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1. Introduction

The basic hypergeometric functions have been an important object of study in
the theory of special functions because of their wide range of applications spanning
across various fields such as mathematical physics, number theory, orthogonal poly-
nomials and combinatorics. Among these, basic bilateral hypergeometric functions,
which generalize the classical hypergeometric functions by allowing both series to
extend indefinitely in both directions, are particularly significant. The transforma-
tions and summation formulae of these functions are important from the point of
view that they reveal deep structural insights and connections between different
mathematical entities [9)].

The theory of transformations and summations of basic bilateral hypergeomet-
ric functions has been enriched by the works of Bailey [3], Slater [16], Shukla [15],
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Andrews [2], Verma & Jain [17] and many others. One of the powerful technique
for deriving such transformations is Cauchy’s method. Cauchy [6] introduced the
method to extend an unilateral series to a bilateral series. The Cauchy’s method
has been used to develop the transformations of basic bilateral hypergeometric se-
ries by Bailey [5], Slater [16], Jouhet and Schlosser [10, 11], Chen and Fu [7], Jouhet
[12], Zhang [19], Zhang & Zhang [18], Zhang and Hu [20] and Ali and Rizvi [1].

In the present paper, we have exploited the Cauchy’s method to obtain the
identities of basic bilateral hypergeometric series from certain known terminating
unilateral series identities.

2. Notations and Definitions
Here we follow the notations and definitions of [9]. We define a basic hyperge-
ometric series by

T‘¢8 ((11, ag,y ..., Ay b17 b27 “eey bSa q, Z)

[e.o]

(@17a27"'7aT;q)n n n=1) s—r.n
o \4> V1,02, .-, 0s, 4)n

where
oy (@)
(@;q)n = 7.
(ag™; ¢)o
If 0 < |g| < 1 then the series is absolutely convergent for all z where r < s
and for |z| < 1if r = s+ 1. If |¢g| > 1 then the series is absolutely convergent for
byby...bs
2| < u
\alag...aT|
A basic bilateral hypergeometric series is defined as

7‘1/}8 (ala a2, ..., Ay, bla b27 ceey bS7 q, Z)

> a 70/ 7"'7G/T;q n n n(n—1) S—r m
- Z ((bll bz b C])) [<_1) q * ] z (2'2)

In the next section of the paper we use the following identities.

12¢11 (ka Q\/E, —Q\/E, kb/aa kc/a, kd/aa \/a_7 _\/a_7 Q\/a,
- C_I\/a, k2qn—1/a7 q—n’ \/Ea _\/Ea (IQ/b, QQ/Q GQ/da
kva/a, —kv/qfa, k/Va, —k/Va,ag> " [k kg™ g, q)

_ (kg )n(k?/0?q; q)n 1 y
(k/ag; @)n(k?/a; q)p—1 (1 — k2¢**! /a)

n=—oo
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706 (a,qv/a, —qv/a,b,c,d, ¢ " a, —/a,aq/b, aq/c, aq/d,
a*¢ "k q,q), (2.3)
where k = a%q/bcd.
[Bailey W. N. [4], Equ. 2]

. (k; ok, —qVk, kbja, ke/a, kdfa, \/ag, —/ag, Va, —/a,
K¢ Ja, ¢ VE, —Vk, aq/b,aq/c, aq/d, k\/q/a,
—k\/q/a, kq/\a, —kq//a, aq’”/k,qu‘“;q,@
(kg n(K?q/a®; q)n

(kq/a; q)n(k?q/a; q)n
s¢a (a,b,c,d,q " aq/b,aq/c,aq/d, a®q " [k q,q) . (2.4)

where k = a%q/bcd.
[Bailey W. N. [4], Equ. 1]

1099 (a,q\/_, —qva,a\/q/k, —arN/q/k, g\ kq, —q\/kq, a/kq?,
kqn7q_n;\/aa_\/aa V Q/ka_\/ q/k,a/\/ k a_a/\/ k: )
kg, aq" " [k, aq" " q,q)
(k;¢*)n (ag, k*q/a* q)n
(kq*;¢*)n (K, k/a;q)n
105 (av/a/k, —av/a/k,*/Kq" a0/ kg, a/\/ka

a’q¢ " /k* q,q). (2.5)
[Laughlin J. MC and Zimmer P. [11], Equ. 4.5]

o (koavE —aVE .2 a0/k, k/v/a, —k/va, k/a/a,

— k\/q/_a, kaq"™ Jyz, ¢ ™ Vi, —Vk, kq/y, kq/z,k*/a,
ava, —qva,\/aq, —/aq, yzq " Ja. kq" ' q, q)
(kq, kq/yz,aq/y, aq/z; Q)n
(kq/y, kq/z, aq/yz, aq; Q)n
504 (4,2, °q /K kaq" ' Jyz, ¢ " aq/y, aq/z,ad™ Y, yzq " asq,q) . (2.6)
[Laughlin J. MC and Zimmer P. [12], Cor.10]
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7"+1W7’ (ba q_n7 asy .-+, r415 9, Z)
B q_n(n2—1) (—_z)n (£qVb, b, as, ..., Gri1; Qn
q (:t\/z_)7 bqn+17 bQ/CL5, BES) bQ/a'F—i—l; q)n

—2n —-n —-n 2n+r—3pr—3
q n 4 q q b
7urﬂ/Vr( g, ey 1q, 5 ) (2.7)
b as ary1 0 (as...ap11)%z

[Cohl H. S., Costas Santos R. S., Ge L. [8]]

ql—(ml—l—,..—l—mr)
a

7"+2¢7"+1 (CL7 b7 blqm17 cey b?"qmr; bQ7 b17 seey b7"7 q,

(¢:59/a; @)oo (01/0; Qs+ (0r /s Dy s+
R T P ey P

[Gasper G., Rahman M. [9], Equ. I1.26]

3. Identities of Basic Bilateral Hypergeometric Series
In this section, we have established the following identities of basic bilateral

hypergeometric series.
121/}12 (kqina q\/EJ _Q\/E, kb/a’a k’C/CL, kd/a7 \/CL_, —\/Cl_, Q\/a,
— a,q " k" Ja; ¢ VE, —Vk, ag /b, ag/c, aq/d,
kv/a/a, —kN/q/a, k[N a, —k/Va, kq" T ag® " [k q, q)

(k?/agq; ¢*)n (kq,q/b,q/c,q/d,q/k, k?*/a*q; q)n
(k%q/a; ¢*)n (K%/aq, aq/kb,aq/ke, aq/kd, k/aq, k*/aq; q)n

a\" —n -n, n
<E> 7¢7 (aq ) q\/_7 _Q\/a> ba ¢, da q 59 +17 \/aa _\/aa
aq/b,aq/c,aq/d,a’¢* " [k* q.q) , (3.1)

where k = a?¢* " /bcd.
12¢12 (qu—n’ Q\/E, —Q\/E, kb/aa k?C/CL, kd/aa \/CL_, _\/a_7 \/57
- \/Ea k2qn+1/a7 q_n7 qn+17 \/Ea _\/E7 CLQ/b, CLQ/C, G’Q/da
kv/a/a, —kv/q/a,kq/V/a,~kq/v/a,aqg™" [k, /fQ”“;q,q>
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(k*q/a* kq,q/b,q/c,q/d, q/k; @)n <a>n

(kq/a, k2q/a, aq/kb, aq/ke,aq/kd, q/a; q)n \k

st (ag™",b,c,d, g " ¢" aq/b, ag/c,aq/d, a*¢ " /k* ¢, q)

where k = a*¢'*" /bcd.

10%10 (aq‘”,q\ﬂ—q\/E,a\/q/k,—a\/Q//f,q kq, —q~\/kq,
aq"/kq® kq", " " Va, —Va,  q k. —/q/k,
a/\kq, —a/\/kq, k* ™", ¢* " [k, ag™ Y g, q)

(1/k@*, k; ¢*)n (aq, a® /K*¢°, kPq/a®, q/a; @)

(1/k, kg% q*)n  (k,a/kq?, 1/kq? k/a;q),

4¢4 (a v Q/ka —ay/ Q/ka a2qn/k2q37 qin; anrl’ &/\/k_,

—a/\/kq, a2q‘"//€2;q,q> :

12%2 (kqina Q\/E, —Q\/E, Y, <, k/\/_v _k/\/aa k V q/a7

—kv/q/a,aq/k, kag"" [yz, a7 ¢V, —VE, kq/y,
kq/z qva, —q\a, \Jaq, —/aq, kK*q" [a, kq"
yzq " /a;q,q)
_ (kq,a’q/k? g/, aq/y, ag/z q)n (kq/y2; Don
(aq,aq/k, aq/k? kq/y, kq/z; @)n (aq/y2; @)2n

a n —n mn
(E) sUs (v, 2, a°¢" /K kag™ ™ Jyz, a7 4" agly,

aq/z,aq" " yzq " Ja; q,q) .

r+17vbr+l (bqina Q\/B, —Q\/E, qina QAs5, .oy Ary1; anrla \/57 _\/57

bqn+17 bQ/CL5, ) bq/ar—i-l; q, Z)
< qr75br73 )"
=| —7 X
(a5...ar+1)2

T+lw7"+l (q_n/b7 Q/\/E, _Q/\/l_)a q—n’ &5/17, cey aT+l/b; qn—ﬁ—l’

q4n+r—3br—3
1/\/[_)7 _1/\/57 q1+n/b> q/a5, teey Q/aT+1; q, —) .

(a...ap41)°2

435

(3.2)

(3.4)

(3.5)
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We also proved the following summation formula.

T+2wr+2 (qina ba blqml7 ERS) qumT; qn+17 bQ7 b17 ) b7"7
4,9

(@ D@ Dn (51/5; Dy o0/ 05 Doy 1 (s )
(1/6:0)n(bg; O)n (013 @)y (br; @), b . (3.6)

Proof of (3.1). From (2.3), we have

1+2n7(m1+...+mr))

12¢11 <k7 Q\/E, _Q\/E, kb/a’a k'C/CL, kd/a’a \/CL_, _\/G’_CL Q\/aa
- Q\/a, k2qn71/a’7 qin7 \/Eu _\/E7 G‘Q/b7 G‘Q/Cv CLQ/d,
kvaja,~k\/aa,k/\/a.~k/Va,aq*" [k, kq" i q.q)

G G e
= Uefag a2 ghan 14T D
7¢6 (Cl, Q\/_a _Q\/a7 ba ) da q—n; \/aa _\/aa QQ/bv GQ/C, G'Q/dv

a*¢ "k q,q)

where k = a%q/bcd.
Taking n — 2n and then replacing p = s + n, after some simplification we get

(ka (]\/E, —Q\/E, kb/aa ]CC/CL, kd/a7 \/a_% _\/a_% q\/a; Q)n 5
(q7 \/Ea _\/Eu G’Q/ba OJQ/C? CLQ/da k V Q/ ) _k V Q/a’a k/\/au q)n
(—ava, K*¢** 1 a, ¢ q)y I
(=k/Va,ag®>=?" [k, k¢> 15 q),
z": (kq™, ¢"*'Vk, ="'V, kbq" Ja, keq™ [ a, kdq" a; q) y
= (g, "V, —q"Vk,ag" T /b, ag™ [ e, agmt /d; q)
(¢"v/aq, —q"\/aq, ¢" ' a, —¢" T a, ¢ KA as q)s .
(kq"\/q/a, —kq*\/q/a,kq"/\/a, —kq" /\/a, k¢® Y ag®> " [k; q)s
(kq; Q)an(k?*/a’¢ Q)an 5 o
pr— k n M n
(k/aq; q)on(k?/a; q)4n( ¢/ ad; @)
(CL, Q\/aa —Q\/E, ba C, da q—2n; Q)n qn
(¢,va, —v/a,aq/b,aq/c,aq/d,a*q>=" [k?; q),

X
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Zn: (aq", " /a, —q" 1\ a, bg", cq", dq", ¢ q)s .
(qn-i-l’ qn\/_7 _qn\/a7 aqn—i-l/b’ aq”+1/c, aqn+1/d’ a2q2—n/k2; q)s '

S=—n

If we put k = kqg~2",a = aq~>",b=bq ", c = cq¢",d = dqg~", we obtain (3.1).

Proof of (3.2). Taking n — 2n in (2.4) and then replacing p = s + n, after some
simplification we get

(k,qVk, —qVk, kb/a, kc/a, kd/a, \/aq, —/aq; ¢)n y
(¢, Vk, —Vk,aq/b,aq/c,aq/d, k\/q/a, —k~\/q/a; q)n
(Va, —a, B¢ a, 7 ),
(ka/\a, —ka/Ja,aqg 2 [k, k@5 q)
3 (kg", gV, " Vh kbg” fa, ke Ja;q)s
(@Y, ¢V, —q"Vk, ag" /b, ag"* [c, aq" 1 /d; g),

(kdg™/a,q"\/aq, —q"\/aq, ¢"\/a, —q"\/a; q)s y
(kq"\/q/a, —kq"\/q/a, kq"T' //a, —kq" 1 [\/a; q)

(K¢ Ja, g7 q)s

(aqin/ka kq3n+1; Q)sq

_ (kq:q)an(K?q/a%; q)2n

(kq/a; q)an(k%q/a; q)on

(a7b7 Cad q_2n>Q) nX

(¢, aq/b, ag/c, ag/d, a2q~2" k2 q), |
z": (ag"™, bq", cq™, dq", "™ q)s .
(¢, ag"*t1 /b, aq" ! Je, aq"t /d, a’q k% q)s T

S=—n

For k = kqg72",a = aqg™2",b = bg™",c = cq~™,d = dg~™ in above equation, we get
(3.2).

Proof of (3.3). Taking n — 2n in (2.5) and then replacing p = s + n, after some
simplification we get

(a,qv/a, —qv/a,a\/a/k, —a~/q/k, \/kq, —aVEG @)
(4, v/a, —v/a,\/a/k, —/q/k, a/Vkq, —a/ VEG @)n

(a/k® k¢® > @O)n
(kq*, aq' =" [k, ag®™*'; q)n

X
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Z": (ag", ¢""'v/a, —¢"*'Va, aq"\/q/k, —aq"a/k; 0)s
= (", ¢"/a, —q"/a, ¢ \/_ —q" \/_ Q)s
("""Vkq, ="' VEq, aq" k@ kP T q)s
(aq" /N/kq, —ag"[/kq, kg™, ag— [k, ag 1 q). "
(ks @®)an (aq,K*q/a”; q)an
(k% Pan (kK0 q)2n
(av/a/k, —av/a/k,a*[K*¢* ¢ @)
(¢ 0/v/kd, —a/\/kd, g2 [k )
i aq"\/q/k, —aq"\/q/k,a Q”/k?q?’,q*”;q)sqs'
(", aq™/Vkq, —aq”/x/_, a?q"/k* q)s

S=—n

The above equation gives (3.3) on taking k = kq¢™2",a = aq™*"

Proof of (3.4). Taking n — 2n in (2.6) and then replacing p = s + n, after some
simplification we get

(k,aVk, —av'k,y, 2, aq/k. k/v/a, —k/Va, ky/a/a,; q)n
(¢, VE, —Vk, kq/y, kq/z, k*[a,q\/a, —q\/a, \/aq, ; q)n)
—kv/q/a, kag® [z, Q)
(kg>™, yzq 2" Ja, —JaG; Q) )
i (kq™, " 'Vk, —q" "V, yq", 24", ag" ! k; q),
= (@ VR =gV kg [y kg 2, k2 a; ),

(kq"/v/a, —kq"/v/a, kq"v/a/a, —kq"/a/a, kag*! [yz: ).
(¢""Va, ="t/ a, q"\/aq, —q"\/aq, k>t q)
("9
(yzq~™/a;q)s
_ (kg ka/yz, aq/y, aq/z; q)on
(kq/y,kq/z,aq/yz, aq; q)2n
(y:2,0%a/K kag™ " Jyz, " )0
(¢, aq/y, aq/z a1, yzq > [a; q) "
z": (yq", 2", a*q" 1 /K? kag™  Jyz 7 a)s
(g"*1, aq" [y, aq™tt )z, ag®t yzqT" fa; q)s

S=—nN

Now on taking k = k¢ 2", a = aq ",y = yq ", 2 = 2q"", we obtain (3.4).
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Proof of (3.5). Taking n — 2n in (2.7) and then replacing p = s + n, after some
simplification we get

(b7 q\/57 _Q\/l;, q—2n, A5y .oy Apy1; q)n ST
(Q7 \/57 _\/Ea bq2n+1, bQ/afn tey bq/a'r—i-l; q)n
i (bqn qn+1\/_ —an\/E, qina a5qn7 sy ar—i—lqn; Q)s—‘rn Zs
= (g Vb, =g Vb, b b fas, b ag ;) s
— qfn(anl) (__Z) 2 (CZ\/E, _q\/l_)a b7 g5y ey Arg1; q)Qn
q (\/Z_)a _\/l_)u bq2n+17 bQ/a57 ) bq/aT+1; q)2n
(" /b, ¢ 2" Vb, —¢" = |Nb, " a5 b, ... q 2" 4,41 /b5 q)n
(q,q72"/ Vb, —q 2" /b, ' =27 [b, ' =20 Jas, ..., " 2" 4,115 )
4n+7’—3br—3 n
q
(o)
(as...a,41)" 2
2”: (/b q" Vb, —¢" " /Vb, g " g "as /b, - g " ar /b q)s
(", q /b, —q Vb, /b, g " as, . g aria; q)s

( q4n+r—3br—3 )5
(a5...a,41)°2)

Putting as = asq™, ..., 4,41 = a1 " & b =0bg>" we get (3.5).

S=—n

Proof of (3.6). Taking n — 2n in (2.8), if we put a = ¢~" and then replacing
p = s + n, after some simplification we get

(q72n’ b, blqm17 ceey b’r‘qu; q)n ( 1+2n—(m1+...+mr))n
(Q7bq7b1a"'7b’r‘;Q)n 1

i (g™, bg"™, big™ ™, ..., byq 1 q)s ( 1+2n7(m1+...+m7~))5
(g™, g™, big™, ..., b,G7 ) s

_ (@920 (51/b Qs 0/ Doy v,
(0g; @)2n (013 Qs --- (O D,

Now if we put b =bq™",by = biqg™", ....,b, = b.q”™, we get (3.6).

X

mr+n.

S=—n
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4. Special Cases
For d = aq™" in (3.1), we get

10¢10 (qu—n’ Q\/E, —Q\/E, kb/aa k?C/CL, \/CL_, _\/G’_CL Q\/aa _q\/aa

k:2q”_1/a;q"+1,\/E,—\/E,aq/b,aq/c,k\/ﬁ,—k:\/q/_a,
k/va,—k/a,ag " /k;q,q)
_ (B/ag;¢*)n _ (ag,q/bg/c.a/k K /0’3 q)n
(k2q/a; 4*)n (K?/agq, aq/kb, aq/ke, q/a, k/ag; q),
Vs (g ", qva, —qv/a, b, c,aq"; " Va, —/a, aq/b,

ag/c,a*¢ " /K% q,q) , (4.1)

where k = a/bcq".
If we take ¢ = a in (3.1), we get

12¢11 <k7 Q\/E, _Q\/E, kb/a’a kd/a7 \/CL_, _\/a_7 q\/_a _Q\/a,

kqin7 qina k'2qn71/a’; qn+17 \/Ev _\/Ea CLQ/b, CLQ/d7

kv/q/a,—k~/q/a, k/a,—k/\/a, kq”+1,aq2’”//€;q,q>
(k*/aq; ¢*)n (kq,q/b,q/d, k*/a*q; q), ay”
N )n< > 8

(K*q/a; ¢*)n (K?/aq, aq/kb, aq/kd, k/ag; q)n \Fk
7¢6 (CL, Q\/_a _Q\/aa ba da aq_na C]_n§ \/aa _\/av aq/bv QQ/dv

¢ a* Tk q.q), (4.2)

where k = aq/bd.
Taking d = ag™™! in (3.2), we get

101/}10 (kqina Q\/E, —Q\/E, kb/a’a k'C/CL, \/CL_, _\/a’_q7 \/67 _\/au

2" Ja; ¢ VE =V, aq/b, aq/c, k\/q]a, —k\/q/a,
kq/va,—kq/\a,aq""/k; q,q)
(k*q/a® aq, q/b,q/c, q/k; O)n
 (kq/a,k?q/a,aq/kb, aq/ke, q/a; q)n
s (ag™ ", b, c,aq™ " ag /b ag/e, g7k q,q) , (4.3)
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where k = a/beq".
Further, for ¢ = a in (4.3), we get the following identity.

10¢9 (ka q\/Ea _q\/E7 l{b/(l, \/CL_, —\/(I_, \/57 _\/aa kq_n7

K" Ja; vk, —VE, aq/b, k\/q/a, —k/q/a. kq/Va,
—kq/a,q" aqg" ks q,q)
(k*q/a’, aq, q/b; q)n
(kq/a,k?*q/a,aq/kb;q)n
103 (ag™" b a,aq™ 5 " aq /b, a’q " K q,q), (4.4)

where k = 1/bq".
For k = a?/¢® in (3.3), we get

1009 (@, ¢va, —qva,¢*, —¢*, —a,aq™",¢" "V fa,a*q" %, 7"
Va,—a, ¢ Ja,—¢*Ja,—q, ¢ a7, ¢* " a? g™ q,q)
(¢/a* a*/ % ¢*)n (aq,¢*/a*,a*/q°; q)n
(@®/q,¢*/a* )y (a*/ 4%, q/a% a/G®; q)n
103 (=, ")’ a7 —q, 4" T P q,q) . (45)

Taking y = a and z = k in (3.4), we get

1wy (k. 0V, —qVk aq/k. k/\/a, ~k/V/a, k/ala. ~kv/a]a
a,q " Vk, —Vk, kq/a,qv/a, —q\/a, \Jag, —/aq,

kg7 Ja, kg™ q. q)

_ (kq,a®q/k?, q/k; @) (a/ 3 0)2n <g)"
(aq,aq/k?, kq/a; q)n (q/k;q)on \k

103 (a,k, " /K ¢ " aq/k,aq" kg q, ), (4.6)

which for k = \/a gives

302 (a,va,q " qva, ¢ "Va: q,q)

(¢/Va;@an (¢,9/Vasa)n (1"
(4]0 @) @V 0/ D (f) - )
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For by = ¢ in (3.6), we get

7"+2¢7"+1 (q—n7 ba qm1+1a b2qm27 SET) brqmr; an, bQ7 b27 SE) b?")

q, q1+2n—(m1+...+m7-))

_ (@GOG Dn (/0 Dy (02/5; Dy (0r/ b5 @)om,
(L/b;)n(bq; @) (@3 @)y (025 @)mg---(br @)im,
plmattme=n) (4 8)

5. Conclusion

In our work we have used a classical method known as Cauchy’s method to
obtain some identities of basic bilateral hypergeometric series. The work suggests
further investigations to bilateralize the known identities of unilateral series of
various natures available in the literature.
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