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Abstract: In this paper we introduce and study a new type of compactness, viz.,
fuzzy a-precompactness by using fuzzy a-preopen set [1] as a basic tool. Here we
also characterize this space by fuzzy net and prefilterbase. We have shown that
fuzzy a-precompactness implies fuzzy almost compactness [4] and the converse is
true only on fuzzy a-preregular space [1].
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1. Introduction

In [4], fuzzy almost compactness is introduced. In this paper we introduce fuzzy
a-precompactness which is weaker than fuzzy almost compactness. Here we use
fuzzy net [8] and prefilterbase [6] to characterize fuzzy a-precompactness.

2. Preliminary

Throughout this paper, (X, 7) or simply by X we shall mean an fts. In 1965,
L.A. Zadeh introduced fuzzy set [9] A which is a function from a non-empty set X
into the closed interval I = [0,1], i.e., A € I*. The support [9] of a fuzzy set A,
denoted by suppA and is defined by suppA = {x € X : A(x) # 0}. The fuzzy set
with the singleton support {z} C X and the value ¢t (0 < ¢ < 1) will be denoted
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by x;. Ox and 1x are the constant fuzzy sets taking values 0 and 1 respectively
in X. The complement [9] of a fuzzy set A in an fts X is denoted by 1x \ A and
is defined by (1x \ A)(z) = 1 — A(z), for each € X. For any two fuzzy sets
A,Bin X, A < B means A(z) < B(z), for all z € X [9] while AgB means A is
quasi-coincident (q-coincident, for short) [8] with B, i.e., there exists € X such
that A(x) + B(z) > 1. The negation of these two statements will be denoted by
A KB and A (B respectively. For a fuzzy set A, clA and intA will stand for fuzzy
closure [3] and fuzzy interior (3] of A respectively. A fuzzy set A in X is called a
fuzzy neighbourhood (fuzzy nbd, for short) [8] of a fuzzy point x; if there exists a
fuzzy open set G in X such that x; € G < A. If, in addition, A is fuzzy open, then
A is called fuzzy open nbd of x;. A fuzzy set A is said to be a fuzzy g-nbd of a
fuzzy point z; in an fts X if there is a fuzzy open set U in X such that z,qU < A.
If, in addition, A is fuzzy open, then A is called a fuzzy open ¢g-nbd [8] of x;.

A fuzzy set A in an fts (X, 7) is called fuzzy a-open [2] if A < int(cl(intA)).
The complement of a fuzzy a-open set is called fuzzy a-closed [2]. The union
(intersection) of all fuzzy a-open (resp., fuzzy a-closed) sets contained in (resp.,
containing) a fuzzy set A is called fuzzy a-interior [2] (resp., fuzzy a-closure [2]) of
A, denoted by aintA (resp., aclA).

Let (D,>) be a directed set and X be an ordinary set. Let J denote the
collection of all fuzzy points in X. A function S : D — J is called a fuzzy net in X
[8]. It is denoted by {S,, : n € (D,>)}. A non empty family F of fuzzy sets in X
is called a prefilterbase on X if (i) Ox ¢ F and (ii) for any U,V € F, there exists
W e F such that W < UV [6].

3. Fuzzy a-Preopen Sets : Some Prerequisites

In this section we recall some definitions and results from [1, 3, 4, 5, 7] for ready
references. Also some new results are established here.
Definition 3.1. [1] A fuzzy set A in an fts (X,7) is called fuzzy a-preopen if
A < aint(clA). The complement of this set is called fuzzy a-preclosed set.

The union (resp., intersection) of all fuzzy a-preopen (resp., fuzzy a-preclosed)
sets contained in (containing) a fuzzy set A is called fuzzy a-preinterior (resp.,
fuzzy a-preclosure) of A, denoted by apintA (resp., apclA).

Definition 3.2. [1] A fuzzy set A in an fts (X, 7) is called fuzzy a-prenbd of a fuzzy
point x; in X if there exists a fuzzy a-preopen set U in X such that x; € U < A.
If, in addition, A is fuzzy a-preopen, then A is called fuzzy a-preopen nbd of x;.

Definition 3.3. [1] A fuzzy set A in an fts (X, 1) is called fuzzy a-pre g-nbd of a
fuzzy point x, in X if there exists a fuzzy a-preopen set U in X such that z,qU < A.
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If, in addition, A is fuzzy a-preopen, then A is called fuzzy a-preopen q-nbd of x;.

Result 3.4. [1] Union (resp., intersection) of any two fuzzy a-preopen (resp., fuzzy
a-preclosed) sets is also so.

Result 3.5. [1] x; € apclA if and only if every fuzzy a-preopen q-nbd U of xy,
UqA.

Result 3.6. [1] apcl(apclA) = apclA for any fuzzy set A in an fts (X, 1).

Result 3.7. apcl(A\/ B) = apclA\ apclB, for any two fuzzy sets A, B in X.
Proof. It is clear that

ozpclA\/ozpclB C apcl(A\/B) (1)

Conversely, let z; € apcl(A\/ B). Then for any fuzzy a-preopen ¢-nbd U of z,
Uq(A\ B) = there exists y € X such that U(y) + maz{A(y), B(y)} > 1 = either
Uly) + A(y) > 1 = UgA or U(y) + B(y) > 1 = UgqB = either x; € apclA or
x; € apelB = x; € apcl A\ apcl B.

Result 3.8. For any fuzzy set A in an fts (X, 1),

(i) apcl(1x \ A) = 1x \ apintA,

(i) apint(1x \ A) = 1x \ apclA.

Proof. (i). Let z; € apcl(1x\ A) for any A € IX. If possible, let x; & 1x \ apintA.
Then z;q(apintA). Then there exists a fuzzy a-preopen set B in X with B <
A such that z,gB. Then B is a fuzzy a-preopen g¢-nbd of z;. By assumption,
Bq(1x \ A) = Ag(1x \ A), which is absurd.

Conversely, let z; € 1x \ apintA for any A € I*. Then x; f(apintA) and so
xy QU for any fuzzy a-preopen set U in X with U < A = z; € 1x \ U which is
fuzzy a-preclosed set in X with 1x \ A < 1x \ U. So z; € apcl(1x \ A).

(ii) Writing 1x \ A for A in (i), we get the result.

Definition 3.9. Let A be a fuzzy set in an fts (X, 7). A collection U of fuzzy sets
in X is called a fuzzy cover of A if sup{U(z) : U € U} =1, for each x € suppA
[5]. If each member of U is fuzzy open (resp., fuzzy a-preopen), we call U is fuzzy
open [5] (resp., fuzzy a-preopen) cover of A. In particular, if A = 1x, we get the
definition of fuzzy cover of X [3].

Definition 3.10. A fuzzy cover U of a fuzzy set A in an fts (X, T) is said to have
a finite (resp., finite proximate) subcover Uy if Uy is a finite subcollection of U such
that \/ Uy > A [5] (resp., {clU : U € Up} > A [7]). In particular, if A= 1x, we
get \V Uy = 1x (resp., \[{clU : U € Up} = 1x [4]).

Definition 3.11. [4] An fts (X,7) is called fuzzy almost compact space if every
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fuzzy open cover has a finite prorimate subcover.

4. Fuzzy a-Precompact Space

In this section we first introduce fuzzy a-precompactness and then characterize
this space via fuzzy net and prefilterbase.

Definition 4.1. A fuzzy set A in an fts (X, 1) is said to be a fuzzy a-precompact
set if every fuzzy a-preopen cover U of A has a finite ap-prozimate subcover, i.e.,
there ezists a finite subcollection Uy of U such that \/{apclU : U € Uy} > A. If, in
addition, A = 1x, we say that the fts X s fuzzy a-precompact space.

Definition 4.2. Let x; be a fuzzy point in an fts (X, 7). A prefilterbase F on X
15 called

(a) ap-adhere at x;, written as x; € ap-adF, if for each fuzzy a-preopen q-nbd U
of x; and each F € F, Fq(apclU), i.e., xy € apclF, for each F € F;

(b) ap-converge to x;, written as Fapxy, if to each fuzzy a-preopen q-nbd U of zy,
there corresponds some F' € F such that F' < apclU.

Definition 4.3. Let x; be a fuzzy point in an fts (X, 7). A fuzzy net {S, : n €
(D, >)} is said to

(a) ap-adhere at x;, denoted by x; € ap-ad(S,,), if for each fuzzy a-preopen q-nbd
U of x; and each n € D, there exists m € D with m > n such that Sy, q(apclU);
(b) ap-converge to x;, denoted by S,apx,, if for each fuzzy a-preopen g-nbd U of
xy, there exists m € D such that S,q(apclU), for all n > m(n € D).

Theorem 4.4. For a fuzzy set A in an fts X, the following statements are equiv-
alent:

(a) A is a fuzzy a-precompact set,

(b) for every prefilterbase B in X, [N{apclB : B € B}] N\ A = 0x = there exists a
finite subcollection By of B such that N{apintB : B € By} A,

(c) for any family F of fuzzy a-preclosed sets in X with N{F : F € F} N A =0y,
there ezists a finite subcollection Fy of F such that AN{apintF : F € Fo} fA,

(d) every prefilterbase on X, each member of which is q-coincident with A, ap-
adheres at some fuzzy point in A.

Proof. (a) = (b). Let B be a prefilterbase in X such that [A{apclB : B €
B} ANA = 0x. Then for any = € suppA, [A{apclB : B € B}|(z) =0 = 1 —
A{apclB(z): Be B} =1= V|[(1x \ apclB)(z) : B € B] =1 = sup{apint(1x \
B)(z) : Be€ B} =1 = {apint(lx \ B) : B € B} is a fuzzy a-preopen cover of A.
By (a), there exists a finite ap-proximate subcover {apint(lx \ By),apint(lx \

By),...;apint(1x \ B,)} (say) of it for A. Thus A < \/apcl(apint(lX\Bi))

i=1
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[1x \ apint(apclB;)] = 1X\/\apint(apclBi) = /\apz'nt(apclBi) <1lx\A=
1 i=1 i=1

-

)

A g/\apmt(ozpclBi) = A g/\apintBi.

i=1 i=1
(b) = (a). Let the condition (b) hold, and suppose that there exists a fuzzy a-
preopen cover U of A having no finite ap-proximate subcover for A. Then for
every finite subcollection Uy of U, there exists z € suppA such that sup{apclU(x) :
Uelp} < Az), ie., 1 —sup{(apclU)(z) : U e Up} > 1 — A(zx) > 0=inf{(1x \
apclU)(x) : U € Up} > 0. Thus { /\ (Ix\apclU) : Uy is a finite subcollection of U }

Ueldy
(=B, say) is a prefilterbase in X . If there exists a finite subcollection {Uy, Us, ..., U, }

(say) of U such that /\apz'nt(lx \ apclU;) /qA, then A < 1y \ /\cvpint(lx\

i=1 i=1

apcllU;) = \/[1X \ apint(1lx \ apcllU;)] = \/apcl(apclUi) = \/apclUl- (by Result
i=1 i=1 i=1
3.6). Thus U has a finite ap-proximate subcover for A, contradicts our hypothesis.

Hence for every finite subcollection { /\ (1x \ apcll), ..., /\ (1x \ apclU)} of B,

Uel Uel,
where Uy, ...,U), are finite subset of U, we have | /\ apint(1x \ apclU)]qA.
veth V...V Uy
By (b), [/\apcl(lX \ apclU)] /\A # 0x. Then there exists x € suppA, such

Ueu
that [i]ng[apcl(lx \ apcU)](z) > 0 = 1 — (i]nzf/[[apcl(lx \ apcllU)](z) < 1 =
€ €

sup[lx \ apcl(1x \ apclU)](z) < 1 = supU(x) < supapint(apclU)(xz) < 1 which
veu veu veu

contradicts that U is a fuzzy a-preopen cover of A.

(a) = (c). Let F be a family of fuzzy a-preclosed sets in X such that A{F :
F € F} NA = 0x. Then for each x € suppA and for each positive integer n,

there exists some F,, € F such that F,(z) < 1/n = 1 - F,(z) > 1—-1/n =
sup[(1x \ F)(x)] = L and so {1x \ F': F' € F} is a fuzzy a-preopen cover of A. By
FeF

(a), there exists a finite subcollection Fy of F such that A < \/ apcl(lx \ F) =

FeFy
Ix \A>1x\ \/apcl(lX\F): /\ (Ix \apc(1x \ F)) = /\apth. Hence
FeFo FeFo FeFo

A 4( /\ apintF'), where Fj is a finite subcollection of F.
FeFo
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(¢) = (b). Let B be a prefilterbase in X such that [A{apclB: B € B} N A= 0x.
Then the family 7 = {apclB : B € B} is a family of fuzzy a-preclosed sets in
X with (A F) A A = 0x. By (c), there is a finite subcollection By of B such that
[A{apint(apclB) : B € By}] A = ( /\ apintB) g4A.

BeBy
(a) = (d). Let F be a prefilterbase in X, each member of which is g-coincident

with A. If possible, let F do not ap-adhere at any fuzzy point in A. Then for
each € suppA, there exists n, € N (the set of all natural numbers) such
that x1/,, € A. Then there are a fuzzy a-preopen set U; and a member F
of F such that z,,qU; and apclU; Fy; . Thus U7 () > 1 — 1/n, so that
sup{UZ(x) : n € Nyon > n,} = 1. Thus {U* : n € N,n > ng,x € suppA}

forms a fuzzy a-preopen cover of A. By (a), there exist finitely many points
k

T1,To, ..., T € suppA and ni,na,...,n, € N such that A < \/ozpclU;f;. Choose
i=1

k k
F € F such that F' < /\F,f Then F /j[\/ozpclU,f;_], ie., F 4A, a contradiction.
i=1 i=1
(d) = (a). If possible, let there exist a fuzzy a-preopen cover U of A such
that for every finite subset Uy of U, \/{apclU : U € Uy} # A. Then F =

{1x\ \/ apclU : Uy is a finite subset of U} is a prefilterbase on X such that FgA,

Uely
for each F' € F. By (d), F ap-adheres at some fuzzy point z; € A. As U is a fuzzy

cover of A, supU(z) = 1 = there exists Uy € U such that Uy(x) > 1 —t = x:qU.
Ueu
As z; € ap-adF and 1x \ apclUy € F, we have apclUyq(1x \ apclly), a contradic-

tion.

Theorem 4.5. For a fuzzy set A in an fts X, the following implications hold :
(a) every fuzzy net in A ap-adheres at some fuzzy point in A,
< (b) every fuzzy net in A has a ap-convergent fuzzy subnet,
& (c) every prefilterbase in A ap-adheres at some fuzzy point in A,
= (d) for every family {B,, : v € A} of non-null fuzzy sets with [/\apclBW] /\ A=
YEA
Ox, there is a finite subset Ao of A such that ( /\ B,) /\A = Ox,
v€Ao
= (e) A is fuzzy a-precompact set.
Proof. (a) = (b). Let a fuzzy net {S, : n € (D,>)} in A where (D,>) is
a directed set, ap-adhere at a fuzzy point x; € A. Let @Q,, denote the set of
the fuzzy a-preclosures of all fuzzy a-preopen ¢-nbds of x;. For any B € @Q.,,
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we can choose some n € D such that S,qB. Let E denote the set of all or-
dered pairs (n, B) with the property that n € D, B € @,, and S,qB. Then
(E,>) is a directed set where (m,C) > (n,B) if and only if m > n in D and
C < B. Then T : (E,>) — (X,7) given by T'(n,B) = S, is a fuzzy subnet
of {S, : n € (D,>)}. Let V be any fuzzy a-preopen ¢-nbd of z;. Then there
is n € D such that that (n,apclV) € E and hence S,q(apclV). Now, for any
(m,U) > (n,apclV), T(m,U) = S,qU < apclV = T(m,U)q(apclV). Hence
T@xt.
(b) = (a). If a fuzzy net {S,, : n € (D, >)} does not ap-adhere at a fuzzy point x;,
then there is a fuzzy a-preopen ¢g-nbd U of z; and an n € D such that S,,, g4(apclU),
for all m > n. Then obviously no fuzzy subnet of the fuzzy net can ap-converge to
X
(a) = (c). Let F = {F, : v € A} be a prefilterbase in A. For each v € A,
choose a fuzzy point xr € F, and construct the fuzzy net S = {zp, : F, € F}
in A with (F,>) as domain, where for two members F,, Fz € F, F, > Fp if
and only if ., < Fjz. By (a), the fuzzy net S ap-adheres at some fuzzy point x,
(0 < s <1) € A. Then for any fuzzy a-preopen ¢g-nbd U of =, and any F, € F,
there exists F € F such that F > F, and xp,q(apclU). Then Fpq(apclU) and
hence F.q(apclU). Thus F ap-adheres at .
(c) = (a). Let {S, : n € (D,>)} be a fuzzy net in A. Consider the prefilterbase
F ={T, : n € D} generated by the net, where T,, = {S,, : m € D,m > n}. By
(c), there exists a fuzzy point a, € A such that F ap-adheres at a,. Then for each
fuzzy a-preopen ¢-nbd U of a, and each F' € F, Fq(apclU), i.e., (apclU)qT,, for
all n € D. Hence the given fuzzy net ap-adheres at a.,.
(c) = (d). Let B = {B, : v € A} be a family of fuzzy sets in X such that for
every finite subset Ay of A, (/\ B«,)/\A # 0x. Then F = {( /\ Bv)/\A : Ao
Y€A0 yEAQ
is a finite subset of A} is a prefilterbase in A. By (c), F ap-adheres at some
fuzzy point a; € A (0 < t < 1). Then for each v € A and each fuzzy a-preopen
g-nbd U of a;, Byq(apclU), ie., a; € apclB,, for each v € A. Consequently,
(/\ozpcle) /\A # Ox.
yeEA
(d) = (e). Let U = {U, : v € A} be a fuzzy a-preopen cover of a fuzzy set A.
Then by (d), A/\[/\(IX \U,)] = A/\[lX\ \/UW] = Ox. If for some v € A,

yEA vyeEA
1x \ apclU, = Ox, then we are done. If 1y \ apclU, (=B,, say) # Ox, then for
each vy € A, B={B, : v € A} is a family of non-null fuzzy sets. We show that
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/\oqoclB’,y < /\ (1x\U,). In fact, let z; (0 < t < 1) be a fuzzy point such that x, €

YEA YEA
apcl B, = apcl(1x \ apclU,). If 2,qU,, then apclU,q(1x \ apclU,), which is absurd.

Hence z; 4U, = x, € 1x \ U,. Then [/\ozpcle] /\A < A/\[/\(IX \U,)] = 0x.

YEA YEA
By (d), there exists a finite subset Ay of A such that [/\ B, /\A = Oy, le.,
v€Ao
A<l1x\ /\ B, = \/ (1x\ B,) = \/ apclU.,, and (e) follows.
yEAQ yEAQ vE€Ao

Definition 4.6. A fuzzy set A in an fts (X, 1) is said to be fuzzy regularly c-preopen
if A = apint(apclA). The complement of such a set is called fuzzy reqularly o-
preclosed.

Definition 4.7. A fuzzy point x; in X is said to be a fuzzy ap-cluster point of a
prefilterbase B if v, € apclB, for all B € B. If, in addition, x; € A, for a fuzzy set
A, then B is said to have a fuzzy ap-cluster point in A.

Theorem 4.8. A fuzzy set A in an fts (X, T) is fuzzy a-precompact if and only if
for each prefilterbase F in X which is such that for each set of finitely many mem-
bers Fy, Fs, ..., F, from F and for any fuzzy reqularly a-preclosed set C' containing
A, one has (Fy \ ... \ F1)qC, F has a fuzzy ap-cluster point in A.

Proof. Let A be fuzzy a-precompact set and suppose F be a prefilterbase in X
such that [A{apclF : F € F}JANA = 0x...(1). Let x € suppA. Consider any
n € N (the set of all natural numbers) such that 1/n < A(z), ie., z1/, € A.
By (1), @1/, & apclF}, for some F]' € F. Then there exists a fuzzy a-preopen
g-nbd U} of zy,, such that apclU} 4F). Now Ul (xz) > 1—1/n = sup{U}(x) :
I/n < A(x),n e N} =1 = U = {U! : © € suppA,n € N} forms a fuzzy a-
preopen cover of A such that for U}, there exists F' € F with U 4F)'. Since A is

fuzzy a-precompact, there exist ﬁmtely many members U'!, U of U such that
k

A< \/ozpclUm = ocpcl(\/U"i) (by Result 3.7) (=U, say). Now F}'!, ..., F* € F

1)

such that Uy gFy for z =1,2,....k. Now U is a fuzzy regularly a-preclosed set
containing A'such that apclU ,Q(Fnl N-NFF) = U 4(F7 N\ N\NEFF).
Conversely, let B be a prefilterbase in X having no fuzzy ap-cluster point in A.
Then by hypothesis, there is a fuzzy regularly a-preclosed set C' containing A such
that for some finite subcollection By of B, (A By) 4C. Then (ABy) /gA. By
Theorem 4.4 (b) = (a), A is fuzzy a-precompact set.

From Theorem 4.4, Theorem 4.5 and Theorem 4.8, we have the characteriza-
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tions of fuzzy a-precompact space as follows.

Theorem 4.9. For an fts X, the following statements are equivalent :
(a) X is fuzzy a-precompact,
(b) every fuzzy net in X ap-adheres at some fuzzy point in X,
(c) every fuzzy net in X has a ap-convergent fuzzy subnet,
(d) every prefilterbase in X ap-adheres at some fuzzy point in X,
(e) for every family {B, : v € A} of non-null fuzzy sets with [/\&pcle] = Oy,
YEA
there is a finite subset Ao of A such that ( /\ B,) =0y,
y€Ao
(f) for every prefilterbase B in X with A\{apclB : B € B} = 0, there is a finite
subcollection By of B such that \N{apintB : B € By} = 0,
(g) for any family F of fuzzy a-preclosed sets in X with \ F = Ox, there exists a
finite subcollection Fy of F such that N{apintF : F € Fy} = 0x.

Theorem 4.10. An fts X is fuzzy a-precompact if and only if for any collec-
tion {F, : v € A} of fuzzy a-preopen sets in X having finite intersection property
N apclF, - v € A} # 0x.

Proof. Let X be fuzzy a-precompact space and F = {F, : v € A} be a
collection of fuzzy a-preopen sets in X with finite intersection property. Sup-
pose N{apclF, : v € A} = 0x. Then {1x \ apclF, : v € A} is a fuzzy o-
preopen cover of X. By hypothesis, there exists a finite subset Ay of A such that
1x = V{apcl(1lx \ apclF,) : v € Ao} = V{lx \ apint(apclF,) : v € Ao} <
V{lx \ F,:v€ Ao} =1x\ /\ F, = /\ F, = 0x which contradicts the fact that

YEAo YEAo
F has finite intersection property.

Conversely, suppose that X is not fuzzy a-precompact space. Then there is a
fuzzy a-preopen cover F = {F, : v € A} of X such that for every finite sub-
set Ao of A, \/{apclF, : v € Ao} # 1x. Then 1x \ \/{apclF, : v € Ao} # 0x =
/\ (1x\apclF,) # Ox, for every finite subset Ag of A. Thus {1x\apclF, : v € A}is

v€A0
a collection of fuzzy a-preopen sets with finite intersection property. By hypothesis,

/\@pcl(lx\&pchV) # Ox, i.e., 1X\\/apint(apch7) #0x = \/apint(apchv) #
yEA YEA yEA
1x. Hence \/ F, # 1x, a contradiction as F is a fuzzy a-preopen cover of X.

YEA
Definition 4.11. Let {S, : n € (D, >)} be a fuzzy net of fuzzy a-preopen sets in
X, i.e., for each member n of a directed set (D,>), S, is a fuzzy a-preopen set in
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X. A fuzzy point x; in X is said to be a fuzzy ap-cluster point of the fuzzy net if
for every n € D and every fuzzy a-preopen q-nbd V' of x, there exists m € D with
m > n such that S,,qV .

Theorem 4.12. An fts X is fuzzy a-precompact if and only if every fuzzy net of
fuzzy a-preopen sets in X has a fuzzy ap-cluster point in X.

Proof. LetU = {5, : n € (D,>)} be a fuzzy net of fuzzy a-preopen sets in a fuzzy
a-precompact space X. For each n € D, let us put F,, = apcl[\/{S,, : m € D and
m > n}]. Then F = {F, : n € D} is a family of fuzzy a-preclosed sets in X with the
condition that for every finite subcollection Fy of F, A{apintF : F € Fy} # Ox.

By Theorem 4.9 (a)= (g), /\Fn # 0x. Let z; € /\Fn Then z; € F,,

neD nebD
for all n € D. Thus for any fuzzy a-preopen ¢-nbd A of z; and any n € D,

Aq[V{Sm : m > n}| and so there exists some m € D with m > n and AgS,, = =,
is a fuzzy ap-cluster point of U.

Conversely, let F be a collection of fuzzy a-preclosed sets in X with the con-
dition that for every finite subcollection Fy of F, A{apintF : F € Fy} # Ox.
Let F* denote the family of all finite intersections of members of F directed by
the relation >’ such that for Fy, Fy, € F*, F; > F, if and only if F} < F5.
Let F* = apintF, for each ' € F*. Then F* # 0x. Consider the fuzzy
net Y = {F* : F € (F*,>)} of non-null fuzzy a-preopen sets of X. By hy-
pothesis, U has a fuzzy ap-cluster point, say x;. We claim that x; € AF. In
fact, let F' € F be arbitrary and A be any fuzzy a-preopen ¢-nbd of z;. Since
F e F* and z; is a fuzzy ap-cluster point of U, there exists G € F* such that
G > F (ie, G < F) and G*"¢A = GqA = FqA = z; € apclF = F, for each
FeF=uxze /A\NF=N\F #0x. By Theorem 4.9 (g) = (a), X is fuzzy a-
precompact space.

Definition 4.13. A fuzzy cover U by fuzzy a-preclosed sets of an fts (X, 1) will
be called a fuzzy ap-cover of X if for each fuzzy point x, (0 <t < 1) in X, there
exists U € U such that U is a fuzzy a-preopen nbd of x.

Theorem 4.14. An fts (X, 1) is fuzzy a-precompact if and only if every fuzzy
ap-cover of X has a finite subcover.

Proof. Let X be fuzzy a-precompact space and U be any fuzzy ap-cover of X.
Then for each n € N (the set of all natural numbers) with n > 1, there exist
Uy € U and a fuzzy a-preopen set V' in X such that 1/, < V' < U?. Then
Viz) > 1—=1/n = sup{V](z) :n e N} =1 =V =A{V":2¢€ X,n €
N,n > 1} is a fuzzy a-preopen cover of X. As X is fuzzy a-precompact, there
exist finitely many points 1, s, ..., x,, € X and nq,ng,...,n, € N\ {1} such that
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m m m
1x = \/apcl‘(t’;‘ck < \/apclU;‘: = \/Ug}f
k=1 k=1 k=1
Conversely, let U be fuzzy a-preopen cover of X. For any fuzzy point ., 0<~y<1)

in X, as supU(z) = 1, there exists U,, € U such that U, () > v (0 <y < 1).
veu
Then V = {apclU : U € U} is a fuzzy ap-cover of X and the rest is clear.

The following theorem gives a necessary condition for an fts to be fuzzy a-
precompact.

Theorem 4.15. If an fts X is fuzzy a-precompact, then every prefilterbase on X
with at most one ap-adherent point is ap-convergent.
Proof. Let F be a prefilterbase with at most one ap-adherent point in a fuzzy
a-precompact fts X. Then by Theorem 4.9, F has at least one ap-adherent point
in X. Let z; be the unique ap-adherent point of F and if possible, let F do not ap-
converge to x;. Then for some fuzzy a-preopen ¢-nbd U of x; and for each F' € F,
F L apclU, so that FF A{1x\apclU} # 0x. Then G = {F A(1x\apclU) : F € F}
is a prefilterbase in X and hence has a ap-adherent point y, (say) in X. Now
apclU 4G, for all G € G so that x; # ys. Again, for each fuzzy a-preopen g-nbd
V of ys and each F' € F, apclVq(F N(1x \ apclU)) = apclVqF = ys is a fuzzy
ap-adherent point of F, where x; # y,. This contradicts the fact that z; is the
only fuzzy ap-adherent point of F.

Some results on fuzzy a-precompactness of an fts are given by the following
theorem.

Theorem 4.16. Let (X, 7) be an fts and A € I’X. Then the following statements
are true :

(a) If A is fuzzy a-precompact, then so is apclA,

(b) Union of two fuzzy a-precompact sets is also so,

(c) If X is fuzzy a-precompact, then every fuzzy reqularly a-preclosed set A in X
is fuzzy a-precompact.

Proof. (a). Let U be a fuzzy a-preopen cover of apclA. Then U is also a fuzzy
a-preopen cover of A. As A is fuzzy a-precompact, there exists a finite subcollec-
tion Uy of U such that A < \/{apclU : U € Up} = apcl{\J U : U € Up} = apclA <
apcl{apc\/{U : U € Up}]} = apcl{\V U : U € Uy} = \/{apclU : U € Uy}. Hence
the proof.

(b). Obvious.

(c). Let U = {U, : v € A} be a fuzzy a-preopen cover of a fuzzy regularly a-
preclosed set A in X. Then for each = ¢ suppA, A(x) = 0 = (1x \ 4)(x) =
1 = U\V{(1x \ A)} is a fuzzy a-preopen cover of X. Since X is fuzzy a-
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precompact, there are finitely many members Uy, Us, ..., U, in U such that 1x =
(apclUy \/ ...\ apclU,,) \/ apcl(1x\A). We claim that apintA < apclU; \/ ... \/ apclU,,.
If not, there exists a fuzzy point x; € apintA, but z; € (apclUy \/ ...\ apclU,),
e, t > maz{(apcll)(x),..., (apclU,)(z)}. As 1x = (apclUy\/ ...\] apclU,)
Vapcl(lx \ A), [apcl(lx \ A)l(z) = 1 = 1 — apintA(z) = 1 = apintA(z) =

0 = x; & apintA, a contradiction. Hence A = apcl(apintA) < apcl(apclUy \/ ....

V apclU,) = apclU, \/ ... \/ apclU,, (by Result 3.6 and Result 3.7) = A is fuzzy
a-precompact set.

5. Applications

In this section we establish the mutual relationship between fuzzy almost com-
pactness [4] and fuzzy a-precompactness. Here it is shown that fuzzy - pre-
compactness implies fuzzy almost compactness, but converse is true in fuzzy a-
preregular space [1]. Again it is established that fuzzy a- precompactness remains
invariant under fuzzy a-preirresolute function [1].

Since for any fuzzy set A in an fts X, apclA < clA (as every fuzzy closed set is
fuzzy a-preclosed [1], we can state the following theorem easily.

Theorem 5.1. Fvery fuzzy a-precompact space is fuzzy almost compact.
To get the converse we have to recall the following definition and theorem for
ready references.

Definition 5.2. [1] An fts (X, 7) is said to be fuzzy a-preregular if for each fuzzy
a-preclosed set F' in X and each fuzzy point x, in X with ,q(1x \ F), there exists
a fuzzy open set U in X and a fuzzy a-preopen set V in X such that v,qU, F <V
and U 4V .

Theorem 5.3. [1] An fts (X, 1) is fuzzy a-prereqular iff every fuzzy a-preclosed
set is fuzzy closed.

Theorem 5.4. A fuzzy a-preregular, fuzzy almost compact space X is fuzzy -
precompact.

Proof. Let U be a fuzzy a-preopen cover of a fuzzy a-preregular, fuzzy al-
most compact space X. Then by Theorem 5.3, U is a fuzzy open cover of X.
As X is fuzzy almost compact, there is a finite subcollection Uy of U such that
VA{cU : U € Uy} = \{apclU : U € Uy} (by Theorem 5.3) = 1x = X is fuzzy
a-precompact.

Next we recall the following definition and theorem for ready references.

Definition 5.5. [1] A function f : X — Y is said to be fuzzy a-preirresolute if the
wmverse image of every fuzzy a-preopen set in'Y is fuzzy a-preopen in X.
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Theorem 5.6. [1] For a function f: X — Y, the following statements are equiv-
alent :

(i) f is fuzzy a-preirresolute,

(ii) f(apclA) < apcl(f(A)), for all A € I,

(#11) for each fuzzy point x; in X and each fuzzy a-preopen q-nbd V' of f(zy) inY,
there exists a fuzzy a-preopen q-nbd U of x; in X such that f(U) < V.

Theorem 5.7. Fuzzy a-preirresolute image of a fuzzy a-precompact space is fuzzy
a-precompact.

Proof. Let f : X — Y be fuzzy a-preirresolute surjection from a fuzzy a-
precompact space X to an fts Y, and let V be a fuzzy a-preopen cover of Y.
Let x € X and f(z) = y. Since sup{V(y) : V € V} = 1, for each n € N (the
set of all natural numbers), there exists some V" € V with V*(y) > 1 —1/n
and so y1/,qV;'. By fuzzy a-preirresoluteness of f, by Theorem 5.6 (i)= (iii),
f(Uy) < V7, for some fuzzy a-preopen set U]’ in X g-coincident with x,/,. Since

Ur(z) >1—1/n, sup{UM(x) :ne N} =1. ThenU ={U" :ne N,z € X}isa
K

fuzzy a-preopen cover of X. By fuzzy a-precompactness of X, \/apclU;" = ly,

=1
k

for some finite subcollection {U},...,U*} of U. Then 1y = f(\/apclUgj) =

=1

k
\/f apclU;") < \/apcl f(U)) (by Theorem 5.6 (i) = (ii)) < \/apcﬂ/;’zi =Y is
i1 i=1
fuzzy a-precompact space.
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