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Abstract: In this paper, wider classes of Fourier cosine series are introduced and
found that a,logn = o(1), n — oo is a necessary and sufficient condition for L'-
convergence. Our results generalize the results obtained by A.N. Kolmogorov as
well as R. Bala and B. Ram for cosine series while our new classes JS quasi convex
and JS& semi convex are the extensions of the classes quasi convex null sequence
and semi convex respectively.
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1. Introduction
Let

%—i—;ancosmc (1.1)

n
be cosine trigonometric series with partial sum denoted by S, (z) = @+ aj cos kx
k=1

and let f(x) = lim S,(x).
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The problem of L'-convergence of Fourier cosine series (1.1) has been set-
tled for various special classes of coefficients. “It is well known that the condi-
tion anlogn = o(1), n — oo is both necessary and sufficient condition for L'-
convergence for some classes of Fourier cosine series”. In 1913, W. H. Young [30]
found that a, logn = o(1), n — oo is both necessary and sufficient condition for
integrability and L!-convergence of cosine trigonometric series with convex coeffi-
cients (A%a, = A(Aa,) = Aa, — Aayy 1 = a, — 24,41 + dyio >0, Vn) and A. N.
Kolmogorov [16] extended the Young’s result for cosine trigonometric series with

quasi convex coefficients | Y n|A%a,| < oo)
n=1
Theorem 1.1. [16] If {a,} is quasi convex null sequence, then for the L*-convergence

of the cosine series (1.1) it is necessary and sufficient that lim a,logn = 0.
n—oo

S. A. Telyakovskii [25] extended the classical result of A. N. Kolmogorov [16]
with class S (introduced by Sidon [20]) of Fourier coefficients that contains the
class of quasi convex coefficient and proved that if {a,} € S then (1.1) is a Fourier
series of some f € L'(0,7) and that

1S, — fll =0o(1), n— oo, (1.2)

if and only if
a,logn =o(1), n— oo, (1.3)

||.]| is the L'(0, 7)-norm.
T. Kano [13] defined the class of semi convex sequence as follows:
A sequence {a,} is said to be semi convex sequence if a,, — 0 as n — oo and

Zn|A2an_1 + A?a,| < oo, (ap =0)

n=1

R. Bala and B. Ram [1] have proved the theorem for cosine series with semi convex
sequence in the following form:

Theorem 1.2. [1] If{a,} is a semi convex null sequence then for the convergence
of the cosine series (1.1) in the metric space L it is necessary and sufficient that
a,logn =o(1), n — oc.

The results obtained by these authors were further generalized and extended by
many authors such as J. W. Garrett and C. V. Stanojevié¢ ([9], [10], [11]), B. Ram

[18], N. Singh and K. M. Sharma ([21], [22], [23]), R. Bojanic and C. V. Stanojevi¢
[4], C. P. Chen [5], R. Bala and B. Ram [1], F. Mdricz [17], S. S. Bhatia and B.
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Ram [3], Z. Tomovskii ([26], [27], [28], [29]), N. Hooda and B. Ram [12], K. Kaur
et al. [15], J. Kaur and S. S. Bhatia [14], S. K. Chouhan, J. Kaur and S. S. Bhatia
([6], [7]) and others by considering various generalizations of classes of sequences.

In this paper, the L'-convergence of Fourier cosine series with newly defined
classes are studied. The paper is organized in four sections as follows: In the section
2, some classes of L'-convergence and the concerned results are given. Also, the
new classes of L'-convergence are given in this section which are the extensions
of previous well known classes. The section 3 presents main results which are the
generalization of some existing results.

2. Classes of L!-convergence

In this section, firstly we recall some classes of L'-convergence and their con-
cerned results:

G. A. Fomin [8] introduced the class §, which is the extension of class S.

Definition 2.1. [8] A null sequence {a,} belongs to the class §, if for some

I<p<2
[e’s) 1/p

oo [ 2o |Aagl
k=n < 00,

n
n=1

The class §, is wider when p is closer to 1. He proved the following result
concerning L!-convergence of Fourier series.

Theorem 2.2. [8] For some 1 < p < 2. Let {a,} € §,. Then (1.1) is a Fourier
series of some f € L'(0,7) and (1.2) & (1.3).

In 1981, C. V. Stanojevié¢ [24] introduced new classes such as class CN BV, C,,
C,, P which are the extensions of previous well known classes. Also, a necessary
and sufficient conditions for L!-convergence for certain larger classes of Fourier
series have been proved in [24].

The Class P of C. V. Stanojevié [24] which is the natural extension of class
BV reads as follow:

Definition 2.3. [24] A null sequence {a,} belongs to the class P if
1 n
— E k|Aag| = o(1), n — oc.
n
k=1

The results concerning L!-convergence of Fourier cosine series under the class
P proved by him are given as follows:
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Theorem 2.4. [24] Let (1.1) be a Fourier series with {a,} € P and nAa, =
o(1), n— oo then (1.2) < (1.3).

In the present paper, classes of quasi convex sequences and semi convex se-
quences are extended respectively in the following manner:

Class JS quasi convex. A null sequence {a,} is said to be belong to class 7S
quasi convex if
1

n+1

> k(k + 1)|A%ax| = o(1), n — oo. (2.1)

Remark. The class JS quasi convex extends the class of quasi conver null se-
quence.

o0
If {a,} is a quasi convex null sequence then lim a, = 0 and Y n|A%aq,| < o
n—o0 n=1

which implies that n|A%a,| = o(1), n — .
Consider,

1
n+1

- 2| A2 6| A2 1)|A%a,
S k(k + 1)| A% = A2l S8l | e+ DA
pt n+1 n+1 n+1

By given hypothesis, each term of above equation approaches to zero as n — oc.
Therefore,
1

n+1

> k(k+1)[A%a] = o(1), n— oo.
k=1

Hence {a,} belongs to the class JS quasi convex.
But the converse need not be true as the term n|A%a,| = o(1), n — oo does not
o
ensure the convergence of the series Y. n|A%a,|.
n=1
Class JS semi convex. A null sequence {a,} is said to be belong to class JS
semi convex if

n+1 ka<k + 1)|A2ak—1 + A26Lk‘ = 0(1), n — 00 (Where ap=a; = ()) (2.2)
Remark. The class JS semi conver is natural extension of class semi convex.

3. Main Results
The first main result of this section reads as follow:

Theorem 3.1. Let (1.1) be a Fourier series of some f € LY(0,7) and let {a,}
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belongs to class JS quasi convex and nAa,, = o(1), n — oco. Then g,(x) (where
gn(7) = Sp(x) — ans1Dn(x), Dy(x) is a Dirichlet kernel) converges in L' norm.
Proof. Consider

lgn = FIl = Mlgn = on + 00 = fll = [lgn = || +[low = f]|

where o, is the Fejer sum of S, (an(f) — Z Sk(x ))

As we know that, if f € L'(0,7) then ||o, — fH =o0(1) n— oo.
So, it is sufficient to show that ||g, — o,|| = 0o(1), as n — oo
Consider

g0 — o(@)]| = / 19(z) — 0u(2)|da

Apply Abel’s transformation on the first term of R.H.S.,

T

n—1
1 n
lgn — on(@)|| = / — Z:l A(ka1) Di(z) + —— D) = a1 Da(a) | do
J -

T 1 - 1 n
- / — I;A(lmk)Dk(x) A Do(w) + =Dy (@) = a1 Da(a)| da

J =

o1
= / ] ZkAaka Z%HDk

0

Again using Abel’s transformation on both the series of R.H.S.,

1 n—1
llgn — on(2)|| = / e ;A(kAak)(k‘ + 1)Fi(z) + nAa, F,(z)
) _
1 n—1
e (k + 1) Aag1 Fip(z) — anp1 Fn(z) | do

k=1
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where F),(z) represents Fejer kernel.
7 1

T

0

i A(kAag)(k 4+ 1)Fi(z) — A(nAay) Fy(z) + nAa, Fy(x)
k=1

n

Z(k‘ + DAaky1 Fr(z) + Aapp1Fn(x) — an1 Fr(x)
k=1

1

- d
n+1 .

s

lga —on(@ll = [ |
0

n+1

2 n
E(k+1)A%aF -— k+1)A F
221 + 1)A%ay Fi(x) n+1kZ:1(+)akH k()

+(n+ 1)Aap1F(x) — anyoFrn(z)| dx

n

U 2 ™
ol [F@ldo+ S 0+ Dldacn] [ [Fila)lds
0 0

k=1

k=1

-HH+DMMWH/WH@W$+Wwﬂ/ﬁﬂﬂwx
0 0

n

2
k(k + D)|A%x] + —— S (k + 1) Aagsa] + 7(n + D] Adp1| + lansal
n+1 —

s
n+1

NE

<

~
Il
—

(3.1)

The second term of above inequality after applying Abel’s transformation becomes

n

n—1
1 k+1)(k+2 1
S+ Dl < 2 3 EEIEED a2t o)
k=1 k=1

n+1

So, by given hypothesis, ||g, — o.(2)|| = 0o(1), n — oo, as all terms on the R.H.S
of inequality (3.1) tends to zero as n — oo.
Therefore, the conclusion of main result holds.

Corollary 3.2. Let (1.1) be a Fourier series of some f € L'(0,7) and {ay} belongs
to the class JS quasi convex and nAa, = o(l), n — oo then the necessary and
sufficient condition for L'-convergence of the cosine series is hm a, logn = 0.

Proof. We have [[S,, — f(z)|| < |[Sn — gull + [|gn — f||—\|gn f||+0(an10gn)
Since ||g, — f|| = o(1) as n — oo by Theorem 3.1
Therefore it follows that

lim / | Sy (2 z)|dr =0 if and only if lim a,logn = o(1)
n—oo n—oo

The second main result of this section reads as follows:
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Theorem 3.3. Let (1.1) be a Fourier series of some f € L*(o,7) and a monoton-
ically decreasing sequence {a,} belongs to the class JS semi convex with nAa, =
o(1), n — oco. Then g,(z) converges in L' if and only if a,logn = o(1), n — oo.
Proof. Consider

lou(o) = F@I = [ lan(o) - o)ldz

I = / 102(2) — on(e)ldz = / 154(2) — 0u(2) — a2 Da(2)]de

Consider
1 n
Sp(x) —on(z) = i Z kay, cos kx
k=1
1 1

[
S
_|_
NE

1
k

Yo kay (2 cos kx sin kx)]

1

kag(sin(k + 1)z — sin(k — 1)56)]

=~
Il
-

Il

—
S
—+ | =
—
M=

2sinx

Il

—_
3
+ | =
—
NE

Tsina [(k—1)ag—1 — (k+ 1)ag41]sinkx

ES
Il
-

+an41 sinnx + :L_ 1an sin(n + 1)x]

n

1
2sinx

1
n+1

k(Aak,1 + Aak) i

M=

=~
Il
-

k:l

. n .
+ap41SINNT + 1 .y, SIN nx}

Since {ax} is a monotonically decreasing sequence, therefore second term of above
equality changes to the following inequality:

n

1

2sinx

Z k(Aakq + Aak) i

k=1 k:l

Sp(x) —on(x) <

n+1

. n .
+ap41 sinne + ——ay sin(n + 1)z
n

+1
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Apply Abel’s transformation on first two terms of above inequality, we get

n—1

| Z(A(mam+A<kﬁak>>bk<x)

2sinx |n+1

Sp(z) —on(z) <

k=1
- . n . n .
RSP ) Dy (x) + . 1Aan_1Dn(m) + mAanDn(aj)
L Do) Do) + any1 sinnz + —"—a, sin(n + 1)
— a x) — a ) 4 ap4q sinne + ——a,, sin(n x
n+1 nt/n 7’L+1 n+14n n+1 n+1 n

where D,,(z) represents conjugate Dirichlet kernel.

1 1 « . . s
Sn(@) —on(z) < 5 I i k§:1j(A(kAak_1) + A(kAay))Di(z) + Aan Dy () + Aapy1 Dy (2)
n 5 B 1 5
Dy(z) — ——ani1Dp(x) — ——an 12D
— ) k(l‘) "+ 1an+1 n(x) "+ 1an+2 n(x)

+ap41sinnx + - j_ 1 0n sin(n + l)x}

1 n n ~ -
AZa,) Dy D Aa, D,
2sinx |n+1 Z ak 1+ M) Di(x — )Dr(@) + Aa (z)
+Aan+1l~)n(x) ey lan+1bn(m) o 1an+2ﬁn(m‘) + apy1sinnx + - j_ 1 an sin(n + l)x}

Apply Abel’s transformation on the second term of above equation, we have

n n—1
. 1 2 2 A . 2 2 2
S, () — on(z) ons |1 ;km an—1 + A%a;,) Dy () i ’;(A an + A2y 1)

(k+1)F(x) — AanFo () — Aapi1 Fo(2) + Aan Dy () + Adyg1 Dy ()

~ 1
an+1Dn(IL’) — nt 1

ap sin(n + 1)z

- n
apt2Dn () + apy1 sinne +
n+1 n+1

Here F,(x) represents conjugate Fejer kernel.

T

no- f
0

3

Alay + Alagyr)(k + 1) Fy(z)

2sinx

lz k(A%ay_1 + A%ay) Dy (x) —
k=1

1=
—Aapi1Ey(2) — AanioFn(2) + Aap Dy () + Aapny1 Dy ()

an sin(n + 1)3:] —an Dy ()| dz

. . n
(an+t1 + any2)Dn() + apyrsinne + 1

n+1 +1
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1 n
< k:|A ap_1 + Ay, |/ — dm+|Aan+Aan+1|/ dz
n+1 — ZSlnx
Ap+1 + Ap+42 Dn(x) 2 - 2 2
C|—— kE+1)A A
n+1 / 2sinx + 1;( DA%+ A
9 —
sinnx
/|Fk( )]dx+]Aan+1+Aan+2|/\ 2)|da +an+1/ L
2sinx
0 0
T 1 .
. n an/ sm(n'—i— )x dx+an/|Dn(w)|dx
n+1 2sinx
0 0
1 . 2 2 Qp41 + Apy2
< k(k+ 1)|A%ap_1 + A%ax| + |Aa, + Aayiq|n + | —————
n+1 — n+1
2 n
+Cm . Z(l{: + 1)|A%a, + A2agyq| + | At + Aay o]
k=1
+ Gpy1 logn + nilan logn + a, logn (3.2)

Further, by the given hypothesis all the terms on the right side of inequality (3.2)
tends to zero as n — oo.

Therefore ||g,, — 0,(2)|| = 0o(1), n — oo.

Since f € L'(0,7) implies ||o,,(x) — f|| tends to zero as n — oo.

Hence, the conclusion holds.

Corollary 3.4. Let (1.1) be a Fourier series of some f € L'(o,7) and a monoton-
ically decreasing sequence {a,} belongs to the class JS semi conver with nAa, =
o(1), n — oo then the necessary and sufficient condition for L*-convergence of the

cosine series is lim a, logn = 0.
n—o0

Remark. The Theorem 1.1 proved by A. N. Kolmogorov [16] and the Theorem

1.2 proved by R. Bala and B. Ram [1] have been deduced as corollaries of our main
results.

4. Conclusion

The results presented in this paper generalize the work of A. N. Kolmogorov
[16] and R. Bala and B. Ram [1] for Fourier cosine series.
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