous cases, we

easily get
oe] 2
3 (=¢;¢°)ng™ "
2. 2
n=0 (q 14q )n _ (q7q57q6;q8)oo
i <_%, q2)nqn2+" (q27 q37 q7; q8)oo
— (¢4,
_ L q@(+q) ¢ ¢'(1+¢%) (2.24)
I+1+ 1+ 1+ 1+4.. '
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