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Abstract: In the present work, we investigate a new subclass of bi-univalent func-
tions by applying the g-derivative operator associated with Chebyshev polynomials.
We find estimates for the general Taylor-Maclaurin coefficients of the functions in
this class and also obtain an estimation for the Fekete-Szego problem for this class.
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1. Introduction
We indicate by A the collection of functions, which are analytic in the open
unit disk D given by
D={ze€C and |z] <1}

and have the following normalized form:

f(2) :z+2anz”. (1.1)

We denote by S the sub-collection of the set A consisting of functions which
are also univalent in D. The Koebe one-quarter theorem [5] asserts that the image
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of D under each univalent function f in S contains a disk of radius 1/4. According
to this, every function f € S has an inverse map f~!, defined by

U=z (D)
and X
sty =v (ol <nlin(n = 7).
where
g(w) = fH(w) = w — ayw® + (243 — az)w® — (5a3 — 5agaz + agy)w* +...  (1.2)

A function f € A is said to be bi-univalent in D if both f and its inverse f~!
are univalent in D. Let ¥ denote the class of bi-univalent functions in D given by
(1.1). For more basic results, one may refer Srivastava et al. [14] and references
therein [12, 13].

Next, we recall the definition of subordination between analytic functions. For
two functions f,g € A, we say that f is subordinate to g in D, written as f < g,
provided there is an analytic function w in D with w(0) = 0 and |w(z)| < 1 such
that f(z) = g(w(z)). It follows from Schwarz Lemma that

f(z) <9(2) = f(0)=g(0) and [f(D)Cyg(D), zeD.

For g € (0,1), the Jackson g-derivative of a function f € A is given by (see [8, 9])

fla2)—f(2) (z #0)
D, — (a—1)z ’ 1.3
f(z) {f’(o) (z=0). (1.3)
Thus from (1.3), we have
D,f(z) =1+ i[n]qanz”_l (1.4)
n=2
where -
[n]y = —1 5
l1—gq

and, as ¢ — 17, [n], = n.

One of the important tools in numerical analysis, from both theoretical and
practical points of view, is Chebyshev polynomials. Out of four kinds of Chebyshev
polynomials, many researchers dealing with orthogonal polynomials of Chebyshev.
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For a brief history of Chebyshev polynomials of first and second kinds 7,,(t) and
U,(t) and their applications, one can refer [4, 6, 10, 11].

The Chebyshev polynomials of the first and second kinds are orthogonal for
t € [-1,1] and defined as follows:

Definition 1.1. The Chebyshev polynomials of the first kind are defined by the
following three-terms recurrence relation:

TO(t> = 17

Tl (t) = t,
Thia(t) = 2tT,(t) — To1(2).
The first few of the Chebyshev polynomials of the first kind are

To(t) =2t> — 1, Ty(t) =4t —3t, Ty(t) =8t" - 8>+ 1, ... (1.5)

The generating function for the Chebyshev polynomials of the first kind, T,(t), is
given by:
1—-1z

1ot CED)

F(z,t) =) Tu(t)2"

Definition 1.2. The Chebyshev polynomials of the second kind are defined by the
following three-terms recurrence relation:

UO(t) - 17
Ul (t) = 2t)
Upi1(t) = 2tU,(t) — Uy—1(2).
The first few of the Chebyshev polynomials of the second kind are

Us(t) = 4t* — 1, Us(t) =8t —4t, Uy(t) = 16t* — 12t> + 1, ... (1.6)

The generating function for the Chebyshev polynomials of the second kind, U,(t),
s given by:
1

1o GED)

H(z,t) =Y Un(t)z"

The Chebyshev polynomials of the first and second kinds are connected by the fol-
lowing relations:

dT,(t)
dt

= U 1 (t); To(t) = Un(t) — tUn_1(£);  2T0(t) = Up(t) — Up_sf(t).
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Motivated by the work of Dziok et al. [6], Altinkaya, and Yalcin [2, 1], we
construct, in the next section, a new subclass of bi-univalent functions governed
by the Chebyshev polynomials. Then, we investigate the optimal bounds for the
Taylor- Maclaurin coefficients |as| and |ag| and Furthermore we establish Fekete-
Szego inequality for the class Bx(q, t, q).

2. Main Results

Definition 2.1. For0 < a <1,t € (1/2,1] and0 < q < 1, a function f € ¥ is said
to be in the class Bx(a,t,q) if the following subordination holds for all z,w € D:

(1 — @)z2Dy(f(2)) + azDy(2Dy(f(2))) 1

=) taD, ) D=5 2
and
(1 — 0)uwDy(g(w)) + awDy(wDy(g(w))) o
(1—a)g(w) + awDy(g(w)) < H(w,1) = 1 — 2tw + w?’

1

where the function g = f~' is given by (1.2).

Example 1. For « =0, ¢t € (}/2,1] and 0 < ¢ < 1, a function f € X is said to be
in the class Ssi(t, ¢) if the following subordination holds for all z,w € D:

2D, (f(2)) o
f(2) < H (1) = 1—2tz+ 22
e D, (g(w) i
wl/g\g\w o
Ty AW = e

where the function g = f~! is given by (1.2).

Example 2. For « =1, t € (}/2,1] and 0 < ¢ < 1, a function f € ¥ is said to be
in the class Kx(t, q) if the following subordination holds for all z, w € D:

Dy(2Dy(f(2))) ._ 1
D) “HEN= T
and
Dy(wD,(g(w))) ._ 1
Dyfgtwy) )=y e

where the function g = f~! is given by (1.2).

Remark 2.2. By giving specific values to the parameter « in the class Bx(a,t, q),
we get the following subclasses:
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1. Forq—1 and o =0, we get

2f'(2) ,_ 1
f(2) < Hz 1) = 1— 2tz 4 2%
and ((w) )
wg' (w -
g(w) < H{w1):= 1 — 2tw + w?’

it reduces to the special case from the class B& (A, t), which was introduced by
Bulut, Magesh, and Abirami [3].

2. Forq— 1 and a =1, we get

(2'(2)) _1

TP A T
" (wg/(2)) 1

g (w) < H(w.1) = 1 — 2tw + w?’

it reduces to the special case from the class ME(N, ¢(z,1)), which was intro-
duced by Giiney, Murugusundaramoorthy, and Vijaya [7].

Theorem 2.3. For0 <a <1,te€ (Y2,1] and0< g <1, let f € A be in the class
By(a,t,q). Then

0] < 2tv/2t
T VIHBlg = DI+ (8l — DI — [21([2]g — DI+ a(2lg — D)2]} 482 + (2] — D2[1 + a([2]q — 1)]?]
and
2t 4¢?

= @, D v a@, 0] T @, 0P+ e, - D
Proof. Let f € Bx(a,t,q). Then there are two analytic functions w,v : D — D
given by
u(2) = urz + ug2?® +uzz® + ... (z e D) (2.1)
and
v(w) = viw + vaw? + vaw® + ... (w e D), (2.2)

with u(0) = v(0) = 0 and max{|u(z)], jv(w)[} <1 (z,w € D), such that

(1 — @)2Dy(f(2)) + azDy(2Dy(f(2)))

(1—a)f(z) + azD,(f(2)) = H(u(z),1)
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and
(1 — a)wDy(g(w)) + awDy(2Dy(g(w)))

(1 —a)g(w) + awD,(g(w))

or, equivalently, that

= H(v(w),?)

(1 — a)2Dy(f(2)) + az2Dy(2Dy(f(2)))
(1 —a)f(z) + azD,(f(2))
o

=1+ Ui(H)u(z) + Us(t)u?(2) + ... (2.3)

(1 — JwDy(g(w)) + awDy(2Dy(g(w)))
(1 = a)g(w) + awDy(g(w))
Combining (2.1), (2.2), (2.3), and (2.4), we find that

(1 — @)2Dy(f(2)) + azDy(2D,(f(2)))
(1 —a)f(2) + azDy(f(2))

=1+ Ui(t)o(w) + Uy ()v*(w) + ... (2.4)

=1+ Ui(H)urz + [U(t)ug + Us(t)ui]2>...

(2.5)
and

(1 — JwDy(g(w)) + awDy(2Dy(g(w)))
(1 = a)g(w) + awDy(g(w))

It is well known that, if

= 1+ U () vyw + [Uy (8) vy + Us ()0 w? + ...
(2.6)

max{|u(z)], [v(w)[} <1, (z,w e D),

then
luj;] <1 and |vj| <1 (VjeN) (2.7)

Now, by comparing the corresponding coefficients in (2.5) and (2.6) and after some
simplification, we have

(2l = D+ a([2]g = 1)az = Ur(t)u, (2.8)

(Blg =) 1+ a([8ly — 1) az — {([2g = 1) (1 + a([2], — 1))*} a3 (2.9)
= Uy (t)ug + Us(t)u? '

—([2]g = DA + a([2]; — 1))az —U1<) v (2.10)
and
e L G ) G ey
—{(Blg=1) A+ a3y — 1))} as = (t)v2 + U2( v '
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It follows from (2.8) and (2.10) that

U = —vy (2.12)
and
2(12]g = 1)* (1 + a2y — 1)) a3 = (UL(1)*(uf + o). (2.13)
If we add (2.9) and (2.11), we find that
2{([8 = D1+ a3, = 1) - (R = D0 +al@, = DR} e,

= Uy (t)(uz + v2) + Us(t)(uf + v})

Upon substituting the value of u? +v# from (2.13) into the right-hand side of (2.14),
we deduce that

2 (U1(1))?(u2 + va)

7 2{{Ble — DI+ Bl — D] = (Bq - DI+ a2l — DEU10) — (Rlg — D[ + (Bl - 1)}2U2(2}1'5)

By further computations using (1.6), (2.7) and (2.15), we obtain

0] < 2t\/2t
T VIHBlg = DI+ (Bl — DI = 2I(2]g — DI + (2l — 2]} 482 + (2l — D2[1 + a([2]q — 1]?]

Next, if we subtract (2.11) from (2.9), we can easily see that
2([3, = D1+ a([3], — Dlas — a3) = Ur(t)(u2 — v2) + Va(t)(ui — v7).  (2.16)
In view of (2.12) and (2.13), we find from (2.16) that

Ur(t)(uz — vs) n (U1 (1)) (ud + v7)
2Bl = DA+ (Bl =D 2([2g — D[+ (2], = DI

Thus, by applying (1.6), we obtain

as =

as] < 2t N 412
TS Bl DA+ a@, - D] (2], - D21+ a2, — D

In the next theorem, we present the Fekete-Szego inequality for the class By («, t, q).

Theorem 2.4. For0 < a<1,te€ (1)2,1],0<qg<1landp €R, let f € A bein
the class By (o, t,q). Then

(T~ D o, D] .
o — 1] < 12l =020+ etz - ) 2/4t2+(<[[3:z],]q—11)>[[11++a(<[§]4q—11ﬁ]—[21q<[21q—1>[1+a<[2}q—1n \)
jag — pa3| < slu1] ’

MBI~ DI+ a(Bl,— D] -2l (2l — D1 Fa(2l,— D F42+ (2], - D21 +a(2],— D]

@
27y = D201 4 o(12]g — 1 /at* 4+ ([3)g—1)[1+ex([3]g— )] — 2]y (2] ) (1 +ex([2]g—)]?]
('” 1= (Bla DT al(3], 1] )
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Proof. It follows from (2.15) and (2.16) that

Uy (t)(ug — va)
2([3]g = DA + a([3, — 1]))

_ U (t)(uz — v2)
©2(Blg = DL+ a([3]g — 1)]
(U1 ()3 (u2 + v2)(1 — )
2{[([3lg = D1 + a([8]q — D] = ([2lq — D[L + a([2]qg — DIAJ(U1(1))? = ([2lq — D2[1 + a([2]q — D]?V2(t)}

_ Ui(?) 1
= [(‘i’(“’“ T Bl - DL+ a@l, 1>}> 2

+ (1= p)a;

2
as — pay =

+

where

(U1(1)*(1 — p)
{([Blg = DL+ a((8]g — D] = ([2g — D1+ e([2]g — DI} (U1(1))% = (12 — D21+ e([2]g — D]*Va(t)’

#(p,t) =

Thus, according to (1.6), we have

2t 1
las — uagl < (Blq—D[1+a([3]g—1)] 0 < fo(u )] < (3 ]q—l)[1+a([3]q—1)]
2t|¢(ﬂ7t)| |¢( )| > Bl _1)[1+a([3]q_1)]-

Taking 4+ = 1 in Theorem 2.4, we led to the following corollary:

Corollary 2.5. For0 < a <1,t€ (1)2,1] and0 < g < 1, let f € A be in the class

By (a,t,q). Then
2t

2
ay| < )

7 (Ble - DL+ a8y - 1)]
Remark 2.6. By suitably specialising the parameter o, one can deduce the results

for the subclasses Ss(t,q) and Kx(t,q), which are defined respectively in Examples
1 and 2 associated with the Chebyshev polynomials.

|a3 -
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