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1. Introduction

Since its introduction by Zadeh [12], fuzzy sets have been prevalent in nearly
every field of mathematics. Florentine Smarandache [10] created the concept of
neutrosophy and neutorsophic sets at the beginning of 20" century. Later Salama
[8] and Alblowi initiated the neutrosophic sets in a topology entitled as neutro-
sophic topological space.Recently, the authors [6] of this paper defined a new no-
tion of neutrosophic sets namely neutrosophic A p-open and neutrosophic A p-closed
sets. Also,we have studied about novel concept of neutrosophic A p-neighbourhood
with quasi coincident. Also extended the neutrosophic continuous functions to
neutrosophic Ap-continuous [7] and neutrosophic Ap-irresolute functions in neu-
trosophic topological space. The topological isomorphism commonly called home-
omorphism plays a vital role in the properties of topological spaces. Parimala
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et.al [4] introduced the concept of neutrosophic homeomorphism and neutrosophic
ay—homeomorphism in neutrosophic topological spaces. This paper aspires to
overly erunicate the thought of neutrosophic A p-homeomorphism which is extended
to neutrosophic A p-thomeomorphism in neutrosophic topological spaces. Initially
the article gives brief explanation on neutrosophic Ap-open and neutrosophic Ap-
closed mapping.

2. Preliminaries

Definition 2.1. [8] Let U be a non-empty fized set. A Neutrosophic set K is
an object having the form K = {{(u, px(u), ox(u),vx(u)) : u € U} where pg(u),
ok (u) and v (u) represents the degree of membership, the degree of indeterminacy
and the degree of non-membership respectively of each element u € U to the setU.
A neutrosophic set K = {(u, px(u), ox(u),vx(u)) : uw € U} can be identified to an
ordered triple (p(u), ox(u), vx(w)) in on U.

Definition 2.2. [8] Let U be a non-empty set and
K = {<u7 ILLK(U)7 UK(U),’)/K(U» ru € U} and M = {<u7 ﬂM(u)a UM(“)?’VM(U» :

u € U} are neutrosophic sets, then
i. KCM&E ug(u) < pp(u), ox(u) <opy(u) and v (u) > ya(u)Vu € U

ii. KM = {{u, max (pug(u), up(uw)), max (ox(u),op(u)),

min (vx (), yar(w)) - u € U)}

iii. KM = {{u, min (ug(w), uy(uw)), min (ox(u), op(u)),

max (Yg(u), ym(uw) :u e U)}

iv. K€ ={{u, (x(u), 1 —ox(u), px(u))):ue U}
v. Oy, ={(u, 0, 0, 1) :u €U} and 1y, ={(u, 1, 1, 0) :u € U}

Definition 2.3. [8] A Neutrosophic topology on a non-empty set U is a family
TN, of neutrosophic sets in U satisfying the following axioms:

1. 0Nf,r7 ]'Ntr € TNy, -
ii. Ky Kz € Ty, for any K1, K5 € Ty,

iii. |JK; € 1, for every {K;:i €I} C1p,.
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In this case the ordered pair (U, Ty,.) is called a neutrosophic topological space.
The members of Ty, are neutrosophic open set and its complements are neutro-
sophic closed.

Definition 2.4. [3] Let (U,7n,) be a neutrosophic topological space and S be a
non-empty subset of U. Then, a neutrosophic relative topology on S is defined by

TJ@" - {K N 1%1‘»« tK € TNtr}

where
s [ <1.1,0> &ifses
Ne ™ 1<0,0,1 >, & otherwise

Thus, (S,7x,) is called a neutrosophic subspace of (U, 7y,).

Definition 2.5. [9] (U, 7y,.) and (V, pn,.) be neutrosophic topological spaces. Then
the function fy,. : (U,7n,) — (V. pn,.) is said to be neutrosophicopen if fn, (K)
is Ny-open in (V, pn,.) for every Ny-open set K in (U, Tn,,).

Definition 2.6. [4] A bijective function fn, : (U, 7n,.) — (V. pn,,) is said to be a
neutrosophic homeomorphism if fy, and f&i are Ny.-continuous.

Definition 2.7. [6] A neutrosophic set K of a neutrosophic topological space
(U, 7n,,) is said to be neutrosophicAp-open if there exist a neutrosophicpre-open
set B # On,,., 1w, such that K C Ny.cl(K(\E). The complement of neutrosophic
Ap-open set is neutrosophic Ap-closed. The class of neutrosophic Ap-open sets is
denoted by N, ApO(U, 1y,.).

Theorem 2.8. [6] A neutrosophic set K in a neutrosophic topological space
(U, Tn,.) is Ny Ap-open if and only if for every neutrosophic point u.p. € K, there
exists a Ny Ap-open set M, such that u.p. € M, C K.

a,b,c Ugq b, c

Theorem 2.9. [6] Fvery Ny-open set is Ny, Ap-open.

Definition 2.10. [7] Let uq . be a neutrosophic point in a neutrosophic topological
space (U,7n,.). Then a neutrosophic set N in U is said to be neutrosophicAp-
netghbourhood( Ny Ap-nbhd) of u.p. if there exists a Ny Ap-open set M such that
Ug b € M C N.

Definition 2.11. [7] A neutrosophic topological space (U, Ty,,) is said to be Ny, Tap -
space if every NyAp-open set in (U, 1y,,.) is Ny-open.

Definition 2.12. [7] Let (U, 1n,) and (V, pn,.) be neutrosophic topological spaces.
Then the function fy, : (U,7n,) — (V,pn,) is said to be neutrosophicAp-
continuous if fjf,tlr(M) is NyAp-open in (U, 1y,) for every Ny-open set M in
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(‘/7 pNtr) °

Theorem 2.13. [7] Every Ny.-continuous function is Ny.Ap-continuous.

Definition 2.14. [7] Let (U, 7y,.) and (V, pn,.) be neutrosophic topological spaces.
Then the function fn, : (U,71n,) — (V,pn,.) is said to be neutrosophicAp-
irresolute if fy' (M) is NyAp-open in (U,7,) for every NyAp-open set M in
(V. pni,) -

Theorem 2.15. [7] Every Ny Ap-irresolute function is Ny.Ap-continuous.

Theorem 2.16. [7] Let fn, : (U,n,) — (V,pn,) be a function between two
neutrosophic topological spaces. Then the following statements are equivalent:

i. fn, 1s NyAp-irresolute.
ii. fn, (NeApcl(K)) C NyApcl(fn, (K)) for every neutrosophic set K in U.
iti. NyApcl(fy-(M)) C fyl (NuApcl(M)) for every neutrosophic set M in V.

Theorem 2'17' [7] ]fthr : (U’ TNtr) — (‘/7 pNtr) a’nd gNtr : (V’ pNM‘) — (W7 thr)
are NyAp-irresolute functions, then their composition gy, © fn, : (U, Tn,) —
(W,wn,,) is also Ny Ap-irresolute.

3. NeutrosophicAp-open and Ap-closed Maps

Definition 3.1. Let (U, 7y, )and(V, pn,.) be neutrosophic topological spaces. Then
the mappingfn, : (U, 7, ) — (V, pn,.) is said to be a neutrosophicAp-open if
v, (K) is NyAp-open in (V, pn,,) for every Ny-open set K in (U, Ty,.).

Example 3.2. Let U = {CL, b}, V = {x,y},TNﬂ = {ONtr,thr,Kl,Kg}, PNy =
{0, 1y, M} where K = {< a,0.1,0.2,0.5 >< b,0.3,0.3,0.6 >},

Ky ={<a,0.1,0.1,04 >< b,0.2,0.3, 0.7 >} and M = {< 2,0.1,0.1,0.6 >

< 9,0.1,0.2,0.8 >}. Consider the collections A ={A : Oy, C A C K¢}, B =
{B: K c BC K}andC={C : K C C C 1y, }of neutrosophic sets in V.
Then Ny ApO (V, pn,.) = {On,,, M, M, A, B,C 1y, }. Define fu,, : (U,7n,) —
(V,pn,,) as fa,.(a) = z and fn,, (b) = y. Then fy,, (K1) = {< 2,0.1,0.2,0.5 ><
v, 0.3,0.3,0.6 >} € Band fy, (K5) = {< 2,0.1,0.1,0.4 >< y, 0.2,0.3,0.7 >} € C.
Hence fy,, is Ny Ap-open.

Theorem 3.3. Every Ny.-open map is Ny.Ap-open.

Proof. Let fn, : (U,7n,.) — (V,pn,.) be a Ny-open map and K be a Ny-open
set in U. Then, fy, (K) is Ny-open in V. By theorem 2.9, fn, (K) is Ny Ap-open
in V. Hence fy,, is a Ny Ap-open map.
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Remark 3.4. The converse of theorem 3.3 does not hold in general.

Example 3.5. Let U = {a,b}, V = {z,y},7™n. = {On,, 1n,, K}andpy, =
(O, 1n,, M} where K = {< a,0.7,0.5,0.3 >< b,0.6,0.3,0.3 >},

M = {< a,0.3,0.7,0.6 >< b,0.3,0.5, 0.7}. Consider the collections A= {A :
K¢ Cc AcC K} and B={B: KY C B C K} of neutrosophic sets in V. Then
NuApO (V, pn,,) = {On,,, M, M A, B1y,}. Define fu,, : (U, 7n,) — (V. pn,,) as
fne(a) = yand fy,, (b) = z. Then fy,. (K) = {< 2,0.6,0.3,0.3 >< y, 0.7,0.5,0.3 >}
= M¢s Ny Ap-open but not Ny-open in V. Hence fy,, is Ny, Ap-open but not Ni,-
open.

Theorem 3.6. Let fn, : (U, 7n,) — (V. pn,,.) be a mapping between neutrosophic
topological spaces. Then, the following are equivalent:

. fn, 18 NyAp-open.
ii. fn, (Nyint(K)) C NyApint (fn, (K)) for every neutrosophic set K in U.
i11. Nyint (fg,i(M)) C fg,; (NyApint(M)) for every neutrosophic set M in V.

(i)=(ii) Let K be a neutrosophic set in U and fy,, be a Ny Ap-open function.
Then fy,, (N int(K)) is a Ny Ap-open set in V which impliesfy,, (NVyint(K)) C
Ine (K). Also, Ny Apint (fn,, (K)) is the largest Ny, A p-open set contained in fi,, (K).
Hence fy,, (Nyint(K)) C Ny Apint (f,, (K))for every neutrosophic set K in U.

(ii)==(iii) Let M be a neutrosophic set in V. Then, by assumption

e (Nt (fx (M) C© NuApint (fi, (fye(M))) © NuApint(M).
Hence Nyint (fy! (M) C fyl (NuApint(M)) .

(iii)==(i) Let K be a Ny,-open set in U. By assumption, Ny,int (fy! (fx,, (K))) C
Iyt (N Apint (fn,, (K))) Now, K = Nyint(K) € Nyint (fy) (fa. (K))) implies

Consequently fy,, (K) is Ny, Ap-open in V. Hence fy,, is Ny Ap-open.

Theorem 3.7. A mappingfn,. : (U,7n,) — (V,pn,.) is Ny Ap-open if and only if
for each neutrosophic set K in (V) pn,.) and for each Ny.-closed set M in (U, 1y,,)
containing fy!(K), there is a NyAp-closed set N in (V,py,) such that K C N
and fy'(N) C M.

Proof. Letfn, : (U, 7n,.) — (V,pn,,) is a Ny Ap-open map. Let K be a neutro-
sophic set in V' and M be a N;,-closed set in U such that f]\_,tlr(K) C M. Then,N =

(fNe (MC))Cis NyAp-closed in V andfy!(N) € M since N = (fu, (MC))C C
thr(MC)C = fn,,(M). Conversely, let O be a Ny-open set in U. Then, O%s N,-
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closed in U and f]Qtlr(fN“(O))C C OY. Now by assumption, there is a Ny Ap-
closed set N in Vsuch that (fy,(0))¢ € Nand fy!(N) € O°. Hence N¢ C

thr(O> - thr ((f];i(N))C) = thr (f]\?}r (NC>) - NC 1mphes thr(O) = NO'
Consequently fy,, (O) is Ny Ap-open in V.Hence fy,, is Ny Ap-open.

Theorem 3.8. A mapping fn, : (U, mn,.) — (V,pn,.) is NyAp-open if and only
if fyt (NyApcl(K)) C Nycl(fyl(K)) for every neutrosophic set K in (V, pw,,).
Proof. Suppose fn,, : (U, n,) — (V,pn,,) is a NyAp-open function. For any
neutrosophic set K inV, fy! (K) € Nycl (fy.(K)). Then, by theorem 3.7, there
exists a Ny Ap-closed set NV in V such that X C N and f&tlr(N) C Nl (fg,tlr(K)) )
Now, since N is Ny, Ap-closed and K € N, fy! (NyApcl(K)) C fyl (NpApcl(N)) =
FNL(N) C Nyl (fy.(K)) . Hence fy! (NyApcl(K)) € Nycl (fy!(K)) for every
neutrosophic set K in V. Conversely, assume that K is a neutrosophic set in V'
and M is Ny-closed set in U containing fy.! (K). Now, let N = Ny Apcl(K). Then
N is a NyAp-closed set in V' such that K C N and by assumption f;[tlr(N ) =
It (N Apcl(K)) € Nyl (fyl(K)) € Nycl(M) = M. Hence, by theorem 3.7, fu,
is Ny, Ap-open.

Remark 3.9. The composition of two Ny Ap-open maps need not be N;.Ap-open.

Example 3.10. Let U = {a,b}, V = {z,y} and W = {p,q}. Consider the
neutrosophic topologies 7n,, = {On,,, In, K}, v = {Ony,, I, M} and wy,, =
{On,,, In,,, N} where K = {< a,0.6, 0.5,0.2 >< ,0.7,0.6,0.1 >}, M = {<
z,0.1,0.4,0.7 >< y,0.2,0.5,0.6 >} and N = {< p,0.1, 0.3,0.8 >< ¢,0.2,0.4,0.7 >
} Consider the collections A ={A : Oy, CAC K}, B={B : M°C B C 1n,}
and C ={C : M C C C M*} of neutrosophic sets in V" and

P={P : 0y, CPCKY},Q={Q :M°CQCln,},R={R :M CRC M}
the collection of neutrosophic sets in W.

Then, Ny ApO (V, pn,.) = {On,,, M, M, A, B,C, 1y, } and

NuApO (VVv thr) = {ONtr’ N,N¢P,Q, R71Ntr} . Define thr : (U7 TNtr) — (‘/7 pNtr)
s fan (a) = y and fi, (b) = 1.

Then fn,(K) = {<2,0.7,0.6,0.1 >< 4,0.6,0.5,0.2 >} = M° is N,Ap-open in
(V. pn,.) - Also, define gy, = (V, pn,) —> (W wn,,) as g, (2) = qandgn,, (y) = p.
Then gy, (M) = {< p,0.2,0.5,0.6 >< ¢,0.1,0.4,0.7 >} € R which implies gy,, (M)
is Ny Ap-open in (W, wy,, ). This implies that both fy,, and gy, are Ny Ap-open.
Now, let gn,, © fn,, : (U, 7n,,) — (W, wp,,) be the composition of two Ny, Ap-open
functions. Then, gn,, o fa,, is not Ny, Ap-open since gn,, © fa,, (K) = gz, (fae, (K)) =
{<p,0.6,0.5,0.2 >< ¢,0.7,0.6,0.1 >} is not Ny, Ap-open in (W,why,,).

Theorem 3.11. Let fy, : (U, mn,) — (V,pn,) and gn, : (V,pn,.) — (W wn,,)
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be Ny Ap-open and let (V, pn,) be a Ny/Th,-space. Then gy, o fn, : (U, n,) —
(W, wn,,) is also Ny.Ap-open.

Proof. Let K be any Ny-open set in U. Since fy,, is NyAp-open, fy, (K) is
Ny Ap-open in V. Then, by assumption fy,, (K) is Ny-open in V. Again, since gy,
is NyAp-opengn,, (fn, (K)) = g, © fn, (K) is Ny Ap-open in W. Hence g o f is
Ny Ap-open.

Theorem 3.12. Let fy, : (U,n,) — (V,pn,) be a bijective map between two
neutrosophic topological spaces. Then, the following are equivalent

. fn, 18 NyAp-open.

ii. For each (ugp.) € (U, 7y, ) and for every NynbhdK of uqpcin (U, TN, ), there
exists a NyAp-nbhdM of fn, (uape) in (V,pn,) such that M C fy, (K).

Proof. (i)=-(ii) Let fn,, be a Ny Ap-open map and K be an arbitrary Nynbhd
of ugp. in U. Then, there exists a Ny-open setN in U such that u,;. € N C K.
Since fn,, 18 NyAp-open, fn,. (N) is NyAp-open in V. Now, let fy, (N) = M.
Then, fw, (u,,.) € M C fn,(K). This implies M is a Ny Ap-nbhd of fa, (u,,.)
and M C f, (K). B

(ii) = (i) Let K be a Ny,-open set in U, uqp. € K and fu,, (4, .) = Vsy» € fi, (K).
By assumption, there exists a Ny Ap-nbhdM,, . of v,,. such that M, . C
I (K). Since M,, , is a Ny Ap-nbhd, there exists a N, Ap-open set N, inV

T,Yy,z
such that v, , . € N, C M, By theorem 2.8, fy,, (K) is Ny Ap-open. Hence
fn,, is Ny Ap-open.

T,Y,z z,Y,z

Theorem 3.13. Let (U, 7y, )and (V,pn,.) be neutrosophic topological spaces and
(S,7x,) be a subspace of (U,7w,,). If fn, : (U,1n,) — (V,pn,) is a NyAp-open
map and 1%, is Ny-open in (U, 7y,), then the restriction fn,|s : (S, 7%, ) —
(V. pn,,) is also Ny Ap-open.

Proof. Let K be Ny -open in S. Then, K = 1%“ () Mfor some Ny-open set M in
U. Now, K is Ny-open in U and since fy,, is Ny Ap-open, fy, (K) is Ny Ap-open
in V. But fn,, (K) = fn,.|g(K). Therefore fy, |g is Ny Ap-open.

Definition 3.14. A mapping fn,,. : (U, 7n,.) — (V, pn,,.) between two neutrosophic
topological spaces is said to be neutrosophicAp-closed if fy, (K) is Ny Ap-closed
in (V, pn,.) for every Ny-closed set K in (U, 1n,,).

Example 3.15. Consider the neutrosophic topological spaces defined in example
3.2. Here K¢ = {< a,0.5,0.8,0.1 >< b,0.6,0.7,0.3 >},
K§ ={<a,04,0.9,0.1 ><1,0.7,0.7,0.2 >} and
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NuApC (V, pn,) = {On,, M, M, A" ,BC /1y, } where A" = {4°: A€ A} and
C' = {C%:C eC}. Now, define fn, : (U,n,) — (V.pwn,,) as fa,(a) = y and
fn. () = x. Then fn,, (ch) = {< 2,0.6,0.7,0.3 >< y, 0.5,0.8,0.1 >} € B and
fye (KY) = {<2,0.7,07,02 >< y, 0.4,0.9,0.1 >} € C". Hence fy, is NyAp-
closed.

Theorem 3.16. A mapping fn, : (U, mn,.) — (V, pn,,.) between two neutrosophic
topological spaces is Ny, Ap-closed if and only if Ny Apcl(fn, (K)) C fn, (Nycl(K))
for every neutrosophic set K in U.

Proof. Let K be a neutrosophic set in U and fy,, be a Ny Ap-closed map. Then,
e (Npel(K)) is a Ny Ap-closed set in Vand fy, (K) C fn,, (Nycl(K)).Also,
NyApcl (fa,, (K)) is the smallest Ny, Ap-closed set containing fu,, (K).

Hence Ny Apcl (fa,,(K)) C fn,. (Nicl(K)) for every neutrosophic set K in U. Con-
versely, let K be a Ny-closed set in U. Then K = Nycl(K) implies fy, (K) =
fne (Nycl(K)). Hence, by assumption Ny Apcl(fn,, (K)) C fa, (K). Also, since
fvu () © NeApcl (fi, (K)) , i, (K) = NieApcl (fa, (K)) which implies fy,, (K)
is Ny, Ap-closed in V. Hence fy,, is a Ny Ap-closed map.

Theorem 3.17. A bijective map fn, : (U,mn,) — (V,pn,.) between two neu-
trosophic topological spaces is Ny Ap-closed if and only if f&tlr (NyApcl(K)) C
Nycl (fy (K)) for every neutrosophic set K in V.

Proof. Let K be a neutrosophic set in V' and fy,, be a NyAp-closed map. Then
e (Ntrcl (fN (K ))) is N Ap-closed in V' which implies

NuApel (e, (Nuel (3L (K )))) = e (Nucl (7! (K))) . Also, since

K = fn, (f5H(K)) and fy (K) € Nyl (fy. (K)) implies

SN (thr( )) C e (Ntrd (fN (K )))

NtrApcl( ) € NyApcl (thr (Ntrcl (th (K )))) = fn. (Ntrcl (f]\’,tlr (K))) . Hence
Ine (NpApcl(K)) € Nyl (fy!(K)) for every neutrosophic set K in V. Con-
versely, let K be a Ny-closed set in U. By assumption, fy! (NuApcl (fa,, (K))) C
Nyl (th (S (K ))) Nucl(K) = K.

Consequently, N, Apcl (fa,, (K)) C fa, (K). Also, fn,.(K) € Nyl (fn, (K)) .Hence
fne (K) is Ny Ap-closed which implies fy,, is Ny Ap-closed.

Remark 3.18. The composition of two N.Ap-closed maps need not be Ny\p-
closed.

Example 3.19. Let U = {a,b}, V = {z,y}and W = {p, ¢} . Consider the neu-
trosophic topologies 7n,, = {On.,, Iy, K1, K2}, pn. = {On,, Lnvi,, M Jandwy,, =
{On,, Iy, N where K = {< a,0.8,0.7,0.1 >< 6,0.8,0.5,02 >}, K, = {<
a,0.5,0.7,0.2 >< 5,0.6,0.5,0.5 >}M = {< 2,0.1,0.2,0.8 >< y,0.1,0.1,0.7 >}
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and N = {< p,0.1,0.1,0.7 >< ¢,0.1,0.2,0.8 >} Consider the collections
A={A:AC M, ACK}, B={B:BC M, MCB,BCK},C={C:KC
C' C K¢} of neutrosophic sets in V and P ={P : M°C P C 1u,},

Q={Q :McQc M}, R={R : M C RC M} the collection of neutrosophic
setsin W. Then, NtrApC (V, pNtr) = {ONtr7 M, MC, .A, B, C,thr},NtrApC (W, thr) =
{ON”; N,N¢P, QaRalN:r} . Define thr : (U7 TNtr) — (Vva pNtr) as thr<a> =Y
and fy, (b) = . Then fy, (K{) = {< 2,0.1,0.3,0.8 >< 3,0.2,0.5,0.8 >} and
fre (KS) ={<,05,0.5,0.6 >< y,0.2,0.3,0.5 >} € B. Also, define gy,, : (V, pn,,)
— (W, wn,,) as g, (v) = p and g, (y) = ¢. Then, gy, (M) = {< p,0.8,0.8,0.1 >
< ¢,0.7,0.9,0.1 >} € R. This implies that both fy, and gy, are Ny Ap-closed.
Now, let gy, © fn,, : (U,mn,) — (W,wp,,) be the composition of two NyAp-
closed maps. Then, gy, © fn, (K¥) = gn. (fv. (KY)) = {< p,0.2,0.5,0.8 ><
¢,0.1,0.3,0.8 >} and gn, o fn., (KY) = gn. (fy. (KS)) = {< p,0.5,0.5,0.6 ><
¢,0.2,0.3,0.5 >} are not Ny, Ap-closed in (W,wy,,) . Hence g, © fa,, is not Ny Ap-
closed.

Theorem 3.20. Let th'r : <U7 TNtr) - (V> pNt'r) and Iny, - (V7 pNn) — <W7 C‘-)Nm)
be Ny Ap-closed map and let (V) pn,,.) be a Ny Th,-space. Then gy, o fn, : (U, Tn,.)
— (W, wy,,) is also NyAp-closed map.

Proof. The proof is similar to theorem 3.11.

Theorem 3.21. Let fy, : (U,7n,) — (V,pn,) be a bijective map between two
neutrosophic topological spaces. Then, the following are equivalent
. fn, 18 NyAp-open.
it. fn, s Ny-Ap-closed.
114 f;,jr 18 Ny A p-continuous.

Proof. (i)=-(ii) Let fu, be a NyAp-open function and let K be a Ny,-closed
set in U. Then K¢ is Ny-open in U and by assumption, fu,, (K€) is Ny Ap-open
in V. That is, (fy, (K))‘is NyAp-open in V. Hence fu,, (K) is NiAp-closed in
V. Therefore fy,, is Ny, Ap-closed.

(ii)==(iii) Let K be a Ny,-closed set in U. Then, by assumption fy,, (K) is Ny Ap-
closed in V. Hence (f&tlr)fl (K) = fn.(K) is NyAp-closed in V. Therefore fy! is
Ny A p-continuous.

(iii)=(i) Let K be a Ny-open set in U. Then, by assumption (f&tlr)fl (K) =
fne (K) is Ny Ap-open in V. Hence fu,, is Ny Ap-open.

Theorem 3.22. Letfy, : (U 1n,) — (V,pn,) and gn,, : (V,pn,) — (W, wn,,)
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be mappings between neutrosophic topological spaces such that their composition
9N, © [, (U, ) — (W, wny,,) is Ny-Ap-open. Then the following are true

i. If fn,. is Ny-continuous and surjective, then gy, s Ny-Ap-open.

ii. If fn, is a NyAp-continuous, surjective and (V, pn,,) is a Ny Ta,-space, then
gn,, s Ny Ap-open.

ii. If gn,,. is NyAp-irresolute and injective, then fy, is NyAp-open.
Proof.

i. Let K be a Ny-open set in V. Since fy, is Ny-continuous, f]\’,tlr(K) is
Ntropen in U. NOW7 since INy: © thr is NtrAP_Opena gNi © thr (f]\?i(K)) =
gne (v (fNH(K))) = gng (K) is NyAp-open in W. Hence gy, is NuAp-
open.

ii. Let K be a Ny-open set in V. Since fy,, is Ny Ap-continuous, fg,tlr(K) is
Ny Ap-open in U. Now, since V' is a Ny, T ,-space, f&tlr(K) is Ny,-open in Uand
Slnce gNtr © thr IS NtrAP_Open7 gNtr © thr (f];/vt]; (K)) = gNtr (thr (fjgt];(K))) =
gn., (K) is Ny Ap-open in W. Hence gy, is Ny Ap-open.

iii. Let K be a Ny-open set in U. Since gy, © fn,, is Ny Ap-open, (gn,, © fa,, ) (K)
is Ny Ap-open. Now, since gy, is Ny Ap-irresolute injective function,

g;/'tlr (gNtr othr(K)) = g;/'tlr (gNtr (thr(K>>) = thr(K) iS NtrAP—Open ln V
Hence fy,, is Ny Ap-open.

Theorem 3.23. Iffy, : (U, mn,.) — (V,pn,,) is a NyAp-open function and gy, :
(V. pn,) — (W wn,,) is a surjection such that their composition is Ny-open, then
gn,,. 18 NyAp-continuous.

Proof. Let K be a Ny,-open set in U. Since gn,, © f,, is Ny-open, gn,, © fa,, (K) is
No-open in W. Now, 93! (g, © v, (K)) = g (90, (i, () = fg, (K. Since
fn, 18 Ny Ap-open, fy,. (K) is Ny Ap-open in V and hence gy, is N, A p-continuous.

4. NeutrosophicAp-homeomorphism

Definition 4.1. A bijective map fy, : (U,tn,) —> (V,pn,) is said to be a
neutrosophicAp-homeomorphism if fy, and fﬁi are Ny \p-continuous.

Example 4.2. Let U = {a,b}, V ={z,y}, 7, = {Ony,, I, K1, Ko},
PN = {Ony,, Iy, , M} where K7 = {< @,0.3,0.4,0.5 >< b,0.6,0.5,0.6 >},
Ko = {<a,0.3,0.3,0.8 >< b,0.5,0.2,0.6 >} and

M ={<2,02,0.3,0.8 ><y,0.3,0.2,0.9 >}.
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Consider the collections A={A : 0y, CACK},B={B : K C B C K%
and C={C:C C K,K C C, C C K} of neutrosophic sets in U and the collec-
tions P ={P : 0y, CPCKy},9={Q :K;CQCK‘}and R={R : RC
Ki; K1 € R; RC KY} of neutrosophic sets in V.

Then NyApO(U, 7, ) = {On,,, K1, Ko, K, A, B,C 1y, } and

NuApO (‘/7 er,r) = {ONtH M, M P,Q, R71Ntr} . Define thr : (U7 TNtr) — (V7 er,r)
as fn,(a) = z and fy,(b) = y. Then fg! : (V,pn,) — (U, 7n,,) is defined as
fyi(z) = aand fy! (y) = b. Now, fy' (M) ={<a,02,0.3, 0.8 ><b,03,02,0.9 >
Ve AR T (ED) = {< 2,03, 04, 0.5 ><y,0.6,0.5,0.6 >} € Q and

(f&:r)fl (Ks) = {<2,0.3, 0.3, 0.8 ><9,0.5,0.2,0.6 >} € R. Clearly, fu, is a
bijection and both fy, and f&tlr are Ny Ap-continuous. Hence fn,, is a Ny Ap-
homeomorphism.

Theorem 4.3. Fvery Ny-homeomorphism is a Ny.Ap-homeomorphism.

Proof. Let a bijective map fy,, : (U,7n,.) — (V, pn,,) be a Ny-homeomorphism.
Then both fy,, and fj(,tlr are Ny-continuous. By theorem 2.13, both fy,, and f]\_,tlr
are Ny, Ap-continuous. Hence fy,, is a Ny Ap-homeomorphism.

Remark 4.4. The converse of theorem 4.3 does not hold in general.

Example 4.5. Let U = {a,b}, V = {z,y},7n. = {On,, 1N, K} and py,, =
{On, Ly, M} WhereK = {< ,0.3,0.4,0.9 >< b,0.2,0.3,0.8 >} and
M = {< a,0.4,0.5,0.8 >< b,0.3,0.5, 0.4 >}.

Consider the collections A ={A4 : 0y, CAC K} ,B={B : K C BC K}
,C = {C’ CCK,KC(C; CcC Kc}of neutrosophic sets in U and the collections
P={P :0y,CPCM},Q={Q MCcQcCcM°} R={R : RC M;M C
R; R C M€} of neutrosophic sets in V.

Then, NtrAPO(U, TNtr) = {ONtr7 K, KC, ./4, B, C,thr},

NtrAPO (Vva PNW) = {ONtra M, MC> P, Q, R,thr}. Define thr : (U? TNtr) — (‘/a pNtr)
as fn,(a) = y and fn, (b) = x. Then f]\’,tlr : (V,pne) — (U, 7y,,) is defined as
frn(@) =band fy (y) = a.

Now, fyl(M) = {<a,0.3, 0.5, 0.4 >< b,0.4,0.5,08 >} € B and (f3')  (K) =
{<,0.2, 0.3, 0.8 ><4,0.3,0.4,0.9 >} € P.Clearly, fn,is a bijection and both
fn,, and fz?/i are Ny A p-continuous but not Ny-continuous. Hence fy,, is a Ny Ap-
homeomorphism but not N -homeomorphism.

Theorem 4.6. Let fy, : (U n,) — (V,pn,) be a bijective Ny.Ap-continuous
function between two neutrosophic topological spaces. Then, the following are equiv-
alent
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i. fn, s a NyAp-open map.
it. fn, s a NyAp-closed map.
1i. fn, 15 a NyNp-homeomorphism.

Proof. Proof follows from theorem 3.21.

Remark 4.7. The composition of two N\ p-homeomorphisms need not be Ny, A p-
homeomorphism.

Example 4.8. Let U = {a,b}, V = {z,ytand W = {p,q}. Consider the neu-
trosophic topologies 7n,, = {On.., Ini, K1, Ko}, o, = {Onys I, M} and wy,, =
{On,,, In,,, N} where K = {< a,04,0.5,0.1 >< 5,0.6,0.7,0.2 >}, K, = {<
a,0.1,0.5,0.4 >< 1,0.2,0.3,0.6 >}, M = {<2,0.2,04,0.7 ><y,0.2,0.3,0.8 >}
and N ={<p,0.1,0.4,0.7 >< ¢,0.3,0.7,0.8 >}.

Consider A ={A : Oy, C A C Ky}, the collection of neutrosophic sets in
UX={X: 0y, CXCM},Y={Y :MCYcCM°},

Z = {Z L C MM C Z,Z C MC} the collection of neutrosophic sets in V' and
P={P : Oy, CPCN},Q={Q : NCQCN},

R = {R RCN;NC R;RC NC}, the collection of neutrosophic sets in W.
Then, NtrAPO (U, TNtr) = {ON“, Kl, KQ, A,le_} s

NtrApO (V, chr) = {ONW, M, Mc, X, y, Z7]'Ntr} and

NtrAPO (I/V? thr) = {ONtr7 N7 ch Pa Q7 R>1Ntr} . Define thr . (U, TNtr) — (‘/7 pNtr)
as fn, (a) =z and fy,(b) =y. Then

I (K1) ={<2,0.4,0.5,0.1 >< y,0.6,0.7,0.2 >}

and fy,, (K3) ={<z,0.1,0.5,0.4 >< y4,0.2,0.3,0.6 >} € ).

Also, fyH(M) ={<a,0.2,0.4,0.7 >< ,0.2,0.3,0.8 >} € A. Now, define gy, :
(Vion) — (Wwy,) as gn,(z) = p and gn,(y) = ¢. Then gy, (M) = {<
p,0.2,0.4,0.7 >< ¢,0.2,0.3,0.8 >} € P and
gg,tlr(N) ={<2,0.1,04,0.7 >< y,0.3,0.7,0.8 >} € V. This implies that both fy,,
and gy,, are Ny, Ap-homeomorphism. Now, let gn,, 0 fn,, : (U, Tn,,) — (W, wh,,) be
the composition of two N Ap-homeomorphisms. Then, gn,, © fa,, is not a Ny, Ap-
homeomorphism since (g, © fa) H(N) = Iui(gnt(N)) = {< a,0.1,0.4,0.7 ><
b,0.3,0.7,0.8 >}is not Ny, Ap-open in (U, 7y,,) -

Theorem 4.9. Lethm : (Ua TNt'r) — (Va pNt'r) and gNy, - (‘/7 pNt'r) — (W7 th'r) be
Ny A p-homeomorphisms where (V) pn,.) is a Ny T, -space. Then, their composition
9N, © fn,, 2 (U, tn,) — (W wy,,) is also a Ny.Ap-homeomorphism.

Proof. Let K be a neutrosophic set in W. Since gy, is a Ny, Ap-homeomorphism,
9N, 18 Ny Ap-continuous. This implies g;,tlr(K ) is Ny Ap-open in V. By hypothesis,
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g;,tlr(K ) is Ny-open in V. Also, since fu,, is a Ny, Ap-homeomorphism, fy,, is Ny Ap-
continuous. Hence (g, o fn,,)” = fy.(gn-(K)) is NyAp-open in U. Therefore
gN O fa, i NipAp-continuous. Similarly, (g, © fa,,) " is Ny Ap-continuous. Hence
9N, © fa,, 18 a Ny Ap-homeomorphism.

5. Neutrosophic Ap-i homeomorphism

Definition 5.1. A bijective map fy,. : (U, mn,.) — (V, pn,,.) is said to be a neu-
trosophic Ap-i homeomorphism if fy, and f]\’,tlr are Ny, Ap-irresolute.

Example 5.2. Let U = {a,b}, V = {z,y},7n. = {On,, 1N, K} and py,, =
{On.., 1n, M} Where K = {< a, 0.7,0.8,02 >< 6,0.9,0.6,0.4 >} and M =
{< =z, 0.9,0.6,0.4 ><y,0.7,0.8,0.2 >} . Consider the collection

A={A : KCACK}and B={B : K C B C 1y, } of neutrosophic sets in U
and V respectively. Here, N, ApO(U, 7p,,) = {On,,, K, A,1x,,. } and Ny, ApO (V, pn,,)
= {0 M, By, }. Define fi, : (Us7y,) — (V. ps) a5 s (a) = y and f, (b) =
z. Then fy' @ (V.pn,) — (U,7n,) is defined as fy'(z) = b and fy'(y) =
a. Now, fy (M) = {<a,0.7, 0.8, 0.2 ><5,0.9,0.6,04 >} = K and for every
neutrosophicset B€ B, there exists someA € A such that fy'(B) = A. Also,

(f&tlr)_l(K) ={< 2,09, 0.6, 0.4 ><y,0.7,0.8,0.2 >} = M and for every neutro-

sophic set A € A, there exists some Be B such that (f]_vgr)fl(A) = B. Clearly,
fni,is a bijection and both fy, and f];jr are Ny Ap-irresolute. Hence fy,, is a
Ny A p-i homeomorphism.

Theorem 5.3. Fvery Ny Ap-i homeomorphism is a Ny.Ap-homeomorphism.
Proof. Let fn,, : (U,7n,.) — (V, pn.,) be a Ny Ap-i homeomorphism. Then, both
fn,, and j‘“]\’,tlr are Ny Ap-irresolute. Now, by theorem 2.15, both fy, and f&tlr are
NiAp-continuous. Hence fy,, is a Ny, Ap-homeomorphism.

Remark 5.4. The converse of theorem 5.3 does not hold in general.

Example 5.5. Consider the topological spaces and bijection fy,, defined in
example 4.2. Here both fy, and fj(,tlr are Ny Ap-continuous. However fy,. is
not Ny Ap-irresolute since fy! (M¢) = {<a,0.8,0.7,0.2 ><b,0.9,0.8,0.3 >} ¢
NuApO (U, Tn,,) - Hence fy,, is a Ny Ap- homeomorphism but not a Ny, A p-i home-
omorphism. We denote the family of all Ny-homeomorphisms (resp. Ny Ap-
homeomorphism, N Ap-i homeomorphism) from the topological space (U, 7y, )
into (U, 7n,,) by Nuh (U, 7w, ) (resp.NyAph (U, 7w, ), N Apih (U, 7a,,)).

Theorem 5.6. Let fy, : (U,7n,) — (V,pn,.) be a bijection between two neutro-
sophic topological spaces. Then, the following are equivalent:
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i. fn, 15 a NyAp-ihomeomorphism.

ii. fy, (NyApint(K)) = NyApint (fy(K)) for every neutrosophic set K in V.
iii. fn, (NgApint(K)) = NyApint (fn, (K)) for every neutrosophic set K in U.
. NypApcl(fn, (K)) = fn, (NeApcl(K)) for every neutrosophic set K in U.
v. NyApcl (fyH(K)) = fy) (NuApcl(K)) for every neutrosophic set K in V.

Proof. (i)=-(ii) Sincefy,, is a Ny Ap-thomeomorphism, fy,, is Ny Ap-irresolute.
Now, let K be a neutrosophic set in V. Then NyApint(K) is Ny Ap-open set in
V. Since fy,, is Ny Ap- irresolute, fN (NtrApmt( )) is Ny Ap-open in U. Also,
th (NyApint(K)) C fN (K). Thus, th (NieApint(K)) € Ny Apint (f;[tlr(K))
for every neutrosophic set K in V. Again, since fy,, is a Ny Ap-thomeomorphism,
f]\’,tlr : (V,pn,) — (U, 7n,,) 18 Ny Ap-irresolute. Now, for any neutrosophic set K
in V, Ni;Apint (fN (K ))15 Ny Ap-open in U.Then, (fﬁtlr)_l (NtrApil'lt (f&l(K))) =
e (NtrApll’lt (fN (K ))) is Ny Ap-open in V. Also, fn,, (NtrApint (f&tr(K))) -
N (thr( )) C K. Therefore, fu,, (NtrApint (f]?,tlr (K))) C NyApint(K) =
NuApint (fy!(K)) C fy. (NuApint(K)) for every neutrosophic set K in V. Hence
fre (NuApint(K)) = NyApint (fy! (K)) for every neutrosophic set K in V.

(ii)==(iii) Let M = fy,.(K) be a neutrosophic set in V.

By (i), fy. (NuApint (fa, (K))) = fy. (NoApint(M)) = NyApint (f3!(M)) =
NtrApint (f]:[tlr (thr (K))) = NtrApint(K).

This implies Ny, Apint (fn,. (K)) = fa,. (NieApint(K)) for every neutrosophic set
K in U.

(iii)==(iv) For any neutrosophic set K in U,NyApcl(K) = (NtrApz'nt(KC))C.
Then, f,, (NuApel(K)) = fa (N Apint(K) = (fy,, (N Apint(K)))"
—(Nuhpint(fx,, (K) =NuApel (fr, (K)) = NuApel (fi, (K))

Hence fn,, (NuApcl(K)) = Ny Apcl (fa,, (K)) for every neutrosophic set K in U.
(iv)==(v) Let K = fn,,(M) be a neutrosophic set in V. By (iv),

thr (NtrApCI (f&tlr (K))) = NtrApcl (thr (f&tlr (K))) = NtrApCl(K) implies
NuApel (fR(K)) = fy) (NwApcl(K)) for every neutrosophic set K in V.

(v)==-(i) By theorem 2. 16,fNtr is Ny, A p-irresolute if
Ny Apcl ngt (K)) C fn. (NtrApcl( )) for every neutrosophic set K in V. Simi-
larly, fy, is NyAp- irresolute if fN (NyeApcl(K)) € NyApcl (fg,tlr(K)) for every
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neutrosophic set K in V. Now, by assumption, both fy, and f&tlr are Ny Ap-
irresolute. Hence fy,, is a Ny Ap-i homeomorphism.

Theorem 5.7. Let fy, : (U,7n,) — (V,pn,.) and gy, : (V, pn,.) — (W,wny,,) be
two Ny.Ap-i homeomorphisms. Then, their composition gy, © fn,,. is also a NyAp-i
homeomorphism.

Proof. By hypothesis, the functions fy,, gn, and f](,tlr, gg,tlr are all Ny Ap-
irresolute. Then, by theorem 2.17, both gn,, o fx,, and (gn,. © fa, ) = fﬁtlr o gg,tlr
are N Ap-irresolute. Hence gy, o fn,, i a Ny Ap-i homeomorphism.

6. Conclusion

This article defined and examined some of the properties of Ny, Ap- homeomor-
phism and Ny, Ap-i homeomorphism in neutrosophic topological spaces. Addition-
ally, the study was expanded to include discussion of N, Ap-open and N;, A p-closed
mappings. Numerous instances are provided to support the findings. This concept
can be used to drive few more new results of N, A p-connectedness and compactness
in neutrosophic topological spaces. Also, this study will be extended to separation
axioms, normal and regular spaces using Ny, A p-open sets in neutrosophic topolog-
ical spaces
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