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Abstract: In this paper, we investigate the lower bound and the upper bound of
the modulus of rational functions with fixed zeros. Some well-known results are
generalized by our results.
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1. Introduction

Let k£ be any positive integer. The results will be presented using the notations
listed below:

T, ={2 € C:|z| = k},
D, ={z€ C:|z| < k},

Di ={z€C:|z| > k}.
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Let P, be the class of complex polynomials p(z) of degree at most n and p/(z) be
the derivative of p(z). According to the famous result of Bernstein [4] if p(2) € P,,
then

p'(2)] < nmax|p(z)| (1.1)

If p(z) has all the zeros at the origin, then equality holds in (1.1).
In 1944, Lax [7] proved the Erdds conjectured that

max P'(2)] < §I‘H| x |p(2)| (1.2)

for polynomials p(z) of degree n and having no zeros in D . Equality in (1.2) holds
for p(z) = A\z"+p, |\| = |u|. Futhermore, if p(z) is a polynomial of degree n having
no zeros in Dy, then

]/ (2)] > 5 waxlp()] (13)
Inequality (1.3) was showed by Turén [11] and equality in (1.3) holds for polyno-
mials which have all its zeros on |z| = 1.

From now on, we let

where a; € C for j =1,2,3,...,n and

The product B(z) is called Blaschke product with |B(z)| =1 for z € T7.
Now, we define R,,,, by

p(2)
w(z)

Ryn(ar,as, ... ap) ::{ :pe P, andmgn}.

Then R,,,, is the set of all rational functions with poles a1, as, ..., a, at most and
with finite limit at oo.

Li et al. [8] extended inequality (1.1) to rational functions r(z) by substituting
polynomials p(z) by rational functions r(z) and 2" by Blaschke product B(z). They
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proved the results as follows.

Theorem 1.1. Ifr(z) € Ry, then

7' () < [B'(2)]Ir(2)]
for z € T. The equality holds for r(z) = AB(z) with |A\| = 1.
Theorem 1.2. If 7(z) € R, has all its zeros in Ty U DY, then

()] < 5IB ()| maxr(z)

z€Ty

for z € Ty. The equality holds for r(z) = nB(z) + X with |n| = || = 1.
On the other hand, Li et al. [8] proved the following results.

Theorem 1.3. Ifr(z) € Ry, has all its zeros in Ty U Dy, then
1
/ > - !/
[7'(2)] 2 51B(2)| max |r(2)]

for z € Ty. The equality holds for r(z) = nB(z) + X with |n| = |\| = 1.

Theorem 1.4. If r(z) € R, n, where r(z) has n poles ay,as,...,a, and all the
zeros of r(z) lie in Ty U Dy, then for z € T}

7' (2)] = (|B( )| = (n—m))|r(z)]

where m is the number of zeros of r(z).
In 2004, Aziz and Shah [1] extended Theorem 1.4 to the class of rational functions
R, , having all its zeros in T, U D, , k < 1.

Theorem 1.5. If r(z) € Ry, where r(z) has n poles ay,as,...,a, and all the

zeros of r(z) lie in T, U D,k < 1, then for z € Ty

2m —n(1+ k)
1+k

P2 > 5B ()] +

where m is the number of zeros of r(z).
In 2021, Gulzar et al. [5] demonstrated the following interesting result.

)Ir(2)|

Theorem 1.6. If r(z) = f;(é)) € Ry and cqp,co, ..., cy are the zeros of r(z) all

lying in T, U D,k < 1. Then for z € T}

O e

n| lr(2)|

]
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where m is the number of zeros of r(z).
In 2022, Gupta et al. [6] proved that if r(z) € R,,,, has t—folds zeros at the origin
and the remaining m — ¢ in Ty U D", then for z € T}

l\)l»—

P2 < 5 1B () = (n =m =) Ir(2)]. (1.4)
There are other refinements and generalizations of the above results that can be
found in the literature [3, 9, 10].

2. Main Results
We start by showing the following lemmas that we apply to support our theo-
rems. The first lemma was shown by Aziz and Zargar [2].

Lemma 2.1. If |z| = 1, then

e (200) =l

w(z) 2

The next lemmas was proved by Li et al. [8].

Lemma 2.2. Ifr(z) € Ry, and r* = B(z)r(2), then

(r(2))'[ + [ ()| < [B'(2)] Ir(2)]
for z € Ty.

Lemma 2.3. Let z be a complex number. Then
1
Re(z) < 5 © |z| < |z —1].

Additionally, the statement holds when < is changed to < at each occurrence.
In this paper, we prove some refinements and generalizations of Theorem 1.2, The-
orem 1.4, Theorem 1.5 and Theorem 1.6.

Theorem 2.4. Let r(z) = % € Ry with |20] > k and c1,¢ay ..., C—y be

the zeros of s(z) all lying in T}, U D, ,k < 1. Then we obtain

1 -— 1 2t
r'(z —||B —n+2
PN I 2d |
for z € Ti.
t
Proof. Suppose r(z) = % with |zo| > k and ¢1, ¢o, ..., ¢,y are the zeros of
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s(z) all lying in T, U D, k < 1. It’s easy to see that

2r'(z)  z8(2) tz 2w'(z)

r(z)  s(z)  z—2  w(z)’

Since

it follows that

/ m—t '

Re [ (2) = Re - “Re(ZY () + Re t2 )
r(2) — 2 — ¢, w(z) z— Zo
Applying Lemma 2.1 provides
m—t
2r'(2) 1 n— |B'(2)| tz
> N B i S
Re(r(z))_jz:;1+|cj| ( 2 - fie Z2— 2

for z € T;. Therefore

2r'(2) 1B'(2)] <= 1 n t
R > _n
() =5 Enm e

for z € T. Consequently,

m—t

1 2t

B(z2)—-n+2 + r(z
BI04 23+ |

1
/
>

for z € T}. The proof is complete.

Remark 2.5. By letting t = 0 in Theorem 2.4, we get that if r(z) = Z((?) and

C1,Ca, ..., Cp are the zeros of s(z) all lying in T, U D, ,k < 1, then we obtain
P ey r(e)

for z € Ty. That is, Theorem 2.4 reduces to Theorem 1.6.
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Corollary 2.6. Since |c;| <k <1 forj=1,2,3...,m—t, we get

1 1
> .

Theorem 2.4 implies that if r(z) = % with |zo| > k and ¢y, ¢co,. .., Cpm_y are

the zeros of s(z) all lying in T, U D,k < 1, then

()| > {lB()|+2(m—t)—n(1+k) 2t }

1+ k 1+ | 20|
for z € Tj.

Remark 2.7. By letting t = 0 in Corollary 2.6, we get that if r(z) = j)(z) and
C1,Cay ..., Cy are the zeros of s(z) all lying in Ty, U D,k < 1, then

2m —n(l + k)
1+k

[

for z € Ty. That is, Corollary 2.6 reduces to Theorem 1.5.
If £ =1 in Corollary 2.6, then the result is as follows.

Corollary 2.8. Ifr(z) = (z=20)'s(2) Ryn with |z] > 1 and ¢y, ¢, .., Cpy are

w(2)

the zeros of s(z) lie in Ty U Dy, then

)2 5 1B =ntm =+ )

for z € Ty.

Remark 2.9. By letting t = 0 in Corollary 2.8, we get that if r(z) = S(Z) € Ry
and all of the zeros of s(z) lie in Ty U Dy, then

[r'(2)] =

for z € Ty. That is, Corollary 2.8 reduces to Theorem 1.4.

1B'(2)] = n+m]|r()]

[\Jlr—t

Theorem 2.10. Let r(z) = % € Ryn and ci,¢,. .., Cpy be the zeros of s(z)

all lying in Ty, U D k > 1 except t-fold at the origin. Then we obtain

2(m —t) —n(l+ k)
1+ k

() < 5 |1B(2)] +

+2t| |r(2)]

MIH
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for z € Ty.
t
Proof. Suppose r(z) = Zws((zz)) € Ry, and ¢y, Ca, ..., ¢yt are the zeros of s(z) all

lying in T); U D;f, k > 1 except t-fold at the origin. Differentiation with respect to
z, this yields
zr'(z)  zs'(2) 2w’ (2)

r(z)  s(2) w(z)

(2.1)

We have
z8'(2) _m_t z
s(z) P iale
Since |¢;| > k> 1for j =1,2,3,...,m —t, we can see
|z—ch| = |z—ch — 1

for z € T1 and z # c¢;. Applying Lemma 2.3, we obtain

Z 1
<
Re(z—cj)_ 1+k

for j=1,2,3,...,m —t. From (2.1) and Lemma 2.1, we also provides

()=t ()

for z € Ty. Moreover, we have ([8], p.529)

) PSRN P
| T(Z) ’ - | ‘B( )| 7’(2) ‘

= |B'(2)" = 2|B'(2)l|

2r'(z) 21'(2) |5
TERMEEN

> |B(2) — 2/B'(2)|Re (%) " |%|

> |B'(2) + \%S)F —2|B'(z)| [Tg,f B (n_ \f’(zﬂ) H]

for z € Ty. Afterward

(P 2 BRI+ P =218 R [T - (25 4
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for z € T7. That is,
/ 2 Z(m — t) / 2 % * /
P+ (- 2 ) IBEIE <107(R)]
for z € T7. Lemma 2.2 implies that
/ 2 2(m B t) / 2 / / 2
r@F+ (n - = 2 ) IB @I < (B()lIr(2)] = [r(2)])
for z € T7. Continuing simplification, we conclude that

2(m —t) —n(l+ k)
1+ Fk

< (1B + +21] Ir(2)

for z € T1. Consequently, the proof is complete.
If t =0 in Theorem 2.10, then the results is as below.

Corollary 2.11. If r(z) € Ry, and the zeros of r(z) lie in Ty, U D k > 1, then

for z €Ty

2m —n(l+ k)
1+k

Z8]

Remark 2.12. By letting k = 1 in Theorem 2.10, we get that if r(z) = 2s(2) ¢

w(z)
R and c1, ¢, ..., Cm—y are the zeros of s(z) all lying in Ty U DY, except t-fold at
the origin, then we obtain

WVMSQBWN—W—W—WV@!

for z € Ty. That is, Theorem 2.10 generalize inequality (1.4).

t

Theorem 2.13. Let r(z) = % € Ryn with |20| < k and ¢y, ¢, .., Cm—y be

the zeros of s(z) all lying in Ty U D} k > 1. Then

1 2(m —1t) —n(l+k) 2t
/ < - B/
for z € Ty.
t
Proof. Suppose r(z) = % € Ry, with |z0| < k and ¢y, ¢, ..., ¢t are the

zeros of s(z) all lying in Ty U D}, k > 1. Differentiation with respect to z, we get

2r'(z)  zs'(z)  2w'(2) tz

r(z)  s(z)  w(z)  z—z
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This implies that

() = () - () e (3)

We have
z8'(2) _m_t z
s(2) —jzlz—cj'
Since |¢j| > k> 1for j =1,2,3,...,m —t, we can see
|Z_ch| = |Z—ch — 1

for z € T} and z # ¢;. By using Lemma 2.3, we get

z 1
<
Re(z—cj)_ 1+k

for j=1,2,3,...,m —t. Lemma 2.1 also provides

we(S) < e () e ()
_m—t (n— |B’(z)|) Lt

“1+k 2 1— |z

for z € T1. We have ([8], p.529)

A 2 _ | iy 2
| = 1B = T

> IBOF - 2B IR (25 + 5

for z € T7. That is,

R (a2l 2 |B’<z>r|r<z>|2]é <1 (=)
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for z € T}. Applying Lemma 2.2, we get

2(m —1t) 2t

PR+ (0= 2 2 BOIGR £ (B EIE) - 1)

for z € T7. Continuing simplification, we conclude that

2(m—t) —n(l+k) 2t
14+ k 1—|Zo‘

CEHLET [

for z € T7. The proof is already complete.
Remark 2.14. By letting zo = 0 in Theorem 2.13, we get that if r(z) = (2)'s() ¢

w(2)

Ryn and c1,¢a, ..., Cpy are the zeros of s(z) all lying in Ty, U DY k > 1, then

2(m —t) —n(l+k)
1+k

1
< 5 1B+ w2t )
for z € Ty. That is, Theorem 2.13 reduces to Theorem 2.10.
If £ =1 in Theorem 2.13, then the result is as follows.

Corollary 2.15. Ifr(z) = % with |zo] < 1 and ¢y, ¢, ..., Cpm_y are the zeros

of s(z) all lying in Ty U D, then

1 2t
< 5 (1B E] = n+m—t+ 72| )
for z € T.
Remark 2.16. By letting t = 0 and r(z) € Ry, we get that if r(z) = ;((’?) and
C1,Ca, ..., Cm are the zeros of s(z) all lying in Ty U DY, then

[r'(2)] < % [1B'(2)] = n+m]|r()]

for z € Ty. That s, Corollary 2.15 reduces to Theorem 1.2.

3. Conclusions

In this paper, we generalize well-know inequalities for the modulus of derivative
of rational functions. The results are as follows:
1. A lower bound of a modulus of the derivative of rational functions

(o) = Em)3(2)

Ry,
w(z)
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where 7(z) has the zero zy with |z9] > k and the remaining m — ¢ zeros lie in
T, UD, ,k<1.
2. An upper bound of a modulus of the derivative of rational functions

where r(z) has exactly n poles and all the zeros of r(z) lie in T}, U D}, k > 1 except
the zeros of order ¢ lying in the origin.
3. An upper bound of a modulus of the derivative of rational functions

(2 — 20)'s(2)

r(z) = e

€ R,

where 7(z) has the zero zy with |29] < k and the remaining m — ¢ zeros lie in
T, UD k> 1.

4. Future scope of work

Future research could focus on extending known inequalities for the modulus
of rational functions to composite functions. This could expand the scope of zeros
within a variety of regions of the complex plane.
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