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1. Introduction

Special functions of fractional calculus such as gamma, beta, zeta, hypergeo-
metric and Mittag-Leffler functions are plays a very important role in various fields
such as physics, statistics, black hole theory, string theory and so on. Many re-
searchers have studied these functions, the interested readers may refer to some
recent articles on topics Abubakar and Patel [1], Abubakar [2], Ata and Kiymaz
[3], [4] and Mobeen et al. [11]. The following new extended beta function with
bi-Fox-Wright function kernel was studied by Kaurangini et al. [7]:

(au Ai)l,f (Ck, Ck)l,n
B (x,y) = YBYY T,y
(bj7Bj)1,n (dlaDl)l,v

_ /Oltw—lu o, (2 v, (_ (1jt)5)dt,

where min{R(«a), R(5)} > 0, min{R(p),R(¢)} > 0, min{R(x),R(y)} > 0. Also
here the (W, (-) is the generalized Wright function defined for z,a;,b; € C and
A;,BjeRforalli=1,2,...,& j=1,2,...,n by the series in [§]

(ai, Ai)1e H ['(a; +nA;) 2"
=t (b, Bj)1n ) Z L'(b; +”B) W

They also (Kaurangini et al. [7]) introduced the following new extended Gauss and
confluent hypergeometric functions for ®(v) > R(u) > 0 respectively:

(ai> Ai)1,§ (Ck7 Ck)l,n
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The Merichev-Saigo-Maeda fractional integral operators are a type of generalized
fractional integral operator that use Horn’s function as their kernel. They were

first introduced by Merichev in 1974 [10] and later studied in 1998 by Saigo and
Maeda [16]. The operators are defined as follows:

’ /o x~" z o r_ t T
(Ig::::] e f) (il?) = F(T) /0 " ([If—t) 1F3 <77777/7 Ps plaT; 1- ;7 1 - ?) f(t)dt (4)
and
/ / .T_n, e _ — T t
(Ig:gOmm ’Tf> (x) = F(T) / t n(t_x) 1F3 (na nlapa pla T, - ?7 1- 5) f(t)dt, (5)

where 0,1/, p,p/,7 € C, x € RT and R(7) > 0. Also here the F3(-) is the Horn’s
function defined in Rainville [15] as

(a1 (P)n(p)r y" 2"
B ool i) = Y PPUEPRAELEE a2 < 1),
n,r=0 nrr o

The Merichev-Saigo-Maeda fractional differential operators are defined by using
integral formulas in (4) and (5) as follows:

’ ! d A ! —o—T
(Dg:g 0.0 f) (z) (dx) (1-07;7, n,—p' +A,—p, +Af) (z)
and

, A\ (s
<D2:20,p,p T ) (.T) — (_@) <Iz—720,—77,—f’ 7_P+A,—T+Af> (I),

where A = R(7) + 1.

In this article, we will explore other properties and applications of the generalized
Gauss and confluent hypergeometric functions in (2) and (3) by using the general-
ized pathway fractional integral operator, fractional differentiation and fractional
kinetic equation. This article is organized as follows: In Section 2, the basic defini-
tions are given. In Section 3, the generalized pathway fractional integral operator
involving new generalized hypergeometric function is investigated. In Section 4,
fractional differential operators of the new generalized hypergeometric function is
studied. In Section 5, covers the applications of the new generalized fractional
kinetic equation. In Section 6, conclusion is discussed.
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2. Preliminaries
In this section, we give the basic definitions needed throughout this article.

Definition 2.1. ([14]) Pohlen defined the Hadamard convolution (product) for the
two power series h(z) = a,2" (|z| < Rp) and k(z) = b,2" (|z| < Ry), where Ry,
and Ry are the radii of convergence is given by

(hk)(2) = anbpz" = (kxh)(z) (RyRy < R). (6)
Definition 2.2. ([20]) The Wiman’s function is defined by
E ; .
e ;FWH (0,5 € C; R(W) > 0,R(s) > 0) (7)
Definition 2.3. ([19]) The Sumudu transform is defined by

S{f(t):s) = / " F(st) exp(—t)dt = G(s) (8)

and
tT 1

st} = )

The Sumudu transform of the Riemann-Liouville fractional derivative operator is
also given in [18] as

(R(7) > 0). (9)

S{oD;Tf(t);s} =s" (10)
3. Generalized Pathway Fractional Integral
Definition 3.1. ([12], [13]) If f(x) € RY and let v,0,¢e € C, x € RT, such that
a>0,R (1 + 1’%2) > 0, R(e — d) > 0, then for the pathway parameter ¢ < 1, the

generalized pathway fractional integral operator is defined by

<P07+’6’6’<;af> (r) = x 0 /Ob (1 _ a(l ; Ot> =
a(l

7-1 -1 — )t
F{——+4+0+1— ;1 — ———~ t)dt, (11
X21(1_<++ 71_C+a x f()a( )
where b = -5t

Remark 3.1. ([13]) The fractional integral operator in the equation (11) also
allows for the following deductions.
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1. If R(y) > 0 when a = 1 and ¢ = 0, the equation (11) reduces to the Saigo
fractional integral operator in the following:

(Po2etr) (@) = 2T() (177 ) ().

2. If R(vy) > 0 when a =1, ( =0, 6 = —, then the equation (11) reduces to
the Riemann-Liouville fractional integral operator below:

(B f) () = 2T(y) (1. f) ().

3. If R(y) > 0 when a =1, ( =0, § =0, then the equation (11) reduces to the
Erdelyi-Kober fractional integral operator given by:

(R ) (2) = () (I f) ()

4. If R(y — 1) > 0 and putting € = 0, then the equation (11) reduces to the
classical fractional integral operator given as:

(R2o9ef) (@) =27 (P40 ) (@),

5. If R(y — 1) > 0 and substituting e = 0 and { — 1_, then the equation (11)
reduces to the classical pathway fractional integral operator given as:

(ryser) @ = o { sy 02

lim
¢—1

Lemma 3.1. ([13]) The pathway factional integral operator of power function is

s rmﬂXN—5+6W(1+%%>

: 12
mu—owrm—®r0+a+e+ga (12

(Pg_;é’e’c;atN_l> (ZE) _

where x € RT, v,0,,8 e C,a >0, R <1 + 1’%;) >0, R(e—39) > 0 and the pathway
parameter ¢ < 1.

Theorem 3.1. Let x € R* and z,7,0,¢,X € C, such that a > 0, R (1 + E) >0,
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Re—10) >0, Rw) >0, R(A) > 0, R(v) > R(p) > 0, min{R(p),R(¢)} > 0,
min{R(a), R(5)} > 0 and the pathway parameter ¢ < 1. Then, we have

(Ppecotst Y ER? (O, piws 2) ) ()

2RO (1+} 2) ¥ ot (}\ . on )
a1 —OF Y =
(N, w), RW=0+ew), (1,1)
* 5 Uy [a(lzfg)]“’ ) (13)
(N—é,w),( +N+e+¥ 5w

Proof. Let P be the left-hand side of (13), then using (2), (11) and changing the
order of summation and pathway fractional integral operator, gives

- ‘PBaﬂ(u+nv—u)z"
j = z (PV“%NW" 1) . 14

n:O

Applying equation (12) to (14), lead us to

POT (1) & VBt e — )
i Gy T I Ty

F(N+nw)l'(R =9 + € +nw)['(1 +n) ( oy )n
'R —0§+nw)l <1+N+€+7 +nw> [a(1— Q)

Using the Hadamard convolution (product) in (6) and Fox-Wright function in (1),
the desired result in (13) is obtained.

Corollary 3.1. Let z € RY, 2,7,0,¢,8 € C, R(vy) > 0, R(w) > 0, R(A\) > 0
R(e =0) > 0, R(v) > R(u) > 0, min{R(p), R(¢)} > 0, min{R(a),R(5)} > 0.
Then, we get

(PJL‘S’G’O;ltN’l YESE (N s v; Zt”)) (x) = 2T (7) YEp (A s v; 22%)
(N, w), R —0+¢€w),(1,1)

* 3Wy 2T

(N-(S,W),(’Y+N+€,W)
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Corollary 3.2. Let x € RT, z,v,¢,X € C, R(v) > 0, Rw) > 0, R(A) > 0
R(v) > R(p) > 0, min{R(p), R(q)} > 0, min{R(«),R(B)} > 0. Then, we obtain

(Po e VB (s 229) ) (a)
(N, w), (1,1)
T () YESS (A, s v; 2a) % o0y zz¥ | .
(N+7,w)

Corollary 3.3. Let v € RT, z,v,¢,8 € C, R(vy) > 0, R(e) > 0, R(w) > 0,
R(A) > 0, R(v) > R(p) > 0, min{R(p), R(¢)} > 0, min{R(«),R(5)} > 0. Then,
we have

(PJLO’“O”I?M YE O\ v 2t?) ) ()
(R +€w),(1,1)
2T () ‘IIFpoff (A, i v; za%) % oWy [ zx¥ ] :
(N+v+€w)

Corollary 3.4. Let z € RY, 2,7, 6,8 € C, a > 0, () > 0, R(w) >0, R(N\) >0
R(v) > R(w) > 0, R (1+F2) > 0, min{R(p). R(9)} > 0, min{R(a), R(B)} > 0
and the pathway parameter ¢ < 1. Then, we get

5 -1
A (14 322)

76’07 ;a - «, . . w —
(P(;Y+ ¢ tN ! \IjFp,qB (Avu) v zt )) (I’) -

la(1 = OF
(N, w), (1,1)
x VS (A,u; Y= OF)? (1295 ) RO-0F
- 1
(1+8+ 15w

Corollary 3.5. Let x € RT, z,7,X € C, a > 0, R(0) >
Rv) > R(p) > 0, R(y—1) > 0, min{R(p), R(q)}

Then, we obtain

0, R(w) >0, R(A) >0
0, min{R(«), R(5)} > 0.

\/\_/

7,6,0,1;a,8—1 ¥ aﬁ w LA ¥ pa.p —wa
(PO+ T (A s 2t )) (z) = A= e \ MV D TR

(R, w), (1,1)
*2%o FO-DF | -
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4. Fractional Differentiations
Lemma 4.1. ([9]) Let n,7,p,p',7 € C and x > 0, such that R(t) > 0 and
RR) > max{0,R(t —n—n"—p),R(p—n)}. Then, we have

PR)TR —74+n+7"+p ) TR —p+n)
IR=p IR =7 +n+7)IR=T7+n+p)

/ / _ _ !

The following equations are true for x > 0:
1. If R(7) > 0 and R(n) > —max{0,R(n+ p+ 1)}, then

_ LI+ +p+71)
Dn,p,TtN 1 — N4p—1
(Po ) () = R R+ )

2. If R(n) > R(N), then

I'(R)

(Dg.t"") (2) = xN_"_lm-

3. If R(n) > 0, and R(R) > —R(n + 7), then
_ IR +n+71)
0,7 R-1 xR+ +7)
(DE7t ) (z) == TNt

Lemma 4.2. ([9]) Let n,7,p,p',7 € C and x > 0, such that R(T) > 0 and
RN) < 14+ min{R(p),R(t —n—7"),R(p—n)}. Then, we get
RR -
F'1—N+7)I1-=X+74+-—n—9)I'1-R4+7—0"—p)
F1-—NT1-N+7—n—0—p)FA1-R—n—p)

The following equations are true for x > 0:
1. If R(n) > 0 and R(N) < 1 +min{R(—p — A),R(n+ 1)}, then

wpp 1 L(L=R=p)I'(1 =R +n+7)
F1—NI(1-X+7-p)

(D2 @) = 2

2. If R(n) > 0, and R(N) <1+ R(n) — A, then

N—n—lr(l — N+ 77) )
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3. If R(n) >0, and R(N) <1+ RN(n+7) — A, then

F'l—N+n+r71)
Fr1—-N—-7)

(DZ:;tN—I) (lL‘) — xN—l

Theorem 4.1. Let n,n',p,p',7 € C and x > 0, such that R(w) > 0, RK(A) > 0
R(t) > 0, R(v) > R(p) > 0 and min{R(p),R(¢)} > 0, min{R(«a),R(B)} > 0,
R(N) > max{0,R(r —n—n"—p),R(p—n)}. Then, we obtain

(DR VB s 21) ) () = T Y S (0 s 2a)

N, w), R =7+n+n+p,w), ®-p+nw),(1,1)
* 3Wy 2
(N+P7W)»(N_7'+77+77/7W)7(N_7+77+PI7W)

w

Proof. Using (2) and changing the order of summation and integral operator gives

[e.9]

Y By (wAn,v — p) 2
B(uv—p) nl

(Dnn 0,0 TtT—l-nE 1) (.T)

Then, we have

00 v Da, .

— " B(u,v— p)n!

IR+n) R =7+n+17+p +n0)I'(R = p+n+nw)l'(1+n)
IR+ p+nw)l(R—=74+n+7+nw)[(R—7+n+p + nw)n!

x¥z)".

Considering the Hadamard convolution (product), the desired result is achieved.

Corollary 4.1. Let n,7,p,p,7 € C, z > 0, Rw) > 0, R(v) > R(u) > 0
R(t) > 0, RN) > max{0,R(t —n —n" —p),R(p — n)}, min{R(p),R(q)} > 0,
min{R(a), R(5)} > 0. Then, we have

<D7777 0,0 'rtN 1 \II(I)Q'B(ILL,V th))( ) .CI?N T+n+n'—1 \I/(Da,é’(lu7 ZiL‘

Rw), R=7+n+717+p,w), R-p+nw)
* gy
R4+p,w), R=7+n+7,w), R=7+n+p,w)

Corollary 4.2. Let n,n',p,p/,7 € C and x > 0, such that R(w) > 0, R(N)
R(v) > R(p) > 0 and min{R(p), R(q)} > 0, min{R(a), R(3 )} 0, R(7)

\/\/

\.
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R(n) > —max{0,R(n+p+7)}. Then, we get

(De2™ 7 YO\ s 2t)) (@)
(R,w), R+7+p,w), (1,1)
- J}T+>\_1‘PF$§(U, b; ;5 22%) * 3Ws Za
R+ p,w), N+ p,w)

Corollary 4.3. Let n,7/,p,p',7 € C and z > 0, such that R(w) > 0, R(\) > 0,
R(v) > R(s) > 0 and min{R(p), R(q)} > 0, min{R(a), R(A)} > 0, R(n) > ROV

Then, we obtain
(Dg,xtN_l VEST O 3 th)) ()
(1,0),(1,1)
= xN_"_l\I’Eg’T(U, o5 p; Z:Lj) * oWy 2zt
(T - K, ﬂ)
Corollary 4.4. Let n,n,p,p',7 € C and z > 0, such that R(w) > 0, R(\) > 0,

R(v) > R(p) > 0 and min{R(p), R(¢)} > 0, min{R(«a),R(5)} > 0, R(n) > 0 and
R(N) > —R(n+ 7). Then, we have

<Dg,’;tN_1 YO\ vy Zt“)> ()

= N1 ‘I’F;’ff()\, W v; 2 % oWy za®

N+74+nw),(1,1) ]
(N+7,w)

Theorem 4.2. Let n,n',p,p',7 € C and x > 0, such that R(w) > 0, R(\) >
R(r) > 0, R(v) > R(p) > 0 and min{R(p),R(¢)} > 0, min{R(a), R(B)} >
RN) < 14+ min{R(p"),R(T —n—17'),R(p—n)}. Then, we get

zx~¥ ] .

Proof. Using (2) and changing the order of summation and integral operator gives

0,
0

Y

(Dgzgé,p’p/,ftxfl \PFﬁf(A,M;waD (x) — xN*T‘HTFT]’fl \I}Fpof(}ﬁ(/\Mf«; Zl.*o.))

(I_N_'_p/vw)a(l_N+T_p_pl?w)a(1_N+T_77_plaw)v(171)
* 3Wo

(1—Naw)>(1—N+T—77—77/+P7W)a(1—N—U/‘f‘P/aW)

> YBYB (4 n, v — ) 2n -
D, = E A pq ’ ) (Dnm 0P ,TtT—nf—l) ]
2 ( ) B(,u, U M) nl x,00 (ZL’)

n=0
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Then, we get

oo

D _Z()\) \IIBI%B(N‘FN,I/_M) F1-=R+4+p,w)l(1=N+7—p—p +nw)

2= 2 Byl TRt )T R b7~ 4 p+ )
PA-Rt7—n—p+n)l(1+n) . .

(1 =N—=n+p +nw)n!

Considering the Hadamard convolution (product), the desired result is achieved.

Corollary 4.5. Let n,n/,p,p',7 € C and z > 0, such that R(w) > 0, (1) > 0,
R(v) > R(p) > 0 and min{R(p), R(q)} > 0, min{R(a),R(5)} > 0 and also let
RN) < 1T+ min{R(p"),R(t —n—1'),R(p—n)}. Then, we obtain

zxr¥ ] .

Corollary 4.6. Let n,1,p,p/,7 € C and x > 0, such that R(w) > 0, R(\) > 0,
R(v) > R(p) > 0, min{R(p),R(q)} > 0, min{R(a),R(B)} > 0, R(n) > 0 and
RN) <1+ min{?R(—p —R(n) —1),R(n+7)}. Then, we have

<D7777 0,0 TtN 1 qj‘baﬁ(u,zt w)) (l‘) N T4+n+n -1 \I}(I’aﬁ(,mzx UJ)

(].*N‘Fp,w),(l*N+T*[)*[),W),(1*Nﬂ”T*’I’]*p,w),(l,l)
* 3 Wy

(]‘_N7w))(1_N+T_77_n/+paw)v(1_N_n,+pluw)

(DRoct = ¥ ERP O s 2t7) ) () = 240! wI“W(A s v; ze )

(1_P—N>W)>(T77 N+1w
* 3Wy

(1-Nw),(t—p—N+1,w)
RN

Corollary 4.7. Let n,n,p,p,7 € C and x > 0, such that R(w) > 0, 0,
R(v) > R(p) > 0, min{R(p), R(¢)} > 0, min{R(a),R(5)} > 0, R(n) > O and
R(N) <14+ R(n) —R(n) — 1. Then, we get

(D1t VB O v 7)) ()

(1 + n— va)v (L ]-)
= Nt \I'F;ff()\, Wy v; zeY) k oWy zxv
(1-X w)

Corollary 4.8. Let n,n,p,p,7 € C and x > 0, such that R(w) > 0, R(A) > 0,
R(v) > R(p) > 0, min{R(p),R(¢)} > 0, min{R(a), R(B)} > 0, R(n) > 0 and
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RN) <14+ R(n+7)—R(n) — 1. Then, we obtain

K, N—1 ¥ ra,B . —w
(Dt VB O s 2t7) ) ()

m+7—-N+1,w),(1,1)
Nt \I’Flg’ff(}\, W V5 zw’e) x oW zr—v
(1—7—-Nw)

5. Applications to Fractional Kinetic Equation

The solution of fractional kinetic equations has been observed by many math-
ematicians using various generalizations of the Mittag-LefHler function. In this
section, we use the two-parameter Mittag-Leffler (Wiman’s) function and Sumudu
transform to study the solution of the fractional kinetic equation.

Theorem 5.1. Let a,d,w > 0, A\, i, v € C, R(w) >0, R(A) >0, R(v) > R(u) >0
min{R(p), R(q)} > 0, min{R(a),R(B)} > 0 when p = ¢ = 0. The the solution of

fractional kinetic equation
1) = Qo YE (A v d91°) = —a® Dy Q(t), (15)
18 given by
= UBSP (A, v — ) (det)”
Qt) =Q Mn
6= B(p,v —p) n!

n=0

I'(nw + 1) By pw (—a“t?) . (16)

Proof. Using the Sumudu transform in (8) to (15), gives

S{t): 5} = 2% Y (W

S{t”“’ s}—a“S{oD;¥;s}. (17)

Using the result from (10) to (17) and simplifying, we have

> YBEB (w4 n, v — p) d

Q(s) = Qo ZO‘)" MB(u v —7u) FF(”“HL 1) {Z( 1)u0‘uw3w(n+u)} . (18)

Applying the inverse Sumudu transform in (9) to (18) and simplifying, we get

(M+” v — )(dw#u)n > w#u)
=0 1) . (19
OZ B(p,v — ) n! [ + Zan—i—uw—i—l) (19)

u=

Applying (7) to (19) gives the desired result in (16).
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Corollary 5.1. Let a,d,w >0, p,v € C, R(v) > R(u) > 0, min{R(p), R(q)} > 0,
min{R(«),R(S)} > 0 when p = q=0. The fractional kinetic equation

Q(t) — Qo ‘I’(I)gf (s v;d°tY) = —a”o D, “N(1),

has a solution

ZVYBY (et nv — p) (det)n
_ b.q ’ wpw
Q) =2 Y oy (1) Eops (—082)

n=0

Theorem 5.2. Let dyw > 0, \,u,v € C, R(A) > 0, R(v) > R(p) > 0,
min{R(p), R(q)} > 0, min{R(«),R(B)} > 0 when p = q = 0. Then the fractional
kinetic equation

O(t) = Qo Y (A, s v; dt°) = —d* D (1),

15 given by
- \IJBaﬁ(/JJ +n,v— ,LL) (dwtw)n W W
Q) =% > (M pé(u — T (e + 1) By s (—d°1).
n=0 ’ ’

Proof. The proof of this theorem follow directly from Theorem 5.1.

Corollary 5.2. Let d,w > 0, p,v € C, R(v) > R(p) > 0, min{R(p), R(¢)} > 0,
min{R(a),R(F)} > 0 when p = ¢ = 0. Then the solution of fractional kinetic
equation

O(t) — Qo YOy (s v;d“t*) = —d*o Dy Q(t),

s given by

.~ @Ba’ﬂ(ﬂ—F?’L V—IU) (dwtw)n
_ P,q ) w pw
Qt) = Qo E Bliv—p) oy F(nw + 1) Ey pe (—d“t°) .

n=0

Theorem 5.3. Let dyw > 0, \,u,v € C, R(A) > 0, R(v) > R(p) > 0,
min{R(p), R(¢)} > 0, min{R(«), R(S)} > 0 when p=q = 0. Then the solution of
fractional kinetic equation

Q(t) — Qo YESP (N s v5t) = —do Dy “R(2),

15 given as
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Proof. The proof of this theorem follow directly from Theorem 5.1.

Corollary 5.3. Let d,w > 0, p,v € C, R(v) > R(p) > 0, min{R(p), R(¢)} > 0,
min{R(a), R(5)} > 0 when p=q = 0. Then the fractional kinetic equation

Q(t) — Qo Y7 (ivit) = —do Dy “N(1),

1S gqrven as

=By (wtny—p) o
Q(t) QOHZ:O Blaw — ) t" By (—d“t¥) .
6. Conclusion

The generalized Gauss and confluent hypergeometric functions given in (2)
and (3) are generalization of many existing Gauss and confluent hypergeometric
functions, see for example Chaudhry et al. [5], Sahin et al. [17] and Choi et al.
6], therefore, a variety of pathway fraction integral formulas, fractional differential
composition formulas, and fractional kinetic equations can be obtained as special

cases by suitably replacing the parameters.
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