J. of Ramanujan Society of Mathematics and Mathematical Sciences
Vol. 11, No. 1 (2023), pp. 107-11/

DOI: 10.56827/JRSMMS.2023.1101.7 ISSN (Online): 2582-5461
ISSN (Print): 2319-1023

SOME ELLIPTICAL INTEGRALS ASSOCIATED WITH
HYPERGEOMETRIC FUNCTIONS

Salahuddin and M. P. Chaudhary*

Department of Mathematics,
AMET University,
Kanathur, Chennai, Tamil Nadu, INDIA

E-mail : vsludn@gmail.com

*International Scientific Research and Welfare Organization,
New Delhi, INDIA

E-mail : dr.m.p.chaudhary@gmail.com

(Received: Dec. 14, 2023 Accepted: Dec. 26, 2023 Published: Dec. 30, 2023)

Abstract: The main object of this paper is to establish seven elliptical integrals
associated with hypergeometric functions and suggest new way to compute their
numerical values. The results presented in this article are presumably new and not
present in the scientific literature.
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1. Introduction and Definitions
A generalized hypergeometric function ,Fs(ay, ..., aq; b1, ..., bg; z) is a function
which can be defined in the form of a hypergeometric series, i.e., a series for which
the ratio of successive terms can be written as:
cc1 P(Q) (€ +a1)(C + a2)...(C + aa)

cc Q) - (C+b1)(C+b2)..(CH+bg)(C+1) 2 (1.1)

Where (41 in the denominator is present for historical reasons of notation (see [1];
6], p. 12 (2.9)), and the resulting generalized hypergeometric function is written
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as [4]:
7 2, o . i (a)k(az)y - - - (aa)rz" (12)
e : (b1)k(b2)i - - - (bg)H! '
blaan"' 7bﬂ 9 k=0
where the parameters b0y, by, - - - , bg are positive integers.
The complete elliptic integral of the first kind K is defined as [4]:
B / d B /1 dt (1.3)
0 \/1—n2sin0 o /(1 —)(1—n2) '

In power series

K(n) = gg {%} 2772” = gi [Pgn(O)} B (1.4)

where P, is the Legendre polynomial.
In terms of the Gauss hypergeometric function, the complete elliptic integral of the
first kind can be expressed as

K(n) = 2F1(1 L 77) (1.5)

2 29

The complete elliptic integral of the second kind E is defined as [4]:

/ \/1 —n?sin 9d0—/ . _;tZ : (1.6)

It can be expressed as a power series
2n

T — o)l 1?
E(n) = EZO [22&(73!)2} 171%. (1.7)

n=

In terms of the Gauss hypergeometric function, the complete elliptic integral of
second kind is defined as

1 1
= 2R (5 -5, (1.8)

E
(77) 2 2 27 ’
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2. Main formulae of the elliptical integrals associated with hypergeo-
metric functions

In this section, we establish set of seven elliptical integrals associated with
hypergeometric functions, as follows:

Theorem 2.1. Fach of the following assertion holds true:

1
R T A CE R S
16~ 1 g S g p )] for Imle) £0 VR <0, (21)
1, Bz
[ eelon(- 1)
_l(w 4F3<i,z,z,g,1,;,2,c—12>)} for Im(c) #0 V Re(c) < 0 (2.2)

V1—2? 4 \/c

Ly BElc 28 1 111133579
/ z (Cx)dm:—ﬂ5F4< ______ o -2 >f07“]m()7£0\/R6(c)<0.
0

/1_x2 2 274727274’87878
(2.6)
Ly E(c 219 1 112343 7 9 11
/ Md?ﬁ:—ﬂE) 4< ————————— > (2.7)
0 V1—a2 2 2’5’5 55107 10’ 10’ 10’

for Im(c) # 0 V Re(c) < 0, provided that each member of the assertions (2.1) to
(2.7) exists.

3. Some results derived from main formulae

In this section, we suggest corresponding results for the assertions (2.1) to (2.7),
and also compute numerical values, as given below:
Putting ¢ = 1 in (2.1), we get

2 BE(z) 1 1335 3
Y = — 355 F<_7_7_7_717_2;1>_
o Viez " 32”[”34444 2
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3
16 4F3( ————— 505055 1)} ~ 1.16569. (3.1)

Putting ¢ = 1 in (2.2), we get

U2 BE(x) 1 11131131
"L dr = —7|16 F< ————— -———~—)—
22D do— a0

3

1 1335 .3 _1
= F(—,—,—,—;l,—,Q;—) ~ 1.1 2
1<7T434444 2 1] 6569 (3:2)
Putting ¢ =1 in (2.3), we get
V2 B(2?) 72
T g =T ~ 12337, 3.3
0 \/1—I2 8 ( )
Putting ¢ =1 in (2.4), we get
V2 B(x%) 1 11135
TEE) gy F(——,—,—;—,—;l).z1.30498 3.4
o Vicar T\ Ty (3.4)
Putting ¢ = 1 in (2.5), we get
V2 B(2) 1 11257
TEE) gy F(——,—,—;—,—;l).%1.34428 3.5
o Vi TN T 23366 (3:5)
Putting ¢ = 1 in (2.6), we get
Y2 B(2%) 1 111133579
L) gy == F(——,—,—,—,—;—,—,—,—;l)%1.37007 3.6
o VIoz T T 8888 (3.6)

Putting ¢ = 1 in (2.7), we get

1 10

v E(z') 1 112343 7 9 11

v = o sFi( = Ssa s i o, to, o 1031 ). A 138868 (3.7
VI T T 55107107107 10 (3.7)

4. Derivation of the Main Formulae

We first prove our first assertion (2.1). Consider its left hand side, and by
substituting x = sin 6, such that dx = cos 0 df, and also apply suitable limits, we
have:

Y2 E(c x)

——=dx
0 \/1—%2
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/2 sin 6 E(c sin 6)
= cos 6 df
0 V1 —sin? 6

/2
= / sin 0 E(c sin 0) d
0

L E (= hbile sin 6)F
= §7r /0 sin HZ ()2 0
k=0
1 ' 00 (—%)k(% . ok /w 2 - 1 4 oo (—l)k 1 . ok F(E‘i—l)
= —7 sin sin"0 df = —m2 27702 2
—~ (k) 0 4 kzzo k) r(%2)
Now after simplification, we arrived
Y2 E(cx) 1 1335 3
o ,—]_—[EQ X 327T|:7TC4 3 4747474a 727 ; C

1113113
-1 F<__7_7_a_;_7_7_; 2>:|

G\t Tveeye
This completes our demonstration of the first assertion (2.1).
Assertion (2.2) is easily, and can be proved similarly as (2.1), hence we left for the

readers.

Next, we prove our third assertion (2.3). Consider its left hand side, and by sub-
stituting x = sin 6, such that do = cos 0 dfl, and also apply suitable limits, we
have:

o E(c 2?)
0 \/1—I2

71—/2 . 9
_ sin 0 E(c sin 9)003 9 b
0 V1 —sin? 0

w/2
= / sin 0 E(c sin® 0) df
0

dx
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Now after simplification, we got:

Y2 E(c 2?) i — m[\/—(c— 1)c+sin~t /]
o Vi-a Ve '

This completes our demonstration of the first assertion (2.3).

Assertion (2.4) is easily, and can be proved similarly as (2.3), hence we left for the
readers.

Next, we prove our fifth assertion (2.5). Consider its left hand side, and by sub-
stituting * = sin @,such that dr = cos 6 df, and also apply suitable limits, we
have:

Y2 BE(c 2%
0 \/1—1’2
™2 sin 0 E(c sin® 0)

= cos 0 dO
0 V1—sin?6

dx

w/2
= / sin 0 E(c sin® 0) df
0

; /M2 > (—3)k(5)k(c sin® )"
= -7 sin 6 27702 0
2"y LT
1 & (_%)k % ol 6k+1
= 577 Z )2 /0 sin 6 db

LT p(s)

Now after simplification, we obtained:

1xE(cx6)dx 1 F( 11257C>
roler) 1o _1lz2o 7
0 V1-22 2" %2\ 233676

This completes our demonstration of the first assertion (2.5).

Assertion (2.6) is easily, and can be proved similarly as (2.5), hence we left for the
readers.

Next, we prove our seventh assertion (2.7). Consider its left hand side, and by
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substituting x = sin 6,such that dx = cos 6 df, and also apply suitable limits, we
have:

2 E(c 2'°)
0 \/1 —,TQ
/2 ;10
_ sin 0 E(c sin G)COS 9 4o
0 V1 —sin? 0
/2

= / sin 0 E(c sin' 0) df
0

dx

1 s (=3)(5)k " T(5k + 1)
= 3

LR ()

Now after simplification, we arrived:

Ly E(c 210 1 11234 11
‘ (Cx)dxz—m&(————%—ilg )

0 vV 1— a2 2
This completes our demonstration of the first assertion (2.7).
This obviously completes our proof of Theorem 1.
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