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Abstract: The purpose of this article is to extend Banach’s contraction principle
through a new rational expression in the contractive condition to establish the
existence and uniqueness of fixed point of a closed subset of Hilbert space to a self
mapping. The result is extended to a pair of self mappings and positive integers
powers of a pair mapping and further extended to a sequence of mappings in the
space. The presented results extend and generalized various known comparable
results from the current literature.
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1. Introduction

The most celebrated contraction mapping principle, formulated and proved in
the Ph.D. dissertation of Banach [1] in 1920, which was published in 1922, is one
of the most important theorems in classical functional analysis. This contraction
mapping principle has been generalized in various directions. One of the most
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interesting of them is the generalization obtained by Kannan [4] who investigated
the extension of Banach fixed point theorem by removing the completeness of the
space with different sufficient conditions. Later, Reich [15] also discussed some gen-
eralization of Banach’s fixed point theorem and some remarks on it. Zamfirescu
[22] obtained various results similar to the well-known contraction theorem of Ba-
nach and some of these results were sufficient enough to include the theorem of
Kannan. Also, a generalization of Banach fixed point theorem was given by Jaggi
[3] which involved a continuous map satisfying certain inequality involving rational
expression. Fisher [2] developed the approach of Kannan and proved analogous re-
sults involving two mappings on a complete metric space. In this direction several
authors obtained further results [6, 7, 8, 12, 13, 14, 16, 19, 22].

Koparde and Waghmode [5] extended the Banach fixed point theorem to obtain
the existence and uniqueness of a fixed point for a sequence of mappings on a
Hilbert space satisfying Kannan’s type conditions. Pandhare and Waghmode [10]
developed this approach of Koparde and Waghmode [5] and proved the fixed point
theorem for a self mapping on a closed subset of a Hilbert space satisfying certain
condition. The same is extended to a family of self mappings in [9, 11, 17, 21] by
taken a sequence of mappings, which converges point wise to a limit mapping and
show that if this limit mapping has a fixed point then this fixed point is also the
limit of fixed points of the mappings of the sequence.

Sharma et al. [20] considered a pair of self mappings of a closed subset of a
Hilbert space, satisfying certain rational inequalities and proved a common fixed
point theorem for self mappings.

Recently, Seshagiri and Kalyani [18] proved the existence and uniqueness of a
common fixed point for a pair of self mappings, positive integer’s powers of a pair
of self mapping and a sequence of self mappings over a closed subset of a Hilbert
space satisfying various conditions involving rational expressions.

In view of the above considerations, we proved that a self mapping T satisfying
certain rational contraction condition has a unique fixed point on a closed subset X
of Hilbert space and again the same result is then extended to a pair of mappings
11, T5, some positive integers powers r, s of a pair mappings 77, 75 and then further
generalized to a sequence of mappings in the space.

2. Preliminary Theorems
Here are the lists of some of the results that motivated our results.

Theorem 2.1. [5] Let C' be a non empty closed subset of Hilbert space H. Let
T :C — C be a self mapping satisfying the Kannan type condition

1Tz = Ty|I* < a{lle — Tl* + [ly — TylI*} (2.1)
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forallz,ye S, v#y,ac|0,L). Then, T has a fived point in X.

'3
Theorem 2.2. [5] Let C be a non empty closed sunset of a Hilbert space H . Let
T:T — C be a family of self-mappings satisfying the Kannan type condition

1Tz — Tiyl* < a{llz — Tie|* + [ly — Tuyl|*} (2.2)
forallz,ye S, v #y,ae0,3). Then, T has a fized point in X.
Theorem 2.3. [20] Let S be a non empty closed subset of Hilbert space H. Let
T:5 — S be self-mappings satisfying the following conditions.

|z — Tz|* + |y — Tylf?
+ Bl —yll (2.3)
| = Tl + [y = Tyl
1 .
for)?llx,yeS,x%y,Oga<E,OSE, 20+ 8 < 1. Then, T has a fixed point
in X.

Theorem 2.4. [18] Let X be a closed subset of a Hilbert space and Ty, Ty be two
continuous self-mappings on X satisfying contraction condition, then T and T
have unique common fized point in X :

|l — Toy|*[L + |ly — Taz?

1T — Ty < o

T2 — Tayl* < @

L+ [z —yl?
4 gllz —wlPlL + lle — Toy)”
[ P E (2.4)
r—Tz|?+ |y — Tayl)* + |ly — Thz|?
oo lz = Tzl + lly = Tyl + ly - Tha

1+ |z — Tha|?|lz — Tay|Plly — Thz|?

+0[lly — Thal* + [l — Toy[*] + ellz — ylI*
forall z,y € X , x # y, where , B,7,0, € are positive real’s with 2a + B + 4y +
20 +e<1.

3. Main Theorems
In this section, we state and prove our main result as follows:

Theorem 3.1. Let T be a closed subset of a Hilbert space and a self mapping
T : X — X satisfying the following.
|l — T|llz — Tyl + [ly — T[l[ly — Tyl
ly = Tl + [lz — Ty
[l — Tz[l[ly — Ty
|z =yl +llz = Tyl + lly — Tx|]

x—"Tz|||ly —Ty
=Ty =yl o
[l = yll

d(Tx,Ty) <a

+ 5
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for all distinct x,y € X and «,(,7,0 are non negative real numbers with 0 <
a+B+v+0<1. Then T has a unique fized point in X.
Proof. Let o € X be an arbitrary point and define a sequence {z,} in X as

x1 =Txg, 00 =Tx,.... Xpi1 =Tx,,Vn=0,12,.. (3.2)

Next, we show that the sequence {x,} is Cauchy in X. with (3.1) and (3.2), we
have
[€n1 = Znll = 1T 20 = T
[0 — Tan||len — Tona|| + [#n-1 — Ton|||2n-1 — T
[Zn—1 — Txp|| + |20 — T
|20 — Tl |1 — Ty || (3.3)
|20 = @nall + lon = Tap-a || + [|[2n-1 — T2, |
|20 — Txp|ll|zn-1 — Tap||

+ 0

+7 +5||xn_xn—1”

|20 — 2|
a+ B+
[Zn41 — ]| < (T)”%z — T, (3.4)
implies
[Zn41 = 2]l < 7(n)l[20 — 2], (3.5)
where
a+p+90
r(n) = ————,
et

foralln =0,1,2,... . Clearly, r(n) < 1, forall 0 < a+ S +vy+0 < 1.
Repeating the above process in the same manner as in (3.5), we find some r < 1,
such that

[#n1 = @all < 7"z — o[- (3.6)

On taking n — oo in (3.6), we get ||z 11 — x,|| — 0. Hence, the sequence {x,} is
Cauchy in X. But X is a closed subset of Hilbert space and so by completeness
of X, there exist a point u € X such that x, — u as n — oco. Consequently,
{zp41} = {Tx,} is a subsequence of {x,} and hence has the same limit as w.
Since 7' is continuous, we get
T(u) =T(lim z,)
n—oo

= lim Tx,

= lim Tn+1
n—00

=Uu.
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Thus, u is the fixed point of T" in X.
Finally, to prove the uniqueness of a fixed point u, we let v(u # v) be another fixed
point of 7. Then, from (3.1), we get

[ = vl = [[Tu =T
= Tulllu = To|| + [|v = Tul][jv — Tv|
- [o = Tull + |Ju = Tv]|
[l = Tulllv = T (3.8)

+ 0
[u =2l + [lu—=Tov| + [Jlv — Tul|
u—Tull|llv —Tv
+,y|| Il 1 Sl — o]
[u — |
Ju—v| < 6ffu—n], (3.9)

a contradiction, for 6 < 1. Implies u = v. Hence, u is a unique fixed point of 7" in
X.

Example 3.2. Let T : [0,1] — [0, 1] be defined by Tz = ”3—; for all x € [0,1].
Clearly 0 is the fixed point of 7" with the usual norm ||z —y|| = |z — y|.
Now, we consider a pair of self mappings of a closed subset of a Hilbert space.

Theorem 3.3. Let X be a closed subset of a Hilbert space and TiTy : X — X be
self mappings satisfying the following

d(Tvz, Toy)
o= Tallllz — Tyl + [ly — Thz|llly — Toy|
: lo— Tyl + 1z~ Toal
e |z — Thall|ly — Toy|l (3.10)
|z =yl + |z — Tyl + |ly — Thz|]
o= Tl =Tl o

lz =yl
for all distinct x,y € X and o, 8,7, are non negative real numbers with

0<a+pB8+v+0d<1. Then T\, Ty have a common fized point in X.
Proof. Let us construct a sequence {z,} in X for an arbitrary point zo € X as

Top+1 = TlfL‘Qn, Lon+2 = T2x2n+1,Vn = O, ]_, 2, (311)
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We show that the sequence {z,} is Cauchy in X. With (3.10) and (3.11), we have

|Z2nt1— 220l = | Thz2n — Towon-1|]
220 — Thxanll|v2n — Towan—1ll + [[220-1 — Thwon[|| 2201 — Towon||
|22n—1 — Thwon|| + [[v2n — Towan—1]]
H$2n - T1$2nH ||$2n—1 - T21U2n—1|| (3~12)

<«

+ 8
[an — Zan 1| + [an + Taonall + 2201 — Tro
e = Tarwlllwss = Torgal 5
||l’2n — 517271—1”
a+pB+6
@301 = 22all < (=) 720 = 22011l (3.13)
implies
[#2n41 — Tan|| < A(n)|[22n — 2201, (3.14)
where )
/\(n) — %,
-1

foralln =0,1,2,.... Clearly, t = A(n) < 1,forall0 < a+f+y+0 < 1.
In general, we have
[2ns1 = znll < tllzn — 20l (3.15)

Continuing the process in (3.15), we get
Tt — 2| < |21 — 20|, n > 1. (3.16)

On taking n — oo in (3.16), we get ||zp+1 — x,]| — 0. Hence, the sequence {z,} is
Cauchy in X and has a limit v in X.

Since the sequences {xo,11} = {T129,} and {za,42} = {Toxo,11} are subse-
quences of {z,} and hence the subsequences have the same limit « in X.
Now, we show that u is the common fixed point of T} and 75 in X. Then, from
(3.10), we get

|lu — Thu|| = ||(u — Zont2) + (T2n42 — Thu)|
< lu — zapia|| + || T1u — Toxon11||

lu — Thul[|lu — Towgnsi || + [[22041 — Thul||[z2ns1 — Toxons |

<«
|Zons1 — Thull + [Ju — Towopii || (3.17)

|lu — Thul|||z2n11 — Tozon1||
lu = Zonta || + [[u = Towopia || + [|22n41 — Thu|
llu — Thul|||z2nt1 — Tozonyal|

|u — Zonia|

+

+0llu = o || + lu — T2
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Letting n — oo in (3.17), we get ||u — Thul| < (a+ d)||u — Thu||. Since o +0 < 1,
it follows that Tiu = wu.
Similarly, from, from (3.10), we get Tou = u by using the following

[l = Toull = |(u = @2nt1) + (Tans1 = Tou).|

Thus, u is a common fixed point of 77 and 75 in X.

To complete the proof, we show that u is a unique fixed point of T175. Now, let us
suppose that v(u # v) be another common fixed point of 77 and 75. Then, from
(3.10), we get

Ju =l = 1Tu — Tool
M= Tyl Ju = Tovl + flo = Tyl flo = Tyo]
- o =Txall + [lu = Teo]
45l =Tull[o— T (318)
Ju— ol + llu = ol + o = Tu]
Ju = Tyulljv ~ Too]
Ju—el

+ + d]|u — v
implies

lu = ]| < blju— v, (3.19)
a contradiction, for < 1. Implies u = v. Hence, u is a unique common fixed point
of Ty and T, in X.

Example 3.4. Let TiT; : [0,1] — [0,1] defined by Tyz = § and Tox = %, for
all z € [0,1]. Clearly 0 is the common fixed point of 77 and T3 and usual norm

lz =yl = |z —yl.
In this theorem, we consider a pair taking positive integers power of the self map-
pings in the contraction inequality.

Theorem 3.5. Let X be a closed subset of a Hilbert space and 11Ty : X — X be
self mappings satisfying the following.

AT}, T3y)
M= Tyellle = Tyl +lly = Tiallly = Tl
: v =Tyl + [l = T3y
45l =Tyelly - T (320)
o=yl + e = Tyl + Iy = Tial
= = Tyl lly — Tl

+ +dllz —yll,
|z —y|
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for all distinct x,y € X and «,(,7,0 are non negative real numbers with 0 <
a+B+v+9d<1. Then Ty, Ty have a unique common fized point in X .

Proof. In view of Theorem 3.3, 77 and T, have a unique common fixed point
u € X, so that TTu = v and T5u = wu.

By considering T} (Thu) = T1(T{u) = Thu

We have that Tiu is a fixed point of 77.

But w is a unique fixed point of 77.

Therefore, Tiu = u.

Similarly, we get Tou = u.

Hence, u is a common fixed point of 77 and T5.

To show uniqueness, we let v be another fixed point of 77 and 715, so that Tiv =
Tov = v. With (3.20), we have

Ju—vl| = |T{u — T3v|
= Tiufllu = T3ol| + |lv — Tyullflv — T3]
B v = TTull + [[u = T30
L3 [u =TT ull[lv = T (3.21)
Ju—vll + lu = T5v[| + [lv — TTull
u—TTul|l|lv — Tsv
+’}/|| 1 ”H 2 ||+5||U—U||,
Ju— vl
Ju— vl < 6flu—2. (3.22)

Implies u = v, since § < 1. Hence, u is a unique common fixed point of T} and T3
in X.

In the following Theorem, we consider a sequence of mappings on a closed subset
of a Hilbert space which converges point wise to a limit mapping and show that if
this limit mapping has a fixed point then this fixed point is also the limit of fixed
points of the mappings of the sequence.

Theorem 3.6. Let X be a closed subset of a Hilbert space and {T;} be a sequence
of self mappings on X converging point wise to T and satisfying the following

d(T;z, Tyy)
|z — Tix||||x — Tyl + |ly — Tiz||||ly — Tiy||
- |y — Tiz|| + ||z — Tyy||
45 |z — Tix|||ly — Ty (3.23)
|z —yll + [z — Tiy|| + |y — Tiz||
x —Tix|l|ly — Ty
+7H ] ”+&m—yw

[z =yl
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for all distinct x,y € X and «,3,7,0 are non negative real numbers with 0 <
a+ B+v+90 <1, if each T; has a fized point u; and T has a fixed point u, then
the sequence {u;} converges to u.

Proof. In light of Theorem 3.3, u; is a fixed point of 7;. Then, from (3.23), we
have

Ju—un|l = |Tu — Tyun|| = [[(Tu — Thu) + (Thu — Thu,)|
<||Tu — Thul| + || Thu — Tuy||
lu = Thullllu — Thua| + [[un — Toullllun — Toun|
o = Tl + 1w = Tyt
o = Tyl — Tyt (3.21)
lw = unll + [Ju — Thun || + [Jun — Thull
v — Toull||lun — Thuy||

<«

+ 8

| — un||
+0llu — up|| + | Tu — Thul|.

On taking n — oo in (3.24), T,u — Tu, Tou, — u, and Tu = u, we get
lim ||u— uy,| <0 lim [ju — wu,l.
n—oo n—oo
Implies
lim ||u — u,|| =0,
n—oo

since § < 1.
Hence, u,, — u as n — oc.
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