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1. Introduction
Special functions of fractional calculus such as gamma, beta, zeta, hypergeo-

metric and Mittag-Leffler functions are plays a very important role in various fields
such as physics, statistics, black hole theory, string theory and so on. Many re-
searchers have studied these functions, the interested readers may refer to some
recent articles on topics Abubakar and Patel [1], Abubakar [2], Ata and Kıymaz
[3], [4] and Mobeen et al. [11]. The following new extended beta function with
bi-Fox-Wright function kernel was studied by Kaurangini et al. [7]:

ΨBα,β
p,q (x, y) =

ΨBα,β
p,q

 (ai, Ai)1,ξ (ck, Ck)1,κ
x, y

(bj, Bj)1,η (dl, Dl)1,υ


=

∫ 1

0

tx−1(1− t)y−1
ξΨη

(
− p

tα

)
κΨυ

(
− q

(1− t)β

)
dt,

where min{ℜ(α),ℜ(β)} > 0, min{ℜ(p),ℜ(q)} > 0, min{ℜ(x),ℜ(y)} > 0. Also
here the ξΨη(·) is the generalized Wright function defined for z, ai, bj ∈ C and
Ai, Bj ∈ R for all i = 1, 2, . . . , ξ; j = 1, 2, . . . , η by the series in [8]

ξΨη(z) = ξΨη

 (ai, Ai)1,ξ
z

(bj, Bj)1,η

 =
∞∑
n=0

∏ξ
i=1 Γ(ai + nAi)∏η
j=1 Γ(bj + nBj)

zn

n!
. (1)

They also (Kaurangini et al. [7]) introduced the following new extended Gauss and
confluent hypergeometric functions for ℜ(ν) > ℜ(µ) > 0 respectively:

ΨFα,β
p,q (λ, µ; ν; z) =

ΨFα,β
p,q

 (ai, Ai)1,ξ (ck, Ck)1,κ
λ, µ; ν; z

(bj, Bj)1,η (dl, Dl)1,υ


=

∞∑
n=0

(λ)n

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)

zn

n!
(|z| < 1) (2)

and

ΨΦα,β
p,q (µ; ν; z) =

ΨΦα,β
p,q

 (ai, Ai)1,ξ (ck, Ck)1,κ
µ; ν; z

(bj, Bj)1,η (dl, Dl)1,υ


=

∞∑
n=0

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)

zn

n!
. (3)
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The Merichev-Saigo-Maeda fractional integral operators are a type of generalized
fractional integral operator that use Horn’s function as their kernel. They were
first introduced by Merichev in 1974 [10] and later studied in 1998 by Saigo and
Maeda [16]. The operators are defined as follows:(
Iη,η′,ρ,ρ′,τ
0,x f

)
(x) =

x−η

Γ(τ)

∫ x

0

t−η′(x−t)τ−1F3

(
η, η′, ρ, ρ′, τ ; 1− t

x
, 1− x

t

)
f(t)dt (4)

and(
Iη,η′,ρ,ρ′,τ
x,∞ f

)
(x) =

x−η′

Γ(τ)

∫ ∞

x

t−η(t−x)τ−1F3

(
η, η′, ρ, ρ′, τ ; 1− x

t
, 1− t

x

)
f(t)dt, (5)

where η, η′, ρ, ρ′, τ ∈ C, x ∈ R+ and ℜ(τ) > 0. Also here the F3(·) is the Horn’s
function defined in Rainville [15] as

F3(η, η
′, ρ, ρ′, τ ; y, z) =

∞∑
n,r=0

(η)n(η
′)r(ρ)n(ρ

′)r
(τ)n+r

yn

n!

zr

r!
(max{|y|, |z|} < 1).

The Merichev-Saigo-Maeda fractional differential operators are defined by using
integral formulas in (4) and (5) as follows:(

Dη,η′,ρ,ρ′,τ
0,x f

)
(x) =

(
d

dx

)∆ (
I−η′,−η,−ρ′+∆,−ρ,−τ+∆
0,x f

)
(x)

and (
Dη,η′,ρ,ρ′,τ

x,∞ f
)
(x) =

(
− d

dx

)∆ (
I−η′,−η,−ρ′,−ρ+∆,−τ+∆
x,∞ f

)
(x),

where ∆ = ℜ(τ) + 1.

In this article, we will explore other properties and applications of the generalized
Gauss and confluent hypergeometric functions in (2) and (3) by using the general-
ized pathway fractional integral operator, fractional differentiation and fractional
kinetic equation. This article is organized as follows: In Section 2, the basic defini-
tions are given. In Section 3, the generalized pathway fractional integral operator
involving new generalized hypergeometric function is investigated. In Section 4,
fractional differential operators of the new generalized hypergeometric function is
studied. In Section 5, covers the applications of the new generalized fractional
kinetic equation. In Section 6, conclusion is discussed.
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2. Preliminaries
In this section, we give the basic definitions needed throughout this article.

Definition 2.1. ([14]) Pohlen defined the Hadamard convolution (product) for the
two power series h(z) = anz

n (|z| < Rh) and k(z) = bnz
n (|z| < Rk), where Rh

and Rk are the radii of convergence is given by

(h ∗ k)(z) =
∞∑
n=0

anbnz
n = (k ∗ h)(z) (RhRk ≤ R). (6)

Definition 2.2. ([20]) The Wiman’s function is defined by

Eϑ,ς(z) =
∞∑
n=0

zn

Γ(nϑ+ ς)
(ϑ, ς ∈ C; ℜ(ϑ) > 0,ℜ(ς) > 0). (7)

Definition 2.3. ([19]) The Sumudu transform is defined by

S{f(t); s} =

∫ ∞

0

f(st) exp(−t)dt = G(s) (8)

and

S−1{sτ ; t} =
tτ−1

Γ(τ)
(ℜ(τ) > 0). (9)

The Sumudu transform of the Riemann-Liouville fractional derivative operator is
also given in [18] as

S
{
0D

−τ
t f(t); s

}
= sτG(s). (10)

3. Generalized Pathway Fractional Integral

Definition 3.1. ([12], [13]) If f(x) ∈ R+ and let γ, δ, ϵ ∈ C, x ∈ R+, such that

a > 0, ℜ
(
1 + γ−1

1−ζ

)
> 0, ℜ(ϵ− δ) > 0, then for the pathway parameter ζ < 1, the

generalized pathway fractional integral operator is defined by(
P γ,δ,ϵ,ζ;a
0+ f

)
(x) = x−δ

∫ b

0

(
1− a(1− ζ)t

x

) γ−1
1−ζ

× 2F1

(
γ − 1

1− ζ
+ δ + 1,−ϵ;

γ − 1

1− ζ
+ 1; 1− a(1− ζ)t

x

)
f(t)dt, (11)

where b = x
a(1−ζ)

.

Remark 3.1. ([13]) The fractional integral operator in the equation (11) also
allows for the following deductions.
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1. If ℜ(γ) > 0 when a = 1 and ζ = 0, the equation (11) reduces to the Saigo
fractional integral operator in the following:(

P γ,δ,ϵ,0;a
0+ f

)
(x) = xΓ(γ)

(
Iγ,δ,ϵ0+ f

)
(x).

2. If ℜ(γ) > 0 when a = 1, ζ = 0, δ = −γ, then the equation (11) reduces to
the Riemann-Liouville fractional integral operator below:(

P γ,−γ,ϵ,0;1
0+ f

)
(x) = xΓ(γ)

(
Iγ0+f

)
(x).

3. If ℜ(γ) > 0 when a = 1, ζ = 0, δ = 0, then the equation (11) reduces to the
Erdelyi-Kober fractional integral operator given by:(

P γ,0,ϵ,0;1
0+ f

)
(x) = xΓ(γ)

(
I+γ,ϵf

)
(x).

4. If ℜ(γ − 1) > 0 and putting ϵ = 0, then the equation (11) reduces to the
classical fractional integral operator given as:(

P γ,δ,0,ζ;a
0+ f

)
(x) = x1−γ−δ

(
P γ−1,ζ;a
0+ f

)
(x).

5. If ℜ(γ − 1) > 0 and substituting ϵ = 0 and ζ → 1−, then the equation (11)
reduces to the classical pathway fractional integral operator given as:

lim
ζ→1−

(
P γ,δ,0,ζ;a
0+ f

)
(x) = x−δL

{
f(t);

a(γ − 1)

x

}
.

Lemma 3.1. ([13]) The pathway factional integral operator of power function is

(
P γ,δ,ϵ,ζ;a
0+ tℵ−1

)
(x) =

xℵ−δ

[a(1− ζ)]ℵ

Γ(ℵ)Γ(ℵ − δ + ϵ)Γ
(
1 + γ−1

1−ζ

)
Γ(ℵ − δ)Γ

(
1 + ℵ+ ϵ+ γ−1

1−ζ

) , (12)

where x ∈ R+, γ, δ, ϵ,ℵ ∈ C, a > 0, ℜ
(
1 + γ−1

1−ζ

)
> 0, ℜ(ϵ−δ) > 0 and the pathway

parameter ζ < 1.

Theorem 3.1. Let x ∈ R+ and z, γ, δ, ϵ,ℵ ∈ C, such that a > 0, ℜ
(
1 + γ−1

1−ζ

)
> 0,
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ℜ(ϵ − δ) > 0, ℜ(ω) > 0, ℜ(λ) > 0, ℜ(ν) > ℜ(µ) > 0, min{ℜ(p),ℜ(q)} > 0,
min{ℜ(α),ℜ(β)} > 0 and the pathway parameter ζ < 1. Then, we have(

P γ,δ,ϵ,ζ;a
0+ tℵ−1 ΨFα,β

p,q (λ, µ; ν; ztω)
)
(x)

=
xℵ−δΓ

(
1 + γ−1

1−ζ

)
[a(1− ζ)]ℵ

ΨFα,β
p,q

(
λ, µ; ν;

zxω

[a(1− ζ)]ω

)

∗ 3Ψ2

 (ℵ, ω), (ℵ − δ + ϵ, ω), (1, 1)
zxω

[a(1−ζ)]ω

(ℵ − δ, ω),
(
1 + ℵ+ ϵ+ γ−1

1−ζ
, ω

)
 . (13)

Proof. Let P be the left-hand side of (13), then using (2), (11) and changing the
order of summation and pathway fractional integral operator, gives

P =
∞∑
n=0

(λ)n

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)

zn

n!

(
P γ,δ,ϵ,ζ;a
0+ tℵ+ωn−1

)
(x). (14)

Applying equation (12) to (14), lead us to

P =
xℵ−δΓ

(
1 + γ−1

1−ζ

)
[a(1− ζ)]ℵ

∞∑
n=0

(λ)n

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)n!

× Γ(ℵ+ nω)Γ(ℵ − δ + ϵ+ nω)Γ(1 + n)

Γ(ℵ − δ + nω)Γ
(
1 + ℵ+ ϵ+ γ−1

1−ζ
+ nω

) (
zxω

[a(1− ζ)]ω

)n

.

Using the Hadamard convolution (product) in (6) and Fox-Wright function in (1),
the desired result in (13) is obtained.

Corollary 3.1. Let x ∈ R+, z, γ, δ, ϵ,ℵ ∈ C, ℜ (γ) > 0, ℜ(ω) > 0, ℜ(λ) > 0,
ℜ(ϵ − δ) > 0, ℜ(ν) > ℜ(µ) > 0, min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0.
Then, we get(
P γ,δ,ϵ,0;1
0+ tℵ−1 ΨFα,β

p,q (λ, µ; ν; ztω)
)
(x) = xℵ−δΓ(γ) ΨFα,β

p,q (λ, µ; ν; zxω)

∗ 3Ψ2

 (ℵ, ω), (ℵ − δ + ϵ, ω), (1, 1)
zxω

(ℵ − δ, ω), (γ + ℵ+ ϵ, ω)

 .



Fractional Calculus and Fractional Kinetic Equation ... 165

Corollary 3.2. Let x ∈ R+, z, γ, ϵ,ℵ ∈ C, ℜ (γ) > 0, ℜ(ω) > 0, ℜ(λ) > 0,
ℜ(ν) > ℜ(µ) > 0, min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0. Then, we obtain(

P γ,−γ,ϵ,0;1
0+ tℵ−1 ΨFα,β

p,q (λ, µ; ν; ztω)
)
(x)

= xℵ+γΓ(γ) ΨFα,β
p,q (λ, µ; ν; zxω) ∗ 2Ψ1

 (ℵ, ω), (1, 1)
zxω

(ℵ+ γ, ω)

 .

Corollary 3.3. Let x ∈ R+, z, γ, ϵ,ℵ ∈ C, ℜ (γ) > 0, ℜ(ϵ) > 0, ℜ(ω) > 0,
ℜ(λ) > 0, ℜ(ν) > ℜ(µ) > 0, min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0. Then,
we have(

P γ,0,ϵ,0;1
0+ tℵ−1 ΨFα,β

p,q (λ, µ; ν; ztω)
)
(x)

= xℵ+γΓ(γ) ΨFα,β
p,q (λ, µ; ν; zxω) ∗ 2Ψ1

 (ℵ+ ϵ, ω), (1, 1)
zxω

(ℵ+ γ + ϵ, ω)

 .

Corollary 3.4. Let x ∈ R+, z, γ, δ,ℵ ∈ C, a > 0, ℜ(δ) > 0, ℜ(ω) > 0, ℜ(λ) > 0,

ℜ(ν) > ℜ(µ) > 0, ℜ
(
1 + γ−1

1−ζ

)
> 0, min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0

and the pathway parameter ζ < 1. Then, we get

(
P γ,δ,0,ζ;a
0+ tℵ−1 ΨFα,β

p,q (λ, µ; ν; ztω)
)
(x) =

xℵ−δΓ
(
1 + γ−1

1−ζ

)
[a(1− ζ)]ℵ

∗ ΨFα,β
p,q

(
λ, µ; ν;

zxω

[a(1− ζ)]ω

)
2Ψ1

 (ℵ, ω), (1, 1)
zxω

[a(1−ζ)]ω(
1 + ℵ+ γ−1

1−ζ
, ω

)
 .

Corollary 3.5. Let x ∈ R+, z, γ,ℵ ∈ C, a > 0, ℜ(δ) > 0, ℜ(ω) > 0, ℜ(λ) > 0,
ℜ(ν) > ℜ(µ) > 0, ℜ (γ − 1) > 0, min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0.
Then, we obtain(
P γ,δ,0,1;a
0+ tℵ−1 ΨFα,β

p,q (λ, µ; ν; ztω)
)
(x) =

xℵ−δ

[a(γ − 1)]ℵ
ΨFα,β

p,q

(
λ, µ; ν;

zxω

[a(γ − 1)]ω

)

∗ 2Ψ0

 (ℵ, ω), (1, 1)
zxω

[a(γ−1)]ω

−

 .
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4. Fractional Differentiations

Lemma 4.1. ([9]) Let η, η′, ρ, ρ′, τ ∈ C and x > 0, such that ℜ(τ) > 0 and
ℜ(ℵ) > max{0,ℜ(τ − η − η′ − ρ′),ℜ(ρ− η)}. Then, we have(

Dη,η′,ρ,ρ′,τ
0,x tℵ−1

)
(x) = xℵ−τ+η+η′−1 Γ(ℵ)Γ(ℵ − τ + η + η′ + ρ′)Γ(ℵ − ρ+ η)

Γ(ℵ − ρ)Γ(ℵ − τ + η + η′)Γ(ℵ − τ + η + ρ′)
.

The following equations are true for x > 0:

1. If ℜ(τ) > 0 and ℜ(η) > −max{0,ℜ(η + ρ+ τ)}, then(
Dη,ρ,τ

0,x tℵ−1
)
(x) = xℵ+ρ−1Γ(ℵ)Γ(ℵ+ η + ρ+ τ)

Γ(ℵ+ ρ)Γ(ℵ+ τ)
.

2. If ℜ(η) > ℜ(ℵ), then (
Dη

0,xt
ℵ−1

)
(x) = xℵ−η−1 Γ(ℵ)

Γ(ℵ − ρ)
.

3. If ℜ(η) > 0, and ℜ(ℵ) > −ℜ(η + τ), then(
Dη,τ

0,xt
ℵ−1

)
(x) = xℵ−1Γ(ℵ+ η + τ)

Γ(ℵ+ τ)
.

Lemma 4.2. ([9]) Let η, η′, ρ, ρ′, τ ∈ C and x > 0, such that ℜ(τ) > 0 and
ℜ(ℵ) < 1 + min{ℜ(ρ′),ℜ(τ − η − η′),ℜ(ρ− η)}. Then, we get(

Dη,η′,ρ,ρ′,τ
x,∞ tℵ−1

)
(x) = xℵ−τ+η+η′−1

× Γ(1− ℵ+ η′)Γ(1− ℵ+ τ +−η − η′)Γ(1− ℵ+ τ − η′ − ρ)

Γ(1− ℵ)Γ(1− ℵ+ τ − η − η′ − ρ)Γ(1− ℵ − η′ − ρ)
.

The following equations are true for x > 0:

1. If ℜ(η) > 0 and ℜ(ℵ) < 1 + min{ℜ(−ρ−∆),ℜ(η + τ)}, then(
Dη,ρ,τ

x,∞ tℵ−1
)
(x) = xℵ+ρ−1Γ(1− ℵ − ρ)Γ(1− ℵ+ η + τ)

Γ(1− ℵ)Γ(1− ℵ+ τ − ρ)
.

2. If ℜ(η) > 0, and ℜ(ℵ) < 1 + ℜ(η)−∆, then(
Dη

x,∞tℵ−1
)
(x) = xℵ−η−1Γ(1− ℵ+ η)

Γ(1− ℵ)
.
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3. If ℜ(η) > 0, and ℜ(ℵ) < 1 + ℜ(η + τ)−∆, then(
Dη,τ

x,∞tℵ−1
)
(x) = xℵ−1Γ(1− ℵ+ η + τ)

Γ(1− ℵ − τ)
.

Theorem 4.1. Let η, η′, ρ, ρ′, τ ∈ C and x > 0, such that ℜ(ω) > 0, ℜ(λ) > 0,
ℜ(τ) > 0, ℜ(ν) > ℜ(µ) > 0 and min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0,
ℜ(ℵ) > max{0,ℜ(τ − η − η′ − ρ′),ℜ(ρ− η)}. Then, we obtain(

Dη,η′,ρ,ρ′,τ
0,x tℵ−1 ΨFα,β

p,q (λ, µ; zt
ω)
)
(x) = xℵ−τ+η+η′−1 ΨFα,β

p,q (λ, µ; zx
ω)

∗ 3Ψ2

 (ℵ, ω), (ℵ − τ + η + η′ + ρ′, ω), (ℵ − ρ+ η, ω), (1, 1)
zxω

(ℵ+ ρ, ω), (ℵ − τ + η + η′, ω), (ℵ − τ + η + ρ′, ω)

 .

Proof. Using (2) and changing the order of summation and integral operator gives

D1 =
∞∑
n=0

(λ)n

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)

zn

n!

(
Dη,η′,ρ,ρ′,τ

0,x tτ+nℓ−1
)
(x).

Then, we have

D1 =
∞∑
n=0

(λ)n

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)n!

× Γ(ℵ+ nω)Γ(ℵ − τ + η + η′ + ρ′ + nω)Γ(ℵ − ρ+ η + nω)Γ(1 + n)

Γ(ℵ+ ρ+ nω)Γ(ℵ − τ + η + η′ + nω)Γ(ℵ − τ + η + ρ′ + nω)n!
(xωz)n.

Considering the Hadamard convolution (product), the desired result is achieved.

Corollary 4.1. Let η, η′, ρ, ρ′, τ ∈ C, x > 0, ℜ(ω) > 0, ℜ(ν) > ℜ(µ) > 0,
ℜ(τ) > 0, ℜ(ℵ) > max{0,ℜ(τ − η − η′ − ρ′),ℜ(ρ − η)}, min{ℜ(p),ℜ(q)} > 0,
min{ℜ(α),ℜ(β)} > 0. Then, we have(

Dη,η′,ρ,ρ′,τ
0,x tℵ−1 ΨΦα,β

p,q (µ; ν; zt
ω)
)
(x) = xℵ−τ+η+η′−1 ΨΦα,β

p,q (µ; zx
ω)

∗ 3Ψ2

 (ℵ, ω), (ℵ − τ + η + η′ + ρ′, ω), (ℵ − ρ+ η, ω), (1, 1)
zxω

(ℵ+ ρ, ω), (ℵ − τ + η + η′, ω), (ℵ − τ + η + ρ′, ω)

 .

Corollary 4.2. Let η, η′, ρ, ρ′, τ ∈ C and x > 0, such that ℜ(ω) > 0, ℜ(λ) > 0,
ℜ(ν) > ℜ(µ) > 0 and min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0, ℜ(τ) > 0,



168 J. of Ramanujan Society of Mathematics and Mathematical Sciences

ℜ(η) > −max{0,ℜ(η + ρ+ τ)}. Then, we get(
Dη,ρ,τ

0,x tℵ−1 ΨFα,β
p,q (λ, µ; ; zt

ω)
)
(x)

= xτ+λ−1ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; zxω) ∗ 3Ψ2

 (ℵ, ω), (ℵ+ τ + ρ, ω), (1, 1)
zxω

(ℵ+ ρ, ω), (ℵ+ ρ, ω)

 .

Corollary 4.3. Let η, η′, ρ, ρ′, τ ∈ C and x > 0, such that ℜ(ω) > 0, ℜ(λ) > 0,
ℜ(ν) > ℜ(µ) > 0 and min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0, ℜ(η) > ℜ(ℵ).
Then, we obtain(

Dη
0,xt

ℵ−1 ΨFα,β
p,q (λ, µ; ; zt

ω)
)
(x)

= xℵ−η−1ΨFΛ,Υ
,ℑ (υ, ϕ;φ; zxℓ) ∗ 2Ψ1

 (τ, ℓ), (1, 1)
zxℓ

(τ − κ, ℓ)

 .

Corollary 4.4. Let η, η′, ρ, ρ′, τ ∈ C and x > 0, such that ℜ(ω) > 0, ℜ(λ) > 0,
ℜ(ν) > ℜ(µ) > 0 and min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0, ℜ(η) > 0 and
ℜ(ℵ) > −ℜ(η + τ). Then, we have(

Dη,τ
0,xt

ℵ−1 ΨFα,β
p,q (λ, µ; ν; zt

ω)
)
(x)

= xℵ−1 ΨFα,β
p,q (λ, µ; ν; zx

ω) ∗ 2Ψ1

 (ℵ+ τ + η, ω), (1, 1)
zxω

(ℵ+ τ, ω)

 .

Theorem 4.2. Let η, η′, ρ, ρ′, τ ∈ C and x > 0, such that ℜ(ω) > 0, ℜ(λ) > 0,
ℜ(τ) > 0, ℜ(ν) > ℜ(µ) > 0 and min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0,
ℜ(ℵ) < 1 + min{ℜ(ρ′),ℜ(τ − η − η′),ℜ(ρ− η)}. Then, we get(

Dη,η′,ρ,ρ′,τ
x,∞ tℵ−1 ΨFα,β

p,q (λ, µ; zt−ω)
)
(x) = xℵ−τ+η+η′−1 ΨFα,β

p,q (λ, µ; zx−ω)

∗ 3Ψ2

 (1− ℵ+ ρ′, ω), (1− ℵ+ τ − ρ− ρ′, ω), (1− ℵ+ τ − η − ρ′, ω), (1, 1)
zx−ω

(1− ℵ, ω), (1− ℵ+ τ − η − η′ + ρ, ω), (1− ℵ − η′ + ρ′, ω)

 .

Proof. Using (2) and changing the order of summation and integral operator gives

D2 =
∞∑
n=0

(λ)n

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)

zn

n!

(
Dη,η′,ρ,ρ′,τ

x,∞ tτ−nℓ−1
)
(x).
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Then, we get

D2 =
∞∑
n=0

(λ)n

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)n!

Γ(1− ℵ+ ρ′, ω)Γ(1− ℵ+ τ − ρ− ρ′ + nω)

Γ(1− ℵ+ nω)Γ(1− ℵ+ τ − η − η′ + ρ+ nω)

× Γ(1− ℵ+ τ − η − ρ′ + nω)Γ(1 + n)

Γ(1− ℵ − η′ + ρ′ + nω)n!
(xωz)n

Considering the Hadamard convolution (product), the desired result is achieved.

Corollary 4.5. Let η, η′, ρ, ρ′, τ ∈ C and x > 0, such that ℜ(ω) > 0, ℜ(τ) > 0,
ℜ(ν) > ℜ(µ) > 0 and min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0 and also let
ℜ(ℵ) < 1 + min{ℜ(ρ′),ℜ(τ − η − η′),ℜ(ρ− η)}. Then, we obtain(

Dη,η′,ρ,ρ′,τ
x,∞ tℵ−1 ΨΦα,β

p,q (µ; zt
−ω)

)
(x) = xℵ−τ+η+η′−1 ΨΦα,β

p,q (µ; zx
−ω)

∗ 3Ψ2

 (1− ℵ+ ρ′, ω), (1− ℵ+ τ − ρ− ρ′, ω), (1− ℵ+ τ − η − ρ′, ω), (1, 1)
zx−ω

(1− ℵ, ω), (1− ℵ+ τ − η − η′ + ρ, ω), (1− ℵ − η′ + ρ′, ω)

 .

Corollary 4.6. Let η, η′, ρ, ρ′, τ ∈ C and x > 0, such that ℜ(ω) > 0, ℜ(λ) > 0,
ℜ(ν) > ℜ(µ) > 0, min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0, ℜ(η) > 0 and
ℜ(ℵ) < 1 + min{ℜ(−ρ−ℜ(η)− 1),ℜ(η + τ)}. Then, we have(

Dη,ρ,τ
x,∞ tℵ−1 ΨFα,β

p,q (λ, µ; ν; zt
−ω)

)
(x) = xℵ+ρ−1 ΨFα,β

p,q (λ, µ; ν; zx
−ω)

∗ 3Ψ2

 (1− ρ− ℵ, ω), (τ.η − ℵ+ 1, ω), (1, 1)
zx−ω

(1− ℵ, ω), (τ − ρ− ℵ+ 1, ω)

 .

Corollary 4.7. Let η, η′, ρ, ρ′, τ ∈ C and x > 0, such that ℜ(ω) > 0, ℜ(λ) > 0,
ℜ(ν) > ℜ(µ) > 0, min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0, ℜ(η) > 0 and
ℜ(ℵ) < 1 + ℜ(η)−ℜ(η)− 1. Then, we get(

Dη
x,∞tℵ−1 ΨFα,β

p,q (λ, µ; ν; zt
−ω)

)
(x)

= xℵ−η−1 ΨFα,β
p,q (λ, µ; ν; zx

−ω) ∗ 2Ψ1

 (1 + η − ℵ, ω), (1, 1)
zx−ω

(1− ℵ, ω)

 .

Corollary 4.8. Let η, η′, ρ, ρ′, τ ∈ C and x > 0, such that ℜ(ω) > 0, ℜ(λ) > 0,
ℜ(ν) > ℜ(µ) > 0, min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0, ℜ(η) > 0 and
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ℜ(ℵ) < 1 + ℜ(η + τ)−ℜ(η)− 1. Then, we obtain(
Dκ,µ

x,∞tℵ−1 ΨFα,β
p,q (λ, µ; ν; zt

−ω)
)
(x)

= xℵ−1 ΨFα,β
p,q (λ, µ; ν; zx

−ℓ) ∗ 2Ψ1

 (η + τ − ℵ+ 1, ω), (1, 1)
zx−ω

(1− τ − ℵ, ω)

 .

5. Applications to Fractional Kinetic Equation
The solution of fractional kinetic equations has been observed by many math-

ematicians using various generalizations of the Mittag-Leffler function. In this
section, we use the two-parameter Mittag-Leffler (Wiman’s) function and Sumudu
transform to study the solution of the fractional kinetic equation.

Theorem 5.1. Let α, d, ω > 0, λ, µ, ν ∈ C, ℜ(ω) > 0, ℜ(λ) > 0, ℜ(ν) > ℜ(µ) > 0,
min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0 when p = q = 0. The the solution of
fractional kinetic equation

Ω(t)− Ω0
ΨFα,β

p,q (λ, µ; ν; dωtω) = −αω
0D

−ω
t Ω(t), (15)

is given by

Ω(t) = Ω0

∞∑
n=0

(λ)n

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)

(dωtω)n

n!
Γ(nω + 1)Eω,nω (−αωtω) . (16)

Proof. Using the Sumudu transform in (8) to (15), gives

S{Ω(t); s} = Ω0

∞∑
n=0

(λ)n

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)

dnω

n!
S {tnω; s}−αωS

{
0D

−ω
t ; s

}
. (17)

Using the result from (10) to (17) and simplifying, we have

Ω(s) = Ω0

∞∑
n=0

(λ)n

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)

dnω

n!
Γ(nω+1)

{
∞∑
u=0

(−1)uαuωsω(n+u)

}
. (18)

Applying the inverse Sumudu transform in (9) to (18) and simplifying, we get

Ω(t) = Ω0

∞∑
n=0

(λ)n

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)

(dωtω)n

n!
Γ(nω + 1)

∞∑
u=0

(−αωtω)

Γ(nω + uω + 1)
. (19)

Applying (7) to (19) gives the desired result in (16).
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Corollary 5.1. Let α, d, ω > 0, µ, ν ∈ C, ℜ(ν) > ℜ(µ) > 0, min{ℜ(p),ℜ(q)} > 0,
min{ℜ(α),ℜ(β)} > 0 when p = q = 0. The fractional kinetic equation

Ω(t)− Ω0
ΨΦα,β

p,q (µ; ν; dωtω) = −αω
0D

−ω
t ℵ(t),

has a solution

Ω(t) = Ω0

∞∑
n=0

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)

(dωtω)n

n!
Γ(nω + 1)Eω,nω (−αωtω) .

Theorem 5.2. Let d, ω > 0, λ, µ, ν ∈ C, ℜ(λ) > 0, ℜ(ν) > ℜ(µ) > 0,
min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0 when p = q = 0. Then the fractional
kinetic equation

Ω(t)− Ω0
ΨFα,β

p,q (λ, µ; ν; dωtω) = −dω0D
−ω
t Ω(t),

is given by

Ω(t) = Ω0

∞∑
n=0

(λ)n

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)

(dωtω)n

n!
Γ(nω + 1)Eω,nω (−dωtω) .

Proof. The proof of this theorem follow directly from Theorem 5.1.

Corollary 5.2. Let d, ω > 0, µ, ν ∈ C, ℜ(ν) > ℜ(µ) > 0, min{ℜ(p),ℜ(q)} > 0,
min{ℜ(α),ℜ(β)} > 0 when p = q = 0. Then the solution of fractional kinetic
equation

Ω(t)− Ω0
ΨΦα,β

p,q (µ; ν; dωtω) = −dω0D
−ω
t Ω(t),

is given by

Ω(t) = Ω0

∞∑
n=0

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)

(dωtω)n

n!
Γ(nω + 1)Eω,nω (−dωtω) .

Theorem 5.3. Let d, ω > 0, λ, µ, ν ∈ C, ℜ(λ) > 0, ℜ(ν) > ℜ(µ) > 0,
min{ℜ(p),ℜ(q)} > 0, min{ℜ(α),ℜ(β)} > 0 when p = q = 0. Then the solution of
fractional kinetic equation

Ω(t)− Ω0
ΨFα,β

p,q (λ, µ; ν; t) = −dω0D
−ω
t ℵ(t),

is given as

Ω(t) = Ω0

∞∑
n=0

(λ)n

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)
tnEω,n (−dωtω) .
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Proof. The proof of this theorem follow directly from Theorem 5.1.

Corollary 5.3. Let d, ω > 0, µ, ν ∈ C, ℜ(ν) > ℜ(µ) > 0, min{ℜ(p),ℜ(q)} > 0,
min{ℜ(α),ℜ(β)} > 0 when p = q = 0. Then the fractional kinetic equation

Ω(t)− Ω0
ΨΦα,β

p,q (µ; ν; t) = −dω0D
−ω
t ℵ(t),

is given as

Ω(t) = Ω0

∞∑
n=0

ΨBα,β
p,q (µ+ n, ν − µ)

B(µ, ν − µ)
tnEω,n (−dωtω) .

6. Conclusion
The generalized Gauss and confluent hypergeometric functions given in (2)

and (3) are generalization of many existing Gauss and confluent hypergeometric
functions, see for example Chaudhry et al. [5], Şahin et al. [17] and Choi et al.
[6], therefore, a variety of pathway fraction integral formulas, fractional differential
composition formulas, and fractional kinetic equations can be obtained as special
cases by suitably replacing the parameters.
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