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Abstract: A notion of an F-invariant in N-cone metric space is introduced and we
prove some fixed point results for mappings satisfying certain contractive conditions
under the concept of c-distance. Our results complement and extend well known
results in the literature.
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1. Introduction

The notion of cone metric space was introduced in [6]. Huang and Zhang
replaced the real numbers by ordering Banach space and defined cone metric space.
They also gave an example of function which is contraction in the category of cone
metric but not contraction if considered over metric spaces and hence by proving
fixed point theorem in cone metric spaces ensured that this map must have a unique
fixed point.
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Subsequently, Rezapour and Halbarani [14] omitted the assumption of normal-
ity in cone metric space. After that a series of articles in cone metric space started
to appear (see, [5, 8, 9, 11, 13, 16, 17, 18, 19] and references therein).

In [3], Bhaskar and Lakshmikanthan introduced the concept of mixed monotone
property and proved fixed point in partially ordered metric spaces. Then they have
evidenced coupled fixed point theorems for mappings that satisfy mixed monotone
property and applied their theorems to produce some applications in the problems
of existence and uniqueness of solution for a periodic boundary value problem.

In 2011, Beride et al. [2] introduced the definition of mixed monotone property
and the definition of tripled fixed point for mapping F' : X x X x X — X and proved
tripled fixed point theorems for contractive type mappings having that property in
partially ordered metric spaces.

In this paper, we prove some tripled fixed point theorems under the concept of
c-distance by using the idea of F-invariant in N-cone metric spaces. Our results
have several consequences including generalisations of comparable results in the
literature (see, [1, 7, 10, 15] and references therein).

2. N-cone metric spaces
Let E be a real Banach space and P be a subset of E. P is called a cone if

(1) P is closed, nonempty and P # {0};
(2) ax + by € P, for all x,y € P and non-negative real numbers a, b;
3) PN (=P)={0}.

For a given cone P C F, we can define a partial ordering < with respect to P by
x <yifandonlyify—x € P, x <y will stand for x <y but z # y, while z << y
will stand for y — x € int P, where intP denotes the interior of P.

The cone P is called normal if there is a number N > 0 such that for all
r,y€ E, ||z ||[< N || y|. The least positive number satisfying the above is called
the normal constant of P.

The cone P is called regular if every increasing sequence which is bounded above
is convergent, that is, if {z,},>1 is a sequence such that z; < 2y < --- < y for
some y € F, there is x € F such that lim,, . || , — 2 ||= 0. Equivalently, the
cone P is regular if and only if every decreasing sequence which is bounded below
is convergent.

Lemma 2.1. [14] Every regular cone is normal.

Definition 2.2. [9] Let X be a non-empty set. An N-cone metric space on X is
a function N : X3 — E, that satisfies the following conditions for all x,vy,z,a € X
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(1) N<x7yvz) > 0;
(2) N(z,y,z) =0 if and only if vt =y = z;
(3) N(z,y,2z) < N(z,2,a) + N(y,y,a) + N(z,z,a).

Then, the function N is called an N-cone metric and the pair (X, N) is called an
N-cone metric space.

Proposition 2.3. [9] If (X, N) is an N-cone metric space for all z,y,z € X, we
have N(z,z,y) = N(y,y, x).

Definition 2.4. [9] Let (X, N) be an N-cone metric space. Let {x,} be a sequence
in X and x € X. If for every c € F with 0 << ¢ there is N such that for all
n > N, N(zp,x,, ) << c, then {z,} is said to be convergent. {x,} converges to
x and x is the limit of {x,}. We denote this by x,, — x as (n — +00).

Lemma 2.5. [9] Let (X, N) be an N-cone metric space and P be a normal cone
with normal constant k. Let {x,} be a sequence in X. If {x,} converges to x and
{z,} also converges to y then x =vy. That is the limit of {x,}, if exists, is unique.

Definition 2.6. [9] Let (X,N) be an N-cone metric space and {z,} be a se-
quence in X. If for any ¢ € E with 0 << ¢ there is N such that for m,n > N,
N(xp, T, ) << ¢, then {x,} is called a Cauchy sequence in X.

Definition 2.7. [9] Let (X, N) be an N-cone metric space. If every Cauchy se-
quence in X is convergent in X, then X 1s called a complete N-cone metric space.

Lemma 2.8. [9] Let (X, N) be an N-cone metric space and {x,} be a sequence in
X. If{x,} converges to x, then {x,} is a Cauchy sequence.

Definition 2.9. [9] Let (X, N) and (X', N') be N-cone metric spaces. Then, a
function f: X — X' is said to be continuous at a point x € X if it is sequentially
continuous at x, that is, whenever {x,} is convergent to x we have {fx,} is con-
vergent to fux.

Lemma 2.10. [9] Let (X, N) be an N-cone metric space and P be a normal cone
with normal constant k. Let {x,} and {y,} be two sequences in X and suppose
that v, = ©,y, — y as n — +oo. Then N(x,,Tp,yn) — N(z,z,y) as n — +00.

Remark 2.11. [9] If x,, — = in an N-cone metric space X, then every subsequence
of {x,} converges to x.

Proposition 2.12. [9] Let (X, N) be an N-cone metric space and P be a cone in
a real Banach space E. If u < v,v << w, then u << w.
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Lemma 2.13. [9] Let (X, N) be an N-cone metric space and P be an N-cone in
a real Banach space E and ky, ko, ks, ks, k > 0. If x,, — 2,y — Yy, 2, — 2z and
Pn — pin X and

ka < KkiN(zn, 2, ) + k2N (Yn, Yn, Y)
+k3N(Zna Zn; Z) + k4N(pn7pn7p)

then a = 0.

Definition 2.14. [4] Let (X, d) be a cone metric space. A functionq: X x X — E
1s called a c-distance on X if the following conditions hold:

(1) 0 < q(z,y) for all z,y € X,

(2) q(z,y) < q(z,y) +q(y,2) for all z,y,z € X,

(3) for each v € X and n > 1, if q(z,x,) < u for some u = u, € P, then
q(z,y) < u whenever {y,} is a sequence in X converging to pointy € X,

(4) for all c € E with 0 < c, there exist e € E with 0 < e such that q(z,z) < e
and q(z,y) < e imply d(z,y) < c.

Lemma 2.15. [4] Let (X,d) be a cone metric space and q is a c-distance on X .
Let {z,} and {y,} be sequences in X and z,y,z € X. Suppose that {u,} is a
sequence in P converging to 0. Then the following hold:

(1) If q(xn,y) < uy, and q(x,, 2) < u,, then y = 2.

(2) If q(xp,yn) < uy and q(z,, 2) < uy, then {y,} converges to z.

(3) If q(xp, xp) < u, for m > n, then {x,} is a Cauchy sequence in X.
(4) If q(y, x,) < uy, then {x,} is a Cauchy sequence in X.

Definition 2.16. An element (z,y,2) € X? is to be a tripled point of a mapping
F: X3 X if Flx,y,2) =z, F(y,x,y) =y and F(z,y,x) = z.

3. Fixed point theorems
In this section, we prove some tripled fixed point theorems under the concept
of c-distance by using the idea of F-invariant in an N-cone metric space.

Definition 3.1. Let (X, N) be an N-cone metric space and F : X* — X be a given
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mapping. Let M be a non-empty subset of X°. We say that M is an F-invariant
subset of X if for x,y, 2z, w,e,s € X, we have
Fi(z,y,z,w,e,s) € M & (s,e,w,z,y,x) € M,
Fy(z,y,z,w,e,s) € M = (F(z,y,2), F(y, z, ),
F(z,z,y), F(w,e,s), F(e,s,w), F(s,w,e)) € M.
Definition 3.2. Let (X,N) be an N-cone metric space endowed with a partial

order <. Let F: X3 — X be a mapping satisfying the mized monotone property;
that is, for all x,y,z € X, we have

11,72 € X, 21 < 39 = F(11,9,2) < F(22,9, 2),
y1,92 € X,y < yo = F(x,y1,2) > F(x,92, 2),
and
21, 22 € X7 21 S Zo = F(l’,y, Zl) S F(l’,y, 22)'
Example 3.3. Let (X,N) be an N-cone metric space endowed with a partial
order <. Let F : X3 — X be a mapping satisfying the mixed monotone property;
that is, for all z,y, z € X, we have
T1,T2 € Xaxl S To = F($1,y,2) S F(x27y7 Z)a
Y1, Y2 € Xayl S Y2 = F('rayhz) Z F(x7y27z)7
and
21,20 € X, 21 < 29 = F(z,y,21) < Fx,y, 22).
Define the subset M C X° by

M = {(a,b,c,d,e,s) :d <a,b<e s<c}
Then M is F-invariant of X6.

Theorem 3.4. Let (X, N) be a complete N-cone metric space and q be a c-distance
on X. Let M be a nonempty subset of X° and F : X3 — X be a function such that

q(F(r,y,2), F(z*,y",2") + ¢(F(y, 2,2), F(y*), 2", x")
+q(F(z,2,y), F(z"), 2", y") < k(q(z,2") + q(y, y") + q(z, 27))

for some k € [0,1) and all x,y,z,a*,y*, 2" € X with (x,y,z 2%, y*,z*) € M or
(x*,y*, 2%, x,y,2) € M. If M is F invariant and there exist xo,yo, 20 € X such
that

(3.1)

(F(x(hy()azO)’F(yOaZOa:EU)?F(ZOVIanO))'TOvyOaZO) S Ma
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then F has a tripled fixed point (u,v,w). Furthermore, if (u,v,w,u,v,w) € M,
then q(u,u) = 0,q(v,v) =0 and q(w,w) = 0.

Proof. Since F(X x X x X) C X, we can construct three sequences {x,}, {y,}
and {z,} in X such that

Tp = F(xnfla Yn—1, Zn71>7 Yn = F(ynfla Zn—15 xn71>

Zn = F(zn—la Tn-1, yn—l) (32)
for all n € N. Since

(F(xmyOaZO)aF(yOvZOax0)7F(207m0ay0)7$07y0aZO) = ($17917217$0ay()>20) e M

and M is an F-invariant set, we get

(F(Jih’yb 21)7 F(yh 21, $1)7 F(Zh I, yl), F(ﬂfo, Yo, 20)7
F(yo, 20, %0), F(20, T0,Y0)) = (2, Y2, 22, T1, Y1, 21) € M.

Again, using the fact that M is an F-invariant set, we have

(F($2,y2, 22)7 F(y2, 29, I2)7 F(Z27 Z2, y2), F<I17 Yi, Zl)v
F(y,z1,21), F(21,21,01)) = (23, Y3, 23, Ta, Yo, 22) € M.

By repeating the argument similar to the above, we get

F<J;n—17 yn—lu Z?‘L—l); F(y’n—l7 Zn—l; 1771—1)7 F(Zn—l’ xn—l; yn—1)7
F(xnfla Yn—1, anl) = (xna Yny Zns Tn—15Yn—1, anl) eM

for all n € N. From (3.1), we have

q(Tn, Ts1) + q(Yny Ynt1) + q(2n, 2ns1)

= q(F(Zn-1,Yn—1, Zn—1), F(Tn; Yn, 2n))

+ 4(F (Yn—1, Zn—1, Tn1, F(Yn, 20, &) + 4(F (21, Tn1, Yn-1, F (20, Tn, Yn))

< k(q(zn-1,20) + @(Yn-1,Yn) + q(2n-1, 20))- (3.3)

We repeat the above process for n-times, we get

(%, Tng1) + Q(Yns Ynt1) + @20, 2n41)
< E"(q(z0, 1) + q(y0, y1) + (20, 21))- (3.4)
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Put ¢, = ¢(xn, Tnt1) + ¢(Yn, Yns1) + ¢(2n, 2ny1). Then from (3.4) we have

Let m,n € N with m > n. Then we have
Q(Ina xm) S Q(xn7 xn—&—l) + Q(l‘n—l—la xn+2) + -+ Q(:Em—la l‘m)a

A Yns Ym) < @ Wns Ynt1) + @ Uni1, Ynt2) + -+ @ Ym—1, Ym),
and
q(2n, 2m) < q(Zn, 2nt1) T 4(Znt1, Znr2) + -+ @(Zm—1, 2m)-

Then we have

U(Tn, ) + (Y Ym) + @20, 2m)
=qntGnt1+ T Gma

< K'qo+ k" g0+ + B o

= (K" + k" 4+ g
=k"(1+k+k +-+E"")g

k.'n,
< 3.6
S1_pd (3.6)
From (3.6) we have
q(Tp, Tp) < 1 kqo — 0,n — 400,
4(YnsYm) < 7700 — 0,1 = +09
and .
q(zn, 2m) < 1 kqo — 0,n — +o00.

Thus, by Lemma 2.15(3), {z,}, {y»} and {z,} are Cauchy sequences in X. Since
X is complete, there exist u,v and w € X such that x, — u,y, — v and z, — w
as n — oo. Then i
1—k
kn
1—k

q(n,u) < o, (3.7)

q(Yn,v) < % (3.8)
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and
k,n

1—k

Q(zn7zu) f; qo-

On the other hand, we can get

’§
3

—~

F(zp_1,Yn—1,2n-1), F(u,v,w
(Yn—1, 2n1, Tn—1, F(v, w0, 1))
(#n-1, Tn—1, Yn—1, F'(w, u, v))
(q(zn-1,u) + q(yn-1,v) + q(2n-1,w))

kn—l kn—l kn—l
Mg+ 7790 + %)

3k"

IN + +
> 22 e
R

IN

Therefore

and

Also, from (3.7), we have

BBk
1l =>7"%

q(znu) <

Then by Lemma 2.15(1), (3.11) and (3.14), we have v = F(u,v,w).

F(u,v,0)) + q(yn, F (v, 0, 1)) + q(2n, F(w,u,v))
)

qo-

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Also, v =

F(v,w,u) and w = F(w,u,v). Therefore, (u,v,w) is a tripled fixed point of F'.

Finally we assume that (u, v, w,u,v,w) € M. We have

q(u,u) + q(v,v) + q(w, w))
= q(F(u,v,w), F(u,v,w)

+q(v, w, u, Fv, w,u) + g(w, u, 0, F(w, u, v))

< k(q(u,u) + q(v,v) + q(w,w)).

Since 0 < k < 1, by Lemma 2.15(1), we have q(u,u) + q(v,v) + ¢(w,w) = 0.

But ¢(u,u) > 0,q(v,v) > 0 and ¢(w,w) > 0. Hence, q(u,u)

= 0,q(v,v) = 0 and
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q(w,w) = 0.

Theorem 3.5. Let (X, N) be a complete N-cone metric space and q be a c-distance
on X. Let M be a nonempty subset of X6 and F': X* — X be a function such that

q(F (2, y,2), F(z*,y",2%)) + q(F(y, z,2), F(y"), 2%, 27)
+q(F(z,2,y), F(2"), 2", y") < k(q(z,2") + q(y,y") + q(z, 2%))

for some k € [0,1) and all x,y,z,a*,y*, 2" € X with (x,y,z,2*,y*,z*) € M or
(x*,y*, 2%, x,y,2) € M. Suppose that for any three elements x,y and z € X, we
have (z,y,z,x,y,z) € M or (y,z,z,y,z,2) € M or (z,x,y,z,x,y) € M. Then the
tripled fized point has the form (u,u,u), where u € X.
Proof. From theorem 3.4, there exists a tripled fixed point (u,v,w) € X3. There-
fore

u= Fu,v,w),v=F(v,u,w),w = F(w,u,v).
Moreover, g(u,u) = 0,q(v,v) = 0 and g(w,w) = 0 if (u,v,w,u,v,w) € M. From
the additional hypothesis, we have (u, v, w,u,v,w) € M or (v,w,u,v,w,u) € M
or (w,u,v,w,u,v) € M. By (3.1), we get

q(u,v) + q(w, u) + q(v, w)
= q(F(u,v,w), F(v,w,u)
+ q(F(w,u,v), F(u,v,w))
+ q(F (v, w,u), F(w,u,v)
(CI(%U) +q(v,w) + q(w, u)). (3.15)
Since M is an F-invariant set, (w,v,u,w,v,u) € M. By applying the contractive

condition, we have (u, v, w,u,v,w) € M or (v, w,u,v,w,u) € M or (w,u,v,w,u,v) €
M. By (3.1), we get

q(w,v) + q(u,w) + q(v,u))
= q(F(w,u,v), F(v,w,u)
+q(F(u,v,w), F(w, u,v))
+q(F (v, w,u), F(u,v,w))
< K(q(u,v) + q(v,w) + q(w, u)).
Since 0 < k < 1, we get that ¢(u,v) + q(w,u) + q(v,w) = 0. Therefore, q(u,v) =
0,q(w,u) =0 and ¢(v,w) = 0. We also have ¢(u,u) = 0, ¢(w,w) =0 and ¢g(v,v) =
0. Let v, =0 and x,, = u. Then

q(zn,u) < up
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and
q(zp,v) < up,.
Then by Lemma 2.15(1), we have u = v. Also, we have v = w and w = v.By using

the same way for the arrangement in (3.15), we have the same results. Therefore,
the triple fixed point of F' has the form (u,u,u).

Theorem 3.6. Let (X, N) be a complete N-cone metric space and q be a c-distance
on X. Let M be a nonempty subset of X6 and F : X3 — X be a function such that

q(F (2, y,2), F(z*,y", 2")) + q(F(y, z,x), F(y"), 2", 2%)
+q(F(z,2,y), F(z*), 2%, y*) < k(q(z, 2") + q(y, y*) + q(z, %))

for some k € [0,1) and all z,y,z,z*,y*, z* € X with (x,y,z,x*,y*,2*) € M or
(:E*,y*,z*,a:,y,z) € M.
Also, suppose that

(i) there exist xo,yo, 20 € X such that

(F<x07y()vZO)?F(yOaZO?xO)JF(z(]?mO’yO)uxO?yO’ZO) S M7

(ZZ) Zf three sequences {xn}7 {yn} and {Zn} with ($n+17yn+1a Zn-i—laxnayn)'zn) eM
foralln € N and x,, — x,y, = y and z, — z, then (x,y, 2, Tp,Yn, 2n) € M
for all n € N.

If M is an F invariant set, F' has a tripled fized point. Furthermore, if (u,v,w,u,v,w) €
M, then q(u,u) = 0,q(v,v) =0 and q(w,w) = 0.
Proof. We can construct three Cauchy sequences {z,},{y,} and {z,} in X such
that

Ty Yny Zns Tn-1, Yn_1, 2n1 € M

for all n € N. Moreover, we from the assumption z,, = u,y, — v and 2z, — w
where u, v, w € X.Therefore, by the assumption, we have (u, v, w, ., Yn, 2,) € M.
Since F' is continuous,taking n — +o0 in (3.2), we get

lim z,.1 = lim F(z,,Yn,2,) = F( lim z,, lim y,, lim z,)= F(u,v,w),
n—-+o0o n—-+00 n—-+o0o n——+00 n—-+00

lim y,.1 = lim F(yn, 2, 2,) = F( lim y,, lim z,, lim z,)= F(v,w,u),

n—-+4o0o n—-+oo n—-+4o0o n—-+o0o n—-+o0o
and
lim 2,1 = lim F(zp,2n,y,) = F( im z,, lim z,, lim y,) = F(w,u,v).

n—-+o0o n—-+o0o n—-+o00 n—-+o0o n—-+o0o
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By the uniqueness of the limits, we have v = F(u,v,w),v = F(v,w,u) and w =
F(w,u,v). Therefore, (u,v,w) is a tripled fixed point of F. We can also prove
q(u,u) =0,q(v,v) = 0 and g(w,w) = 0 as in case of Theorem 3.4.

Example 3.7. Consider a mapping F : X® — X by F(z,y,2) = % for

all (z,y,2) € X3. Let M = X% Then M is an F-invariant set. Assume that
x,y, z, %yt 2" € X with (z,y, z, 2%, y*, 2*) € M or (z*,y*, 2%, z,y,2z) € M. Since
M is F-invariant, there exist xq, 40, 20 € X such that

(F'(o, Yo, 20), F' (Y0, 20, o), F'(20, T, Yo), To, Yo, 20) € M.
Now, applying the contractive condition we have

q(F(z,y,2), F(z*,y", 2%)) + ¢(F(y, 2,2), F(y"), 2", 2%) + q(F (2, 2, y), F(2"), 2", y")
= (F(2"),y",2"), F(z%),y", 2")) + (F(y *),Z ), F(y"), 2%, 2%))
+(F(z%), 2", y"), F(2), 2", y"))
B (3.1‘* + 2y* 4+ 2* 3z + 2y* + z*) (3y* 4+ 2z* +x* 3y* 4+ 22* +x*
B 12 ’ 12 12 ’ 12

3z* 4+ 2% +y* 32F + 22" +y*
+ 12 ’ 12 )
(", 2%) + (", y*) + (2%, 27)
(a(z,2%) +q(y,y") + a(z,27)),

)

TN =

where k = 2 € [0,1). Hence, all the conditions of Theorem 3.4 are satisfied.
Therefore, F' has a tripled fixed point. It is easy to say that (0,0,0) is the tripled
fixed point of F.
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