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1. Introduction
Denote by A(p) the class of multivalent analytic functions of the form

fe)=2"+ Y af, zeD={z€C:|z| <1}, peN:={1,2,...}, (11
k=p+1

and let A(1) =: A.

If f and g are analytic functions in D, we say that f is subordinate to g, denoted
by f(z) < g(z), or g is superordinate to f, if there exists a Schwarz function w,
that is w is analytic in D, with w(0) = 0 and |w(z)| < 1, such that f(2) = g(w(z)),
z € D. Furthermore, if g is univalent in I, then the next equivalence holds (see
[11] and [21]):

f(z) < g(z) & f(0) = g(0) and f(D) C g(D).

Differentiating the relation (1.1) ¢g-times, we have

FO(2) =0(p.q)" "+ Y 6(k,q)ar2™", z €D, g € Ng:=NU{0},

k=p+1
where
3(p,q) —p! >
p,q) ‘= , P~ 4q.
(r—q)

Definition 1.1. For f € A(p), p € N, ¢ € Ny, withp > q, and 0 < < p —q, we
say that f € S; (B) if it satisfies the inequality

2 fU+D) (2)
Re JC(T(Z) > ﬁ, z €D,
and it is in the class K, ,(5) if it satisfies
2fCHD(2)
Re(l_‘_f(lJr—q)(Z) >5,Z€D.

The classes S; (8) and K, () were introduced and studied by Aouf in [4, 6,
7). Also, the classes S ,(8) =: S;(8) and K, o(8) =: K,(5) have been extensively
studied by Aouf [1, 2, 10] and Owa [28].

Definition 1.2. For 0 < g < p—gq, with p € N, ¢ € Ny, and p > ¢q, we
say that the function f € A(p) is in the class C,4(B), if there exists a function
g €S8;,(0)=:8;, such that

p.q

2f (119 (2)

R
T )

> f, z € D.
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We note that C,o(8) =: C,(B) represents the class of p-valently close-to-convex
functions of order B (see Aouf [3,8]).

Definition 1.3. A function f € A(p), with f@(2) # 0 for all z € D\ {0}, is
said to be p-valently Bazilevic of type p and order B with higher order derivatives,
if there exists a function g € S} such that

Re [fo(;‘él()z) <£$;(<3)#} >B, z€D (1.2)

for some p, with > 0, and B, with 0 < B < p — q, and we denote by B, (11, )
the class of these functions.

We remark that B, o(u, 8) =: Bp(i1, 8) (see Patel and Cho [31]) and B, o(1, 8) =:
Cy(5), while for arbitrary real numbers A and B, with —1 < B < A <1, let

z2f'(2) 1+ Az
f(2) pleBZ}7

Si(A, B) = {f e A(p) :

2
One can see that S (1 — —a, —1) =: §;(a), where 0 < a < p, and the class

Sy (A, B) was introduced by Goel and Sohi [15], and Aouf [2].
Now, for y > 0, A >0, -1 < B <A< 1,and g € §; , we define the class
M, o(A 1, A, B) as follows:

Definition 1.4. A function f € A(p), with f9(2) # 0 for all z € D\ {0}, is said
to be in the class My (A, p, A, B) if

Zf(H'Q)(Z) Zg(1+q)(2’)

2f0+9D(2) [ FD(2)\" 2 f 2 (2)
e ) A T~ 00 e -0
< (p— )1 + Az
PO gy
Jor some g €S, ,, where the powers are the principal ones.
For convenience, if 0 < 8 < p — ¢, we write
2
Mp,q()‘nua 5) = Mp,q ()\7 ey 1- —ﬂa _1>
pP—q
_ e [ (FORN T, 2f) 2f09()
~{ream re{ e (Fa) +A1+ Sy — 09y

i)}
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We note that the class My, o(A, i1, A, B) =: M,(\, 1, A, B) was introduced by Patel
and Cho [31] (see also Guo and Liu [16], and Wang and Jiang [34]), the class
Mo\ 1, B) =2 My(A\, i, B) (0 < B < p) was defined by Patel and Cho [31] (see
also [34]), while the class My (A, u, B) = M(\, p,3) (0 < 8 < 1) was introduced
and studied by Guo and Liu [16].

To prove our main results we shall require the following lemmas. The first one
deals with the Briot-Bouquet differential equations and differential subordinations:

Lemma 1.1. [20, Corollary 3.2] If -1 < B < A <1, f > 0, and the complex
B —A)

— B then the differential equation

number vy satisfies Rey > —

N 2q¢'(z) 1+ Az
Bq(z)+~ 1+ Bz’

has a univalent solution in D given by

q(z)

( ﬁ-f—’y 1 ﬁ(AB—B)
ZZ ( +BZ) _%7 ZfB#()?
ﬁ/t5+7_1(1 +BH S F dt
q(2) = 4 ° B+
Zz exp(BAz) B %’ if B—0.
B/t5+7_1exp(BAt)dt
0

If (2) =1+ 12 + c2® + ... is analytic in D and satisfies
29/ (z) 1+ Az
Bo(z)+~v 1+ Bz’

¢(2) + (1.3)

then
1+ Az

1+ Bz

¢(2) < q(2) <
and q is the best dominant of (1.3).

Lemma 1.2. [36, Lemma 2| Let v be a positive measure on the interval [0,1]. Let
h(z,t) be a complex valued function defined on D x [0, 1] such that h(-,t) is analytic
in D for each t € [0,1], and such that h(z,-) is v-integrable on [0, 1] for all z € D.
In addition, suppose that Re h(z,t) > 0, h(—r,t) is real and

1

1
R > < 1, ¢ 0, 1].
€ h(Z,t) - h<—T, t)? |Z‘ =T < ’ S [ ’ ]
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If G is defined by

1 1
> < .
then Re G 2 G’ |z| <r<1

Lemma 1.3. [18] Let F be an analytic convex function in D. If f.g € A and
[(2), 9(2) < F(z), then

AF(2) + (1= Ng(2) < F(), 0 A < 1.
Lemma 1.4. [17] If -1 < B; < By < Ay < Ay < 1, then

1—|—AQZ < 1—|—A12
14+ By 14+ Bz

Lemma 1.5. [23, 24] Let p(z) = 14+ p1z+pez®+... be analytic in D and p(z) # 0
for all z € D. If there exists a point zog € D such that

s
jaxg p(=)] < 2. for |2] < |20l

and -
larg p(20)| = 51 0<n<L

Then, we have

Zop/(zo) _ ikn,
p(zo)
where . .
kz—(a+—), if argp(z) = =,
2 a 2
(1.4)
b<—g(att), i arap(zo) = —
=75 a a , U argpizo) = 2777
and

(p(zo))% = +ia, (a > 0).

Lemma 1.6. [35] For real or complex numbers a, b and ¢ (¢ #0,—1,—2,...), the
Gauss hypergeometric function o Fy(a, b; c; z) satisfies the identities:

11;—1 _ el ) e _F(b)F(C—b)
/Ot (1—1) (1 —tz) dt_—F(c)

z€C\ (1,400), Rec > Reb > 0,
2F1(a,b;¢;2) =2 Fi(b,a;c; 2),

QFl(aab; G, Z)v (15)
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and
oF1(a,b;c;2) = (1 —2)7% oy (a,c— b; c; zi—l) , 2€C\ (1, 400).

Lemma 1.7. [21, Theorem 3.4h.] Let g be univalent in D and let © and ¢ be
analytic in a domain D containing g(D), with ¢p(w) # 0 when w € g(D). Set

Q(2) = 24'(2)¢(9(2)), h(z) = O(g(2)) + Q(2),
and suppose that:
(1)  Q is starlike in D;
W) [00) | 26)
e e T
If P is analytic in D, P(0) = ¢(0), P(D) C D, and

O(P(2)) + 2P'(2)¢(P(2)) < ©(g(2)) + 29'(2)0(g(2)), (1.6)

(i1)  Re >0, z€D.

then
P(z) < g(2),
and g is the best dominant of (1.6).

2. Main Results

Unless otherwise stated we assume that f € A(p), p € N, ¢ € Ny with p > ¢,
A>0,u>0 —1<B<A<I1, and all the powers are considered the principal
ones. Our first result gives the best dominant for the LHS of (1.2) for functions of
M, (A, 1, A, B) and the inclusion of these classes in B, (i, p) where the value of
p is the best possible (i.e. it is sharp).

Theorem 2.1. Let f € M, ,(\ 1, A, B).

(i) Then,
zf(Hq)(Z) (f(q)(z)>u # B
(p—a)fD(2) \g'9(2) = (p—q)Q(z) q(2), (2.1)
where
(A (p—9)(B-A) p—q . Bz |
p—q2F1<1’ \B TN +1’Bz—0—1>’ if B#0,
Qz) = 1
/Sp;ql exp L™ Q)z‘;z(s U, PR
0

(2.2)
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and q 1is the best dominant of (2.1).
—AB
(i1) Furthermore, if A < —— with —1 < B < 0, then

pP—9q
Mypq(As 1, A, B) C By g, p),s (2.3)
where
(P—q9)(B—A) p—q¢ B\
= A B)=(p— Fil1 : 1, —— )
p p<)\7/'L7 ) ) (p Q) |:2 1( ) AB ) )\ + ’B—l

The result is the best possible.
Proof. Let f € M, (A, p, A, B) and define the function

2fOta)(z) f@(2) K’
o(z) == ,2 €D. 2.4
&= —0r9@ \go) 24

Then, ¢ is analytic in D with ¢(0) = 1, and differentiating (2.4) we have

2(2) _ 2fM0() (FOR)N

o(z)  f9(2) \g9(2)

Zf(2+Q) z Zf(1+Q) z Zg(1+Q) z 1+AZ

T()— — 1) ()(>—M ()<> <(P—q - (2.9)

JUFO(z) f9(z) 9'9(2) 1+ Bz

Thus, ¢ satisfies the differential subordination (1.3), and by applying Lemma 1.1
pP—q

for § =

(p—q)o(z) + A

FA |1+

and v = 0 we get

1+A
$(2) < () < T

where ¢ is given by (2.1) and (2.2), and is the best dominant of (2.5), which proves
the assertion (2.1).
Next we will show that
inf {Req(2) : |2| <1} = q(-1). (2.6)

—a(B-A _ _
(p qi\(B >,b:p q,c:p)\q+1,thenc>b>O.From

(2.2), and using Lemma 1.6 we see that for B # 0 we get

If we set a =

1
Q(Z) = (1 + BZ)(Z)_(DA(]E_M/ S¥_1(1 + st)_%ds
0

_ A P—q)(B-—A) p—q ., Bz
_p_q2F1<1’ AB T thEaa) 27
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1 1 B
To prove (2.6) we need to show that Re > ,z€D. Since A < —
(2:6) Qz) — Q(-1) p—q

implies ¢ > a > 0, by using (1.5) and (2.7) we have

Q) = / Bz, s)du(s),

where

1+ B N y
- a5 (0<s<1) and dv(s) = S%“—S)( AB)Ad&
14+ (1—-s)Bz b4

h(z,s)

which is a positive measure on [0,1]. For —1 < B < 0, it may be noted that
Reh(z,s) >0, h(—r,s) isis real for |z] <7, 0 <r <land 0 <s <1, and

1 1+(1—-s)Bz _ 1—(1—s)Br 1
Re h(z,s) Re 1+Bz — 1— Br h(—r,s)

Therefore, by Lemma 1.2 we get

L1
Qz) — Q(=1)

for the case A = — and by (2.1), we get that
pP—q pP—4q

(2.3) holds. The result is the best possible since ¢ is the best dominant of (2.1),
which completes the proof.

The following three corollaries represent particular cases of the above theorem
obtained for different choices of the parameter. We emphasize that these results
represent generalizations and extensions of some previous ones obtained by different
authors.

: 26 .

Thus, putting u =1, A =1— —— with
in the second part of Theorem 2.1pwe %ave:

Corollary 2.1. If f € A(p) satisfies

Zf(1+fJ) (Z) zf(2+Q) (Z) Zg(1+lJ) (z)
Re{ 9D (2) “{” [0z ga(z)

and by letting r — 1~ we obtain Re

Further, taking A — —

—q—A
%§ﬁ<p—q,and3:—l

}>B,zeD, (A >0),
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for some g €S, then f € B, ,(¥(p,q, A, B)), where

p,q’

(2.8)

2p—q—B) p—q . 1\
a-hl e +1,->} |

¥pa\0) = (o) |oFi (1 2

The result is the best possible.
2 —q— A
Taking p =0, A =1 — —6, with 24— 2
P—q 2

<pf<p—gq,and B = —1in
Theorem 2.1 we obtain:

Corollary 2.2. If f € A(p) satisfies

Zf(1+q) (2) Zf(2+Q)(Z)
f(Q) (z) f(1+Q) (z)

then f €Sy (¥(p,q,\, B)), where VU(p,q, A, B) is given by (2.8). The result is the
best possible.

Remark 2.1. Our results of Theorem 2.1 and Corollary 2.1 and Corollary 2.2 but
for ¢ = 0 were also obtained by Patel [30, Theorem 3.1 and Corollaries 3.2 and 3.3,
respectively].

Re [(1 = )) +/\<1+ )}>6,zeﬂ), (A >0),

Putting A = 1 in Corollary 2.2 we get the next special case:

—q-1
Corollary 2.3. [f]% < B < p, then

Kpq(B) €S, 400, q,5)),

1 -1
where p(p,q,3) == (p — q) {2F1 (1, 2p—q—0B)ip—q+1; 5) } . The result is

the best possible.

Remark 2.2. (i) Putting ¢ = 0 in Corollary 2.3 we obtain the result of Srivastava
et al. [33, Corollary 7], and Patel [30, Corollary 3.4];

(ii) Putting p = 1 and ¢ = 0 in Corollary 2.3 we obtain the results obtained by
MacGreogor [19], and Wilken and Feng [36].

In the next result we found the best radius where the reverse inclusion of Theo-
rem 2.1 (ii) holds, and we underline that result is the best possible under the given
assumptions.

Theorem 2.2. If f € B, (i, B) for some p, with pn > 0, and 3, with0 < < p—q,
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then f € M, ,(\, 1, B) for |z| < R(p,q, A, B), where X\ >0, and

(p—aq+X=B) —Vo—a+X=B2—p—q)(p—q—26)
p—q—20 7
R(p,q, A\, B) = if B8# ]%,
p—q N
\ p o q + 2)\7 Zf B - 2 )
(2.9)
and the bound R(p,q, \, B) is the best possible.
Proof. For f € B, (11, ), according to (1.2) let define the function i by
Zf(1+q)(2) f9(z) "

where h(z) = 1+ hyz + hg2? + ... is analytic and have positive real part in D.
Differentiating (2.10), we obtain

Re{zf(1+q)(z) (f(q)(z))“Jr)\[l . 2fCH(z) - )zf(Hq)(z)

f(q)(z) g(Q)(z) f(1+q)(z) f(Q)(z)
”Zi;z);)ﬂ } b

Z@—q—ﬁﬂ%[M@+Aﬁ+@?g?ﬁm@J

z@—q—ﬁﬂmeﬁ—Mﬁ+@@%?;w@ﬁ,zeD. (2.11)

Using in (2.11) the well-known estimates [19]

147

—
<

2
2h/ (2 §—TRehz, and Reh(z) > .zl =r < 1,
1—172

we get

Re{zf<1+q>(z) (f(q)(z)>“+/\{1 . 2fCH(z) a _#)Zf(prq)(z)

f(Q)(Z) g(Q)(z) f(1+Q)(z) f(CI)(Z)
zg(1+q)(z) B
) } ’
21
Bl—=r?)+(p—q—pB)(1—r1)?

], |z| =r < L
(2.12)

> (p-q- B Ren(:) [1 -



P-Valently Bazilevi¢ Functions Defined with Higher Order Derivatives 89

Since 0 < 8 <p—qand 0 <r < 1, the inequality

2Ar
B e e e (TR 21

is equivalent to
p(r):=p—q—=28)r" =2(p—q+A=P)r+p—q>0.

Using the fact that ¢(0) = p —¢ > 0 and ¢(1) = —A < 0, the inequality (2.13)
holds for r € [0,r.], where r. = R(p,q, A\, B) is the smallest positive root of .
Therefore, the right-hand side of (2.12) is positive whenever r < R(p,q, A, 3),
where R(p,q, A, B) is given by (2.9).

To show that the bound R(p, ¢, A, 5) is the best possible, consider the function
f € A(p) defined by

Zf(1+q)(z) (f(q)(z)
FO() \g9(2)

for some g € Sy . Noting that

Re { 2 fH(2) (f(c»(z))“ ) [1 ) 2feH() 1- 2 fOHD(2)

/L N
) =B+(p—q—ﬁ)1+—j, 0<B<p—gq,

f(Q)(z) g(Q)(z) f(1+Q)(z) f(Q)(z)
2179 (2)
‘“g@@>}}‘ﬁ
1—2 2\z
:@‘q‘5%1+z*50+zﬁ+@—q—mu—¢%}:O

for z = R(p,q, A\, B), we conclude that the bound R(p,q, A, §) is the best possible,
which completes our proof.

The next two corollaries are special cases of the above theorem, that on their
turn generalise some previous results of obtained in different articles.

Thus, putting 4 = 0 and A = 1 in Theorem 2.2 we get the next special case:

Corollary 2.4. If f € S; (8), with 0 < 8 < p—gq, then f € K,4(B) in |2] <
R*(p,q, ), where

—g+1-8) =BT 2p—q— 1 —

* (p—q+1-0) _\/5_—2# (p—q—B)+ i ﬁ#z%
R*(p,q,p) = P pP—q—203 | 024
) Ve
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and the bound R*(p,q, 3) is the best possible.
For ¢ = 0, Corollary 2.4 reduces to the next result:

Corollary 2.5. If f € S;(8), with 0 < 8 < p, then f € K,(8) in |z| < Ri(p, ),

where

(p-B+1) VB +2(p—B)+1 p
Pt if B=73,

and the bound Ry(p, 3) is the best possible.

Remark 2.3. The result of Corollary 2.5 was previously obtained by Patel [30,
Corollary 3.7], Patel and Cho [31, Corollary 3.3], and Aouf et al. [9, Corollary 3.8].

In the next theorem we give sufficient conditions for a function f that belongs
to a subclass of B, 4(u, ) to be in K, , := K5 (0) for a sufficient small disc included
in D.

Theorem 2.3. If f € A(p) and satisfies the following conditions

f(q)(z)
RGW >0, z€D, (2.14)
zf(Hq)(z) f(q)(z) # o o .
F@(z) ( g<q>(z)) (p q)‘ <v(p—gq), €D, (2.15)

with 0 < u <1 and 0 < v < 1, for some g € Sy, then f € K,, := K> (0) in
2| < R*(p,q, p, v), where

R*(p,q, p,v) = min {r,; 1},
and r, s the smallest positive root of
(p—)2u—1) =Vl = R2(p—q—Dp+v+2r+p—q=0

Proof. Letting

) (N
"2 = G gFo () (ng)) L zeD, (2.16)

from (2.15) it follows that A is analytic in D, with ~2(0) = 0 and |h(2)| < v, z € D.
Therefore, the function A has the form h(z) = v®(z), where ® ia analytic in D,
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with ®(0) = 0 and |®(z)| < 1 for all z € D, Thus, from the definition relation
(2.16) we have

2fHD(2) = (p— q) (f(q)(z))l_” (g(q)(z))# (14+v®(z)), z €D, (2.17)

and differentiating (2.17) with respect to z, we get

2 [T (z) 2fU(z) 20D (z) w2 ®(2)
142 g D. (2.1
e T BT R 7 TE M
| e
Putting K(z) := —————, z € D, then K(0) = 1, and from (2.14) we have
o(p, q)zP1
Re K(z) > 0 for all z € D. Also,
zf1+9(2) 2K'(2)
L S A D 2.1
and from (2.19) and (2.18) we obtain
2 f2H9)(2) 2K'(2)
1+f(1+—q)(z) =(1-pwp—q9 +1—p)

K(2)
2g(+9) () vz®'(2)
gD (z) 7 +v®(2)

+p , zeD. (2.20)

Using the well-known estimates [19], since K(0) = 1 and Re K(z) > 0 for all z € D,
we have

2K'(2) 2r
K(z) _1_r2,|z|:r<1,
hence K(2) 5
2K'(z r
Re KC) 2_1—7"2’ |z| =r < 1. (2.21)
2g(1F9 ()

Denoting H(z) := =7 then H(0) =1, and from g € S; it follows that

Re H(z) > 0 for all z € D. According to the well-known estimates [19], we get

1—r
ReH(z) > = 1
cH(E 2 T =r <1,
that is (140
a — o)1 —
Re2d &) oa=r) Ly (2.22)

g9 (2) 1+7r
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Since @ is analytic in D, with ®(0) = 0 and |®(z)| < 1 for all z € D, from [12] we
have

1—|o(2)

=2 , 2z €D,

|¥'(2)] <

and since 0 < v < 1, this implies
vz®(2) vzl 1—-16()1P _  vlz| 1-]2(x)P
L+v®(2)| — 1— 221 +v®(z)| = 1—|2]21 —v|P(2)]
vz 1—[®()P vl
I e E e L O R s T
Moreover, from the Schwarz’s lemma we have |®(z)| < |z| for all z € D, then from
the above inequality we obtain

(1+|P(2)]), z €D.

vz®'(z) v|z| (1+|z]) _owr e p——
1+ v®(z) 1— |22 I
hence ()
vz®'(z vr
R > — =r <1 2.23
el—i—l/(I)(z)_ 1—7r’ 2l =r (223)

Using the inequalities (2.21), (2.22), and (2.23) in (2.20), we obtain

/20
f(1+Q) (z)

e [1+ } lerz{[(P—q)(Qu—l)_y]TQ

—[2(p—q—1)u~|—y—|—2]r+p—q}, |zl =r < 1.

To solve the inequality
() =p—@)Ru—-1) =l =2(p—q—Dp+v+2r+p—q>0, (2.24)

we see that ¥(0) = p — ¢ > 0, hence the inequality (2.24) holds whenever 0 < r <
R*(p,q, pt,v) := min{r,; 1}, where r, is the smallest positive root of .

Putting v = 1 in Theorem 2.3 we get the next corollary, that also generalise
and extends some previous results as could we see in the following remark:

Corollary 2.6. If f € A(p) and satisfies the following conditions

f(q) (Z)
6(p, q)zr—1

zf(Hq)(z) <f(q)(z)
f(Q)(Z) g(Q)(Z)

Re >0, z€D,

o
) —(p—Q)‘<p—q, z €D,
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with 0 < p < 1, for some g € S5, then f € K,q in |2| < Ri(p,q,p) =
R*(p,q, i, 1), where

RT(]L Q7 :u) = min {T*7 1} 9
and r, is the smallest positive root of

[(p—a)2u—1) = 1" = [2(p —q— Dp+3]r+p—q=0. (2.25)

The result is the best possible.
It is easy to see that the bound Rj(p, ¢, u) is sharp for f,g € A(p) defined by

2f0HD () [ f9(2) “_ 1

, 0<p<1,

and 5(p.0)
@,y - oW a2
99() = (1 —2)2-a)

Remark 2.4. Putting ¢ = 0 in Corollary 2.6 our result improve those obtained by
Wang and Jiang [34, Corollary 3.4], and corrects the result obtained by Patel [30,
Theorem 3.8].

Putting x4 = 0 in Corollary 2.6 we may easily see that the equation (2.25) has
a root in [0, 1], hence we get the next result:

Corollary 2.7. If f € A(p) and satisfies the following conditions

(9)
Ref—<z)>0, zeD,
6(p, q)zP~1
Zf(1+q)z
W;))—(P—Q) <p—gq, z€D,

then f € K,, in|z| < R5(p,q) := R*(p,q,0,1), where

R;(p,q) := VIt 4(p;g ;ri)l(p —9) =3

The result is the best possible.

Using Theorem 2.1, the following theorem represents an inclusion result be-
tween the classes M, ,(\, i, A, B) if the parameters A\, A and B satisfy some simple
ordering relations.
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Theorem 2.4. ]f/i > O, )\2 > /\1 > O, and —1 < B <By< A2 < Al < ]_, then
Mp,q()\Qa M, AQ, Bg) C Mp,q()\la Ly Al, Bl) (226)
Proof. Supposing that f € M, (A2, p, As, Bs), then

20D (2) [ FD(2)\" Zf@H0)(2) Zf+9)(2) zg(H9)(2)
F@(2) (g@(z)) e [l ) TG T e }
1+ AQZ
= (p_Q)1+BQZ

Since —1 < By < By < Ay < A; < 1, it follows from Lemma 1.4 that
(1+q) (a) ’ (2+9) (4 ~ f1+q) 2110 (4
SRy FAIEN N [P IS R Ll

f@(z) \ g@(z) fO+a(z) f@(z) g9 (2)
1+ Ayz 1+ Az
(»—a)
)

_ 2.2
=< (p ®1+Bﬂ B (2.27)

that is that f € M, ,(\, i, A1, By). Thus, the assertion (2.26) holds for Ay = A\; =
0.
If Ay > Ay >0, by Theorem 2.1 and (2.27) we have f € M, (0, u, Ay, By), that

2f0FD(2) [ FD(2)\" 1+ Az
() (g@(z)) R TE

At the same time, we have
2f0FD(2) [ FD(2) " Zf@H0)(2) Zf+0)(2) 29 (2)
o o)+ 1+ e - -0 Tt -

() T () e s ()

5 f(2+a) (5 ~ f(1+q) 21D (5
o1+ e - 0w e e } (229)

, with —1 < By < A; <1, is an analytic

18

(2.28)

A 1+ A
Moreover, since 0 < 2« 1, and Az
)\2 1+ 1%

convex function in D, combining (2.29), (2.28), (2.27) and Lemma 1.3 we conclude
that

2f0FD(2) [ fD(2) N 2f@H9)(2) 2f+9)(2) 29 (2)

f@(z) (%ﬂ@)) +A1P+'f“ﬂxd -4 fa) ww@>]
1 + A12
1 + Bl,Z,

<(p—q)
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that is that f € M, (A1, i, A1, B1), hence M, (Ao, i1, A, Bo) C My, 4(A, 1, A1, By),
and the proof is complete.

The importance Theorem 2.4 is shown in the next two remarks and corollary,
that represent particular cases of this theorem but for ¢ = 0 these results were
earlier obtained in a few articles.

Remark 2.5. (i) Putting ¢ =0, A; = Ay = A, and By = B, = B in Theorem 2.4
we obtain the result of Guo and Liu [16, Theorem 3.5];

(ii) Putting ¢ = 0 in Theorem 2.4 we get the result obtained by Wang and Jiang
(34, Theorem 3.1].

P : _ _ o Qﬁl . . 2/82 .

utting By = By = —1, Ay =1— —, with 0 < ) <p, Ay =1— —=, with

0< By <p,p>py>p >0, and q :% in Theorem 2.4 we get the neXZt) special
case:

Corollary 2.8. If u >0, s > X\ >0 andp > P > 1 > 0, then

Mp(p, A2, B2) © My (g, v, Br)

Remark 2.6. For the special case p = 1, Corollary 2.8 reduces to the result of
Guo and Liu [16, Theorem 3.3], and of Wang and Jiang [34, Corollary 3.2].

The next theorem gives a simple sufficient condition for a function f € A(p) to
be in the class B, ,(u,0).

Theorem 2.5. Let v >0, and A >0 or A< =2(p —q)v. If f € A(p) satisfies

e () + [+ e - -9 s
_Mzgg((l%zl()z)} £ib, z€D (2.30)
for some 1> 0, and g € S}, where b is a real number with
bl > VA +2(p — 9], (2.31)
then )
e ()] oo

Proof. Letting
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then P(0) = 1. Assuming that there exists z, € D\ {0} such that f@(z,) =0 or
f(Hq)(z*) = 0, then z, will be a pole for the function

(1+q) (a) K (2+q) (1+q) (1+q)
G (PO OG0 st e))
) \g@(2) £ (2) o) M)

which contradicts the assumption (2.30), hence P is analytic in D.

We will prove that under our assumptions P(z) # 0 for all z € D. If P has a
zero of order m € N at z; € D\ {0}, then P can be written as

P(z) =(z—2z1)"n(2), z € D,

where 7 is an analytic function in D, and 7n(z;) # 0. Hence, we have

2 f1+0)(2) (f(q)(z))“ ) [1 N 2f2F9)(2) (1) 2f0+) (%) 2g1+9)(2)

FOG) \g@(z) FOF0(2) fak) o)
== P+ A5 = (0= e = i) 4 A AT (2

in a neighborhood of z; that doesn’t contains any zero of 7. From (2.32) it follows
that the point z; € D will be a pole for the function of the left-hand side of (2.30),
which contradicts (2.30).

Thus, if there exists a point zg € D\ {0} such that Re P(z) > 0 for |z| < |z|,
with Re P(z9) > 0 and P(z) = i(%a), a > 0, then we have P(z) # 0.

From Lemma 1.5 and the first equality of (2.32) we have

Z()P/(Zo)
P(z)
where k satisfies the inequalities (1.4) with n = 1, therefore F'(z) has a pure

imaginary value.
Assuming that A > 0, according to Lemma 1.5 for P(zy) = ia it follows that

F(z) == (p— ¢)vP(20) + A = i[(p — @)v(Fa) + AK],

A
Im F(z9) = (p = g)ya + M > (p = g)ya + F(a + a ')

= % {2 + [A+2(p—cm]a} > A+ 2(p — )],

while for P(zp) = —ia we have

Im Flz0) = —(p— q)ya + Mk < —(p— qhya— 2 (a+a™)

2
1
2

Q| >

2 - qwa} < VAP 20— ol
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which contradicts the assumptions (2.30) and (2.31). Therefore, we have Re P(z) >
0.

The next corollaries and remarks emphasize the high level of generality of this
theorem, since for some particular choices of the parameters we get may known
particular cases as follows.

Assuming that A < —2(p — ¢)~, using the same method we similarly obtain the
same conclusion as above, which completes our proof.

Putting v = 1 and g = 0 in Theorem 2.5 we obtain:

Corollary 2.9. Let A >0 or A < =2(p—q). If f € A(p) satisfies

f(1+Q)( ) f(2+q)( ) ‘
(1-3)7 f(q)(z)z +A (1 T Zf(1+q>(;) ) 7 ib,

where b is a real number with |b] > /AN + 2(p — q)], then f € S

Remark 2.7. (i) Putting ¢ = 0 in Corollary 2.9 we obtain the result of Dinggong
[14, Theorem 1J;

(ii) Putting p = 1 and ¢ = 0 in Corollary 2.9 we obtain the results of Cho and
Kim [13, Corollary 1], and Nunokawa [25, Corollary 1].

From Corollary 2.9 we obtain immediately the following results:

Corollary 2.10. Let A >0 or A < =2(p —q). If f € A(p) satisfies

o [0 T (1 2]

< \/)\[)\+2(p—q)], zeD,

then f €Sy,
Corollary 2.11. Let A >0 or A < —2(p —q). If f € A(p) satisfies

‘(1 — A)M T\ ( zf(2+q)<z)

F@(z) f(1+—q)(z))—(p—Q)‘<p—Q+>\,z€ID>,

then f €S}
Putting A = 1 in Corollary 2.9 we have:

Corollary 2.12. If f € A(p) satisfies the condition

2f2H)(z)
f(1+q) (Z)

where b is real with |b] > \/1+2(p — q), then f €S;,

1+ #£1b, z €D,
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Remark 2.8. For the special case ¢ = 0, Corollary 2.9, Corollary 2.10, Corollary
2.11 and Corollary 2.12, reduces to the results obtained by Dinggong [14, Theorem
1, Corollary 1, Corollary 2 and Corollary 3], respectively.

If we take ¢ = 0 in Corollary 2.12 we have (see also Dinggong [14, Corollary

3]):

Corollary 2.13. If f € A(p) satisfies the condition

")
1+ Z£1ib, z €D,
f'(z)
where b is real with |b] > \/T+2p, then f € S; =S .
Remark 2.9. We note that our results in Corollary 2.13 corrects the result

obtained by Nunokawa [26], because this last one it is not true for p > 2 (see
Dinggong [14]).
If we take A = 1 in Corollary 2.11 we get:

Corollary 2.14. If f € A(p) satisfies

2f@H9)(2)

L o)

_(p_q) <p—q+17 Z€D7

then f €S,

Remark 2.10. Putting ¢ = 0 in Corollary 2.14 we obtain the result of Dinggong
[14], and our result of Corollary 2.13 for the special case p = 1 and ¢ = 0 is an
improvement of that of Singh and Singh [32, Corollary 3].

Using a particular case of Lemma 1.7, the next theorem gives us an implication
that involves differential inequalities; in particular, these implications give simple
sufficient starlikeness conditions, and some of them were earlier obtained by using
different methods and techniques.

Theorem 2.6. If A >0 and f € A(p

)
A O] L ) -
-0 “(1 f<1+q><z>> =)

2 fOH9)(2)
e
Proof. If the function f € A(p) and A > 0, according to Corollary 2.11 the
assumption (2.33) implies f € S ,. Defining the function P by

Zf(1+Q)(Z>
FOz)

satisfies

A
<p-q+3 2€D, (233)

then

—(p—q)‘<p—q,z€]D). (2.34)

P(z) = , z €D,
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by using (2.32), the assumption (2.33) becomes

P(z)+A%?—(p—q) <p—q+%,z€]D). (2.35)

Setting in Lemma 1.7 the functions g(z) = (p—¢q)(1+2), O(w) = w, ¢p(w) = —,
and D = C* :=C\ {0}, we get

Azg'(2) Az
= = D
Q(2) e 5 2 €D
A
hz) = 9(z) +Q(z) = (P~ )1 +2) + 77 2 €D,
and because p > ¢, A > 0, we have
2l (z) P—q 1 1
— 91 | >= D
Re 00 Re 3 ( —|—z)—|—1+z >3 2 €D,

|h(2) =(p—q)l > p—q+ ARe

1 A
—p—g+2 zeD.
11, P 47537

Therefore, from the above last inequality and (2.35) it follows

2P'(2)
P(z)

P(z)+ A =< h(z),

and by Lemma 1.7 we conclude that P(z) < (p — ¢)(1 + z), which gives (2.34).

Remark 2.11. Putting ¢ = 0 in Theorem 2.6 we obtain the result of Dinggong
[14, Theorem 2|, and for p = 1 and ¢ = 0 we get that of Mocanu [22, Theorem 3]
who proved it by using a different method.

For A =1 and ¢ = 0, Theorem 2.6 reduces to the next special case:

Corollary 2.15. If f € A(p) satisfies

2f"(z2) 1
‘(1“‘ f/(Z) ) —p‘ <p+§, z €D,

then f €S;.
Putting p = 1 in Corollary 2.15 we get the following result which was also
obtained by Singh and Singh [32, Corollary 3], and Owa [29, Corollary 1]:
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Corollary 2.16. If f € A satisfies

2f"(2)
f'(2)

3
5, z €D,

then f € S*.

The last main result deals with argument inequalities for the expressions that
appeared in the previous theorem, that could be connected with subordinations
to conic domains with the apex in origin and symmetric to the real axe, and the
main tool used for this result as Lemma 1.4. As we will see in the corresponding
corollary and remark, this theorem generalize a few previous results of different
authors.

Theorem 2.7. If f € A(p) satisfies

Zf(1+Q)(Z) Zf(2+q)(2) T
arg |:(1—)\)W+)\<1+f(l+—q)<z)):|‘<§(5, zeD, (236)
with 0 < § <1, then e
2fI ()] 7
argf(T(z) < 55, A ]D,

where B, with 0 < 8 < 1, is the solution of the equation

[ )\Bsm 15) ]
((p—9)(1+8)7% (1—6) " ABcos T2 |

2
§=pB+ =tan!
7r

Proof. Letting
2f+9) (5
pey= L0
(p—q)f9(2)
then p(0) = 1. Assuming that there exists z, € D\ {0} such that f@(z,) =0 or
fO+9(2,) = 0, then z, will be a pole for the function

! UG ()
Fz) = —— {(bMWH (Hfm—wﬂ !

which contradicts the assumption (2.36). Therefore, p is analytic in D, and p(z) # 0
for all z € D.
Differentiating (2.37) we have

p@)b+ A %ﬂ@}:piqVl—Mi%;%ﬁ+A(L+%§;%?ﬂ,zeD

2eD, (2.37)
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Suppose that there exists a point zo € D such that |arg p(z)| < T B for |z| < |zol,

/
and |argp(z)| = = B Then, according to Lemma 1.5 we can write zp((z(;) = ikp3,
P20
where (p(zo))% i—za with @ > 0, and & Satlsﬁes the inequalities (1.4).
If argp(z) = then we have (p(zo))ﬁ = ia, with a > 0, and
(1+q) (2+9)
pP—q f () FUHD ()
A 2p' (20 )) P [ k3 -r(l—ﬁ)}
=p(z 1+—— 1 |
. )( p—q p*(%) (p—q)a’

1 1 k
with & > 3 <a + —). It follows that —g > § (al_ﬁ + a‘l_ﬁ), and we can easily
a a

check that the function g : (0, +00) — R defined by g(a) =

1+p
15

o L (1= 1+B\ 1-8/(, 1+8
g(a)—§ af  a*tB ) 202+8 a—m '

Therefore, we have

arg{p%q{amzfm% V(1 Fme)])

(QI*B + ailfﬁ) takes

N | —

1
3
because

the minimum value at a, = (

= s +ang 14 2 ) < D *arg[ <Aﬁﬁq>eiw}
o7 1 )\ﬁsm 25) _ T
25+tan {( 01 (1A AT ) 50

which contradicts the assumption (2.36).
If argp(zo) = —g B, by applying the same method, we have

1 2D () 2 fHD ()
arg {p 4 {“ Ny (1 D () )} }
in 702)
< —gﬂ—tan_l{ AB sin }

(p _Q)<1+5)1+ﬁ(1 —B)= 76 + A3 cos ™ ﬁ)
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which contradicts the assumption (2.36).
Concluding, the above results implies that there is no point zy € D such that

( ZOf(1+q)(Zo> ) ’ -

arg =

(P = 0).f@(20)
Putting ¢ = 0 in Theorem 2.7 we get:

Corollary 2.17. If f € A(p) satisfies

arg [(1 —A)Z}fgz) A (1+%S)>H < gé, 2 eD,

B.

bo |

|arg p(z0)| =

with 0 < 0 <1, then

@)
arg <=08,2¢€D
fle) ] 2
where B, with 0 < 8 < 1, is the solution of the equation

A 1 T(1-8)
5=5+2tan1{ Bsin = }
T

(1+8)F(1-p8)7 +A6cos““;‘”

Remark 2.12. (i) Putting p = 1 in Corollary 2.17 we obtain the result of
Nunokawa et al. [27, Theorem 1 with v = 1 and Theorem 3J;

(i) Putting p = A = 1 in Corollary 2.17 we obtain the results of Nunokawa [23],
and of Cho and Kim [13, Corollary 4].

3. Conclusions

This paper mainly focuses on defining a subclass of multivalent functions that is
defined by using higher order derivatives and extends many previously and exten-
sively studied classes of analytic functions, and that extends the Bazilevic functions
of some order. We get sharp inclusion results using the Briot-Bouquet type of sub-
ordination together with the useful Lemma 1.2, and also a reverse inclusion in a
subset of the unit disc. Also, using the previous results, we get an inclusion theorem
between these classes with respect to the values of the parameters.

We gave some implications involving differential inequalities, where the novelties
consist in the proofs that uses Lemma 1.5 and the subordination Lemma 1.7. These
are connected with some differential expressions that belongs to a disc or a conic
domain with the apex in origin, symmetric with respect to the real axe, and in
particular it gives simple sufficient condition for starlikeness.
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All our results extend and generalize some other previous ones, and many of
them are sharp, in the sense that there are the best possible under the given as-
sumptions. The complexity of many proofs could help some further studies to fol-
low similarly methods to obtain convenient results in Geometric Function Theory,
while to obtain the best results for those theorems that are not the best possible
remain a challenge for those that work in this area.
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