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Abstract: In this paper, using certain known modular equations, we have estab-
lished certain modular identities which have been made use of, to evaluate certain
theta functions. We shall attempt to evaluate Ramanujan’s cubic continued frac-
tion and also certain Ramanujan-Weber class invariants with the help of some of
our results. The results established herein may prove useful in further investiga-
tions in the subject.
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1. Introduction, Notations and Definitions : In what follows, for real or
complex a and ¢(|q| < 1), let

[ qloo = H(l —aq"). (1.1)
r=0
Ramanujan’s theta functions are defined by
o) = Y. ¢ =" ¢"eel—0: "2 (1.2)
o0 2. 2

_ w2 _ L0550 )0 1.3

¥(q) ;}q e (1.3)

Fl=a) = D ()" = [g; gl (1.4)

and
X(—q) = [4:¢°] (1.5)
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We shall use the following modular equations also;
If 8 and the multipliers m are of degree three over «, then

\8/@ —_1 (1.6)

11__0‘ (1.7)
%3 _ 3+m (18)
(1—=0) m+1 (19)

Berndt [2; (5.1), p. 232]

The following results due to Ramanujan will also be used in our study,

¢(—q) = Vvl —x (1.11)
¢(—¢*) = V2Vl —x (1.12)
U(g) = Vz/2Vz/q (1.13)
U(=q) = Vz/2V/x(1 - x)/q (1.14)
wia) = 2 alq (115
= ﬁ Vr(l—uw

fla) = 7 (1—x)/q (1.16)

_ £ 1 — 1 2/
fl=q) = A /4 (1.17)

2\ _ \/_E /(1 —
J(=0) = 55 Vel =a)/q (1.18)
fl=q") = Vi VI—ay/z/q (1.19)
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/2
Vs 1.20
x(q) = T (1.20)
:\‘/51\2/1—x

x(—q) ila

B 64224@fj:75

9
x(=q) /ila

Ramanujan [4; Chapter 17, entries 10, 11, 12]
¢<€_W) 4
— =/ 6v3—9 1.23
¢(€73ﬂ') ( )

Berndt [3; Chapter 35, entry 4, p. 327]

(1.21)

(1.22)

Ramanujan-Weber class invariants GG, and g,, are defined as,
QA2 — X(e_”\/ﬁ) (1.24)

and

QU de=mVn/Ag (= V) (1.25)

Berndt [3; Chapter 34, (1.3) 4, p. 183]

If a = /m/T'(3/4), then
ple™) =a (1.26)

Berndt [3; Chapter 35, entry (1.1)(1.3), p. 325]

Ramanujan’s cubic continued fraction is given by,

1/3 2 2 4.3 6
v:q q+q° ¢ +q ¢ +¢q (1.27)
1+ 1+ 1+ 1+..

NET.
" 2 = {1 - g((__;;) }1/3 (1.29)

Andrews and Berndt [1; entry (3.3.1), p. 94]
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2. Results to be established
In this section we shall establish the following results,

Fe) _ il o3 VOB 9P

¢(—e73) (6\/_ 9)
) _ {53 — oLl VEVE—9)°
4(6v/3 — 9)
o L @2V6V3—9{3 — /63 -9}
P(—eT)P(—e™"") = 16V 9) {1+1/6V3 -9}
p(—e ™) [3-16v3-9
A=)\ 1+v6v3 -9
3 (—e2m) _ a® {1/6\/37—9{3 — \/m}
¢(—e~07) (2v/6v3 —9)
¢ (—e ) _ agm(l + \/6\/37—9)
¢(—e?") (2v/6v3 — 9)
B 2\/(3 —V6v3 = 9)(14 V63 —9)

(2613 —9)
p(—e™ ) sf 3— 6\/5 -9
¢(—e=0m) 63 =9 x J 1+ 63

¢3(€_W) a2t 3+ V6
\/6v3—9 4\/7
_wg 24—
65 =9 6\/_ 9)
) a2\/(3+ V6v/3 - 9)(V/6v3 -9 1)
a 44/6v/3 -9

e (e (e

(2.8)

(2.9)

(2.10)

(2.11)
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Y™ s = a3+ V6V3-9
ey (emT) 63 9J 6v3—9—1
Y—em) _a®V6V3 -9
(—e®m)  2(v/3-1)

e ™3 (—e73T) _ a®v/6v/3 — 9

(=€) 6v3(V3+1)

_ _ _ a’v/2v3 -3
e 2p(—e T Y(—e ) = — =
(=€ T)U( ) NG
Y(=e™") i
e ) 6v3 —9
V3 (") — 2 o)1/4 {3+ v 6v/3 — 9}
P(e=om) (6v3-9) 16(6v/3 — 9)
e 2y (e™T) o2 gyalv 6v/3 -9 -1}’
Yle=2m) (6v3-9) 16(6v/3 — 9)

(e (e ) =

a*(6v/3 — 9)"*{V/6(v/3 —9) + 3H{V6(v3 - 9) — 1}

16(6/3 — 9)
ple?) {¢6<¢3 —9)+3 }”2
e 2y(e o) — | V/6(v3 - 9) — 1

fPlem) _ a’(6y3-9)*
fe™) (/3 -1}

e ") a?(6y3 - 9)VH(2 - v3)(v3 - 1)/

fle ™) 63— 9
e Oflem) f(e7) = il(2—v/3)/831°

(6v/3-9)
fe™)

_ dre 1/12
e_ﬂ-/lgf(e_gﬂ-) (3\/3> (2 \/3)

Pleem) _@(6/3-9Y 3—/(6,/3-9)
=) ~ R(B-DIF " 2y(6/3-9)

41

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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/3 f3( 3T B a2(6,/3 — 9)1/4 . 1+/(6y3—9) (
f=e) 6v/3 =9 ’

B B o 2 2 /310
e /O f(—e ) f(—e >_24/3\/(6\/3—9){ 2 } )

x[{3 = V/(6v/3 = 9)}H{1 + V/(6y3 — 9)}]'/?
fleem)  _(6v3-9)'° {3—¢<6¢3_9>}”4
e~m/12 f(—e=3m) (2 —\/3)1/6 1+/(6/3—9)
fi(=e) _ a*(6y3-9)"
f(—e67) — {2(y/3—1)}%/3
B[ (—e) _ a?(6y3—9)'!
f(=e?m) 61/3
T Com (63 —9)V/A
RIS = 25/6/(3v/3)(v/3 — 1)1/3
f(=e?) 91/1233/8

(=) (BT
F=et) _ a(6y/3—9){3+ V/(6y3 - 9)}
™)~ A6/ - 9)(/3— 117
e—47r/3f3(_6—127r) _ a2(6\/3 . 9)1/4 y
e T 2R(6/3-9)
(2= V(Y3 =1D/2 " {V(6y3-9) ~ 1}/2

CL2

e f(—e ) f(—e2T) = L {(2 = /3) /)0

4/(6y/3 = 9)
x{V/(6v/3 =9) +3H{/(6v/3 -9) — 1}

—e 4T _Q\1/8 _ 1/4
fl=e)  _(6v3-9) X{?)w(m 9)}

I T 2= B VG- 9) - 1

Xg(e_ﬂ> _ . 1/3
X(6_37r> - {2(\/3 1>}

) )@ )3

X3 (e
ey (e )

2 - V3)(v3—1)/4}"°

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)
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X (e X(eT) = {8/(v3 — )}V (2:30)
e=T/12y (o=
X(c+(w)) =(2-v3)"" (2.40)
Pl=e™)  {3-(6/3-9)}
x(—e=3m) — /(64/3)(2 — v/3)1/3 (2.41)
XP(=e™) V(6y/3-9) +1 .

e Px(—e) T 22— V3)(V3 -}

ey = {3 - V(6v3—9HV(6v/3—9)+1}]' (2.43)

w/6.,( -7
x(—e )x(—e 25/12(2 — | /3)1/333/8(, /3 — 1)1/6

(&

(o) (Y31 (o vlos 0 }”4 (2.44)

/12y (—e=3) T 33/1691/24 J(6/3-9)+ 1
X(=e") 25/6,/(6\/3 — 9)
(=) ~ B /6vV3 -9 (/3 — 1)1/ (2.45)
X3(_e—67r> B 24/3{(2 _ \/3)(\/3 _ 1)}1/3
e 23y (—e2m) J6V3—9)—1 (2.46)

23/2(2 — | /3)5/1233/8
{3+ V(6v3 =9 HV(6v3 = 9) — 1}]/2

x(—e?m) 3 V(6y3-9) - 11" 048
e = v o0 3 ) (249

3. Proof of (2.1) - (2.48):
In this section we shall discuss the proof of our results listed in section 2. We
know that in modular equations (1.6)-(1.10), 8 and the multiplier m are of degree
3. To proceed further let us define the following functions with the help of (1.10)

and (1.22) say,

o (—e Py (—e ) = (247

_ o) _
o) V" )
_ D) sy [0
Q=550 — v < {20 (32
O sy A=
@ =t = Ve < { =i ) (8:3)
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Qs = ¢3(—q2) — J()2) x {((11__0;))3}1/8

=ves (G

¢(—¢?)

Q=00 Lty < {5
Q=T Ly {217
oo (1)
Iy )

%) 1 33V
Qo = V(g?) = Zl\/(zs/zl) X {E}

R N C R e
P e (202
Qu =100 — 2 a1/ - 0/ - 9 9
Qi = TP CE) oot g i1 - 9710 )
Q=20 0 a0 - 300 -
Qs = T — oo (90 9ot - )
= 1A

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
(3.14)
(3.15)
(3.16)

(3.17)

(3.18)
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M3 f3
Qur — LI

f(
Qs =

(1-a) o
X*(q) B —p) M
mrI R { 31— >}

Bl a(l—a) 1/24
v mik {53(1—6)}

Q= EC8 _pn [ AL
- iy - i) )

We shall also need the following results,
Putting ¢ = e™™ in (3.1) and using (1.23), we get

Q19 =

(=

P o NPT
P= pp (64/3 — 9)

Substituting for m from (3.26) in (1.6)-(1.9), we have

{5_3}1/8 V(63 -9)—1

o 2

{(1 —6)3}1/8 _V(6v3-9)+1

11—« 2
{(1—a)3}1/8: 3—/(6v/3—9)
1-5 2/(64/3 — 9)
{a_3}1/8_ 3+ /(6/3—9)

B 2V/(6v3-9)

Now, from (1.10) and (1.26), we get
Va=¢(e ™) =a

—43)—42/3¢< HE >{“ @3}1/2“{&3}“
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(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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Thus, using (3.26) and (3.31), we have

a

V= d(e”’T) = 63+ 9)/ (3.32)
Thus, we have
V(1 /2) = a®(6y/3 — 9)1/* (3.33)
and
a2 _g\1/4
Vi ) = CO3 ) (3:34)

6v3—9

Now, applying (3.27)-(3.34) we get our results (3.2)-(3.25) for ¢ = e~ ™. For
example, (3.2), (3.29) and (3.33) yield (2.1); (3.3), (3.38) and (3.34) yield (2.2).
Similarly, other results of section 2 could also be proved. Specifically (2.5) and
(2.6) lead to (2.7) and (2.8); (2.9) and (2.10) yield (2.11) and (2.12); (2.13) and
(2.14) lead to (2.15) and (2.16); (2.17) and (2.18) lead to (2.19) and (2.20).

Also applying (2.21) and (2.22) we get (2.23) and (2.24); (2.25) and (2.26)
provide the proof of (2.27) and (2.28). Similarly (2.29) and (2.30) yield (2.31) and
(2.32); (2.33) and (2.34) yield (2.35) and (2.36); (2.37) and (2.38) lead to (2.39) and
(2.40); (2.41) and (2.42) provide the proof of (2.43) and (2.44) and finally (2.45) and
(2.46) lead to then proof of (2.47) and (2.48). The results discussed here are useful
in the evaluation of functions involving theta functions, cubic continued fractions
and Ramanujan-Weber class invariants.

4. Application

In this section we shall discuss some very interesting applications of a few of

our results. We can easily show that

¢ Par @ttt
I+ 1+ I+ 1+..

{(6y3—9) -1}/

~ {V(6y3—9) +1}12/3 (for ¢=eT) (4.1)
(with the help of (1.27), (1.29) and (2.4)).
~ {(6y3—9)— 133 L
“ sV rn  dora=e) (4.2)
(with the help of (1.27), (1.29) and (2.8)).
= ; (fOI‘ q= —@_7") (43)

(6v/3+8)1/3
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(with the help of (1.27), (1.28) and (2.16)).
Next, we discuss the evaluation of Ramanujan-Webers constants. If we make
use of (1.24) with n=1 and n=9, respectively and applying (2.40), we get

G_ [ v2 v (4.4)
Gy |1++/3 '
Since G; = 1 (cf. Berndt [3; page 189]) we get
14313
oo [10) .

This is a known result (cf. Berndt [3; page 189]).
Again, if we put n=1 and n=4, respectively in (1.25) and make use of a known
result (cf. Berndt [3; Chapter 35, entries 2(V) and 2(VI), p. 326]), we get

g =28 (4.6)
and
g4 = 2!/% (4.7)
Also, (1.25) and (2.44) lead to
g (2— V3V (3 /(639"
9% s {1+ V(6y3 = 9)} (48)
Again, (1.25) and (2.48) lead to
gs 36 V(63 —9)— 1"
&“mx{wm—%w} 9
From (4.6) and (4.8), we get
__ L+ (6y3-9)1""
O A ke v} 10
Similarly, (4.7) and (4.9) yield
282 — \3)V2 /(63— 9) +3 "
936 = 33716 X {\/(6\/3 —o) = 1} (4.11)

91,94, go and gszg are new addition to the list of Ramanujan-Weber constants.
Similarly, several other values of the invariants can also be calculated. The results
established herein may be useful in the study of theta functions and related results.
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