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Abstract: This paper deals with a new type of fuzzy open-like set, viz., fuzzy
[-b-open set, the class of which is strictly larger than that of fuzzy open set as well
as fuzzy preopen set [11], fuzzy semiopen set [1], fuzzy a-open set [4] and fuzzy
p-open set [6]. However, three different types of fuzzy continuous-like functions
are introduced and studied and also the mutual relationships of these functions are
established. Afterwards, two new types of separation axioms and a new type of
compactness are introduced and studied. It is shown that in a fuzzy [-b-regular
space, fuzzy [-b-open set coincides with fuzzy open set. In the last section some
applications of the functions defined here are established.
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1. Introduction

Fuzzy [-open set is introduced in [6]. Using this concept as a basic tool, here we
introduce fuzzy p-b-open set. Fuzzy continuity is introduced in [5]. Here we intro-
duce fuzzy p-b-r-continuous function, an independent concept of fuzzy continuity.
Next two new types of functions are introduced here, viz., fuzzy [-b-continuity,
and fuzzy almost [-b-continuity. It is shown that fuzzy continuity implies fuzzy
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[-b-continuity and fuzzy almost [-b-continuity, but not conversely. Here we in-
troduce fuzzy [-b-regular space in which fuzzy open set and fuzzy [-b-open set
coincide. Also we introduce fuzzy [-b-compactness and fuzzy [-b-T,-space. It is
established that fuzzy [-b-compactness implies fuzzy compactness, but not con-
versely and fuzzy Ts-space is fuzzy [B-b-Ts-space, but not conversely.

2. Preliminary

Throughout the paper, (X, 7) or simply by X we shall mean a fuzzy topological
space (fts, for short) in the sense of Chang [5]. In [15], Zadeh introduced fuzzy
set as follows : A fuzzy set A in an fts X is a mapping from a non-empty set X
into the closed interval I = [0, 1], i.e., A € I*. The support [15] of a fuzzy set A,
denoted by suppA and is defined by suppA = {x € X : A(z) # 0}. The fuzzy set
with the singleton support {x} C X and the value t (0 < ¢ < 1) will be denoted
by x;. Ox and 1x are the constant fuzzy sets taking values 0 and 1 respectively in
X. The complement [15] of a fuzzy set A in X is denoted by 1x \ A and is defined
by (1x \ A)(z) = 1 — A(x), for each z € X [15]. For any two fuzzy sets A, B in
X, A < B means A(z) < B(z), for all x € X [15] while A¢B means A is quasi-
coincident (g-coincident, for short) [12] with B, i.e., there exists x € X such that
A(x)+ B(z) > 1. The negation of these two statements will be denoted by A £ B
and A 4B respectively. For a fuzzy set A, clA and int A stand for fuzzy closure and
fuzzy interior of A in X [5]. A € I is called fuzzy regular open [1] (resp., fuzzy
semiopen [1], fuzzy preopen [11], fuzzy a-open [4], fuzzy S-open [6]) if A = int(clA)
(resp., A < cl(intA), A < int(clA), A < int(cl(intA)), A < cl(int(clA))). The
complement of fuzzy regular open (resp., fuzzy semiopen, fuzzy preopen, fuzzy a-
open, fuzzy B-open) set is called fuzzy regular closed [1] (resp., fuzzy semiclosed [1],
fuzzy preclosed [11], fuzzy a-closed [4], fuzzy [-closed [6]) set. The smallest fuzzy
semiclosed (resp., fuzzy preclosed, fuzzy a-closed, fuzzy [-closed) set containing
a fuzzy set A in X is called fuzzy semiclosure [1] (resp., fuzzy preclosure [11],
fuzzy a-closure [4], fuzzy (-closure [6]) of A, denoted by sclA (resp., pclA, aclA,
BelA). A € IY is fuzzy semiclosed (resp., fuzzy preclosed, fuzzy a-closed, fuzzy
p-closed) if A = sclA (resp., A = pclA, A = aclA, A = pclA). The collection of
all fuzzy regular open (resp., fuzzy semiopen, fuzzy preopen, fuzzy a-open, fuzzy
p-open) sets in X is denoted by FRO(X) (rssp., FISO(X), FPO(X), FaO(X),
FBO(X)) and the collection of all fuzzy regular closed (resp., fuzzy semiclosed,
fuzzy preclosed, fuzzy a-closed, fuzzy (-closed) sets in X is denoted by FRC(X)
(rssp., FSC(X), FPC(X), FaC(X), FBC(X)). For a fuzzy open set A in X,
sclA = int(clA) [2].
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3. Fuzzy [-b-Open Set : Some Properties
In this section fuzzy [-b-open set is introduced and studied. It is shown that
the set of all fuzzy [-b-open sets in an fts X does not form a fuzzy topology.
First we recall some definitions from [3] for ready references.

Definition 3.1. [3] Let (X, 7) be an fts and A € IX. A fuzzy point x; in X is said
to be fuzzy 0-semicluster point of A if clUqA for allU € FSO(X) with x,qU. The
union of all fuzzy 0-semicluster points of A is called fuzzy 0-semiclosure of A and
is denoted by 0-sclA.

A(€ I%) is fuzzy 0-semiclosed if A = 0-sclA.

Definition 3.2. [3] Let (X, 7) be an fts and A € I’*. Then r-kernel of A, denoted
by r-KerA, is defined as follows :

r-KerA = \{U:U € FRO(X),A< U}.

Let us now introduce the following concept.

Definition 3.3. A fuzzy set A in an fts (X,7) is called fuzzy (-b-open if A <
cl(Bint(clA)).

The complement of a fuzzy B-b-open set is called fuzzy [-b-closed.

The collection of all fuzzy B-b-open (resp., fuzzy [-b-closed) sets in an fts X is
denoted by FPBbO(X) (resp., FpbC(X)).

Remark 3.4. Union of any two fuzzy B-b-open sets is also so. But intersection of
any two fuzzy B-b-open sets may not be so, as it seen from the following example.

Example 3.5. Let X = {a,b}, 7 = {0x, 1x, A} where A(a) = 0.5, A(b) = 0.6.
Then (X, 7) is an fts. Consider two fuzzy sets B, C, defined by B(a) = 0.4, B(b) =
0.6,C(a) = 0.6,C'(b) = 0.4. Then clearly B,C € FpbO(X). Let D = BAC.
Then D(a) = D(b) = 0.4. Now cl(Bint(clD)) = cl(fint(1x \ A)) = cl0x = 0x #
D = D & FRhO(X).

So we can conclude that the set of all fuzzy [-b-open sets in an fts X does not
form a fuzzy topology.

Remark 3.6. [t is clear from definitions that fuzzy open set, fuzzy semiopen set,
fuzzy preopen set, fuzzy a-open set, fuzzy [-open set imply fuzzy B-b-open set, but
the reverse implications are not necessarily true follow from the following example.

Example 3.7. Let X = {a,b}, 7 = {0x, 1x, A} where A(a) = 0.5, A(b) = 0.4.
Then (X, 7) is an fts. Consider a fuzzy set B defined by B(a) = B(b) = 0.5.
Clearly B¢ 7, B¢ FPO(X), B ¢ FaO(X). But clearly B € FpbO(X).

Next consider the fuzzy set C defined by C(a) = C'(b) = 0.6. Then clearly C' ¢
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FSO(X), but C € FpbO(X).
As 7 C FPO(X), clearly fuzzy [-b-open set may not necessarily fuzzy [-open set.

Theorem 3.8. Let (X,7) be an fts. Then the union of any collection of fuzzy
B-b-open sets in X s fuzzy [-b-open in X.

Proof. Let G = {G, : @ € A} be any collection of fuzzy [-b-open sets in X. Then
for any a € A, Gy < cl(Bint(clGy)). Also, Go < \/ Ga. Then clG, < cl(\/ Ga)

aEA aEA
implies that G, < cl(Bint(clG,)) < cl(,@mt(cl(\/ Ga))), and this is true for all
aEA
a € A. Taking union on both sides, \/ Gy < cl(ﬁmt(cl(\/ G.))). Hence \/ Ga

a€el a€el a€el
is a fuzzy [-b-open in X.

Let us now introduce a new type of closure-like operator.

Definition 3.9. Let (X,7) be an fts and A € IX. Then fuzzy B-b-closure of A,
denoted by BbclA, is defined by

BbclA = N{Ue€IX: A<U,U € FpBbC(X)}
and fuzzy B-b-interior of A, denoted by LbintA, is defined by
PbintA = \{G: G < A,G € FBLO(X)}.

Note 3.10. By Remark 3.4, we can conclude that for any fuzzy set A in an fts X,
pbcl A is fuzzy [-b-closed and pbintA is fuzzy B-b-open. Again, if A € FbC(X),
then A = fbclA and is A € F5bO(X), then A = SbintA.

Result 3.11. Let (X, 7) be an fts. Then the following statements are true :

(i) for any fuzzy point z; in X and any U € I, x, € BbelU implies that for any
V € FBbO(X) with x,qV, VqU,

(i) for any two fuzzy sets U,V where V € FBbO(X), U 4V = BbelU 4V .
Proof (i). Let z; € BbclU and V € FBbO(X) with x,qV. Then z; € 1x \ 'V €
FpbC(X). Then U £ 1x \ V implies that UqV .

(ii). If possible, let pbclUqV, but U V. Then there exists £ € X such that
(BbclU)(x)+V (z) > 1 and so V(x)+t > 1 where t = (SbclU)(x). Then x; € BbclU
where x,qV,V € FbO(X). By (i), VqU, a contradiction.

Result 3.12. Let (X,7) be an fts and A € I’X. Then the following statements are
true :
(ii) 1x \ BbclA = BbintA(1x \ A).
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Proof. (i) Let z; € fbcl(1x \ A). If possible, let z; ¢ 1x \ pbintA. Then
x1qPbintA = there exists U € FpbO(X) with U < A such that z,qU. Since
xp € Bbel(1x \ A), Uq(1x \ A) (by Result 3.11 (i)) = Ag¢(1x \ A), a contradiction.
Hence

Bbel(1x \ A) < 1x \ BbintA...(1)

Conversely, let z; € 1x \ fbintA. Then 1 — BbintA(x) >t = x; fBbintA = x, 4U
where U € FbO(X) with U < A ... (2)
Let V € FAbC(X) with 1x \ A < V. Then 1x \V < A where 1x \V € FBbO(X).
By (2), 2+ g(1x\V) = 2, € V = 2, € pbcl(1x \ A). Hence 1x \ fbintA <
Bbcl(1x \ A) ... (3).
Combining (1) and (3), we get the result.
(ii) Writing 1x \ A for A in (i), we get the proof.

Let us now recall the following Lemma from [3] for ready references.

Lemma 3.13. [3] Let (X, 7) be an fts and A € IX. Then the following statements
hold.:

(i) for any A € FRO(X), 6-sclA = A,

(i) for any A € FBO(X),clA = aclA,

(111) for any A € FSO(X), clA = pclA,

(iv) for any A € T, sclA = 0-sclA.

4. Fuzzy p-b-r-Continuous, Fuzzy (-b-Continuous and Fuzzy Almost (-
b-Continuous Functions

In this section we first introduce fuzzy [-b-r-continuous function and char-
acterize it in several ways. Afterwards, two new types of functions, viz., fuzzy
[-b-continuous function and fuzzy almost S-b-continuous function are introduced.
The mutual relationships of these three functions are established here .

Definition 4.1. Let (X,7) and (Y, 1) be two fts’s. Then f : X — Y is called
fuzzy B-b-r-continuous function if f~1(A) € FBbC(X), for all A € FRO(Y).

Theorem 4.2. Let (X,7) and (Y, 1) be two fts’s and f : X — Y be a function.
Then the following statements are equivalent :

(i) f is fuzzy B-b-r-continuous,

(ii) f~1(A) € FBbO(X), for all A€ FRC(Y),

(iii) f(Bbel,U) < r-ker(f(U)), for all U € I,

(iv) Bocl.(f~1(A)) < fH(r-ker(A)), for all A€ I,

(v) Bbel, (f~Y(R)) < f~Y(0-scl, R)), for all R € 7.

(vi) Bbcl.(f~1(R)) < f~(scl, R)), for all R € Ty.

(vii) Bbcl.(f~(R)) < f~(int,, (cl, R)), for all R € 7.
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(viti) [~ (int,, (cl, A)) € FBbC(X), for all A € T,

(iz) f~Y(cl,, (int,, F)) € FBbO(X), for all F € 7%,

(z) [l U) € FBbO(X), for all U € FRO(Y),

(zi) f~Y(cl,U) € FBbO(X), for allU € FSO(Y),

(zii) = (int,, (cl,U)) € FBvC(X), for allU € FPO(Y),

(ziii) [~ (acl,U) € FBbO(X), for all U € FRO(Y),

(ziv) f~H(pcl,, U) € FBbO(X), for allU € FSO(Y).

Proof (i) < (ii). Obvious.

(ii) = (iii). Let U € I¥ and suppose that y; be a fuzzy point in Y with y, & -
ker(f(U)). Then there exists V' € FRO(Y) such that f(U) <V and y, € V =
V(y) < tandsoyq(ly\V) € FRC(Y) and 1y \ f(U) > 1y \V. So f(U) 4(1y\V)
implies that U 4/ '(1y \ V). By (ii), [~} (1y \ V) = 1x \ f71(V) € FBbO(X). By
Result 3.11(ii), Bbcl,U 4(1x\ f~1(V)). Then Bbcl,U < f~(V). So f(Bbcl,U) <V
implies that 1y \ f(8bcl,U) > 1y \V. So 1— f(Bbcl.U)(y) > 1—V (y) > 1—t. Then
t > f(Bbcl.U)(y). Then y; & f(Bbcl,U). Therefore, f(Bbcl,U) < r—ker(f(U)).
(iii) = (iv). Let A € IV. Then f~'(A) € I*. By (iii), f(Bbcl, f~1(A)) < r-
ker(f(f~(A))) < r-ker(A) implies that Sbel, (f~ ( ) < f (r ker(A)).

(iv) = (i). Let A € FRO(Y). By (iv), Bbcl,(f~'(A)) < f Yr-ker(A)) = f71(A).
But f1(A) < Bbel(f~'(A)) and so f~1(A) = Bbcl,(f~1(A)) and so f1(A) €
FpbC(X). Hence f is fuzzy [-b-r-continuous function.

(v) & (vi). Follows from Lemma 3.13 (iv).

(vi) < (vii). Obvious.

(vii) = (i). Let A € FRO(Y). By (vii), fbcl,(f~1(A)) < f~(int,(cl,A)) =
f7Y(A) implies that f~'(A) € FBbC(X). Hence f is fuzzy (-b-r-continuous func-
tion.

(i) = (vii). Let A € ;. Then int,, (cl, A) € FRO(Y). By (i), f~'(int, (cl,, A)) €
FBbC(X) and so Bbel,(f71(A)) < Bbel.(f~H(intr, (clr, A)) = [~ (intr, (clr A)).
(i)= (viii). Let A € 1. Then int,, (cl;,A) € FRO(Y) and so by

(i), f~*(intr, (clr, A)) € FBbC(X).

(viii) = (i). Let A€ FRO(Y). Then A € 7.

By (viii), f7'(A) = f~ (int,,(cl, A)) € FBLC(X).

(ii) = (ix). Let F € 7f. Then cl, int, F € FRC(Y). By (ii), f~!(cl,, (int, F)) €
FBbO(X).

(ix) = (ii). Let F € FRC(Y). By (ix), f~Y(F) = f~Y(cl,, (int, F)) € FBbO(X).
(ii) = (x). Let U € FPO(Y). Then U < cl (int,(cl,U)) < cl;,U implies
that cl, U < cl, (cl,, (int, (cl, U))) = el (int,, (cl,U)) < cly, (cl,U) = el U. So
c, U = cly (int,, (cl,U)). Then cl,U € FRC(Y) and so by (ii), f~(cl,U) €
FBO(X).
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(x) = (xi). Since FSO(Y) C FBO(Y), by (x), [~ cl,U) € FBbO(X), for all
UeFSO(Y).

(xi) = (xii). Let U € FPO(Y). Then U < int,(cl,U). We claim that
int; (cl,U) € FRO(Y). Indeed, int, (cl,U) < int. (cl; (int. (cl,U))) < int,
(¢l U) implies that int,, (cl,U) = int,, (cl, (int, (cl,U))). So 1y \ int, (cl,U) €
FRC(Y). So 1y \ int, (cl,U) € FSO(Y). By (xi), f~'(cl,, (1y \ int, (cl,U))) €
FBbO(X). Then 1x\ f~(int,, (int, (cl,U))) = 1x\ [~ (int,, (cl,U)) € FBbO(X).
Hence f~!(int, (cl,U)) € FBLC(X).

(xii) = (i). Let U € FRO(Y). Then U € FPO(Y). By (xii), f~(int,, (cl.,U)) €
FBbC(X). Hence f~1(U) = f~'(int,, (cl,U)) € FBbC(X). Then (i) follows.

(x) < (xiii). The proof follows from Lemma 3.13(ii).

(xi) < (xiv). The proof follow from Lemma 3.13(iii).

Theorem 4.3. Let (X,7) and (Y, 1) be two fts’s and f : X — Y be a function.
Then the following statements hold :

(i) for each fuzzy point x; in X and each A € FSO(Y) with f(x4)qA, there exists
U € FPbO(X) with x,qU, f(U) < ¢l A,

& (1) f(Bbel,P) < 0-scl,, (f(P)), for all P € IX,

& (iii) for each fuzzy point x in X and each A € FSO(Y) with f(x:) € A, there
exists U € FPBbO(X) such that x, € U and f(U) < ¢l A,

& () fHA) < Bbint,(f~(cl,A)), for all A € FSO(Y),

& (v) Bocl (fY(R)) < f~Y(0-scl,, R)), for all R € IV,

= (vi) f is fuzzy B-b-r-continuous function.

Proof (i) = (ii). Let P € I and x; be any fuzzy point in X such that z; € Bbcl, P
and let G € FSO(Y) with f(z:)gG. By (i), there exists U € FbO(X) with x:qU,
flU) <, G. As x; € pbcl, P, by Result 3.11(i), UgP and so f(U)qf(P). Then
f(P)qcl;,G. Then f(x;) € 0-scl., (f(P)). Hence f(Bbcl,P) < 6-scl,, (f(P)).

(ii) = (v). Let R € I¥. Then f~Y(R) € IX. By (ii), f(Bbcl.(f*(R))) < 6-
scly, (f(f7YR))) < 0-scl, R and so Bbcl.(f~'(R)) < f~(0-scl, R).

(v) = (i). Let z; be any fuzzy point in X and A € FSO(Y') with f(z:)gA. Since,
cn,A g (1y \ cl;, A), by definition f(x;) & 0-scl,,(1y \ cl, A) and so x; & f~1(0-
scl, (1y\cl, A)). By (v), zo & Bbcl,(f (1y\clr, A)). So there exists U € FBbO(X)
with z,qU, U 4f*(1y\cl, A) implies that f(U) 4(1y\cl,, A). Hence f(U) < cl,, A.
(i) = (iv). Let A € FSO(Y) and x; be any fuzzy point in X such that z;qf~!(A).
Then f(x)qA. By (i), there exists U € FbO(X) such that z.qU, f(U) < cl;, A =
z,qU < f7Y(cl,A) and so zyqU = Bbint,U < Bbint, (f~'(cl,, A)) implies that
2:qBbint(f1(cl, A)) as Bbint.(f~(cl,, A)) is the union of all fuzzy B-b-open sets
in X contained in f(cl,, A) and hence f~*(A) < Bbint,.(f~(cl, A)).

(iv) = (i). Let 2; be any fuzzy point in X and A € FSO(Y') with f(x;)gA. Then
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ziqf 1 (A) < Bbint,(f(cl,, A)) (by (iv)) implies that there exists U € FbO(X)
with z,qU, U < f~Y(cl,, A). Hence f(U) < cl,, A.

(iii) = (iv). Let A € FSO(Y) and z; be any fuzzy point in X such that
zy € f7Y(A). Then f(x;) € A. By (iii), there exists U € FBbO(X) with x; € U
and f(U) < cl,, A implies that U < f~'(cl,,A) and so z; € U = Bbint,U <
Bbint.(f~1(cl;, A)). Hence f~1(A) < Bbint.(f~1(cl,, A)).

(iv) = (iii). Let x; be any fuzzy point in X and A € FSO(Y) with f(x;) € A.
Then x; € f~1(A) < Bbint.(f~'(cl,A)) (by (iv)) implies that there exists U €
FBbO(X) with x; € U and U < f~!(cl,, A). Hence f(U) < cl, A.

(v) = (vi). Let A € FRO(Y). By (v), Bbcl,(f~1(A)) < f~Y(#-scl,, A) = f71(A)
(by Lemma 3.13 (1)) = f~*(A) € FBbC(X) = f is fuzzy SB-b-r-continuous func-
tion.

Theorem 4.4. Let (X,7) and (Y, 1) be two fts’s and f : X — Y be a function
satisfying Bbcl.(f 1 (R)) < f~1(0-scl, R), for all R € IY. Then the following state-
ments hold :

(1) Bbcl(f~ ( ) < f7HB-scl, R), for all R € FSO(Y),

(ii) Bbel (f~ ( )< [~ 1(6 scl, R), for all R € FPO(Y),

(iii) Bocl.(f~1(R)) < f~4(0-scl, R), for all R € FBO(Y).

Proof. Obvious.

Definition 4.5. Let (X, 7) and (Y, 1) be two fts’s and [ : X — Y be a function.
Then f is said to be fuzzy

(1) B-b-continuous if f~1(A) € FBbO(X), for all A € 1,

(i) almost B-b-continuous if f~1(A) € FBbO(X), for all A € FRO(Y).

Let us now recall the following definition from [5] for ready references.

Definition 4.6. [5] Let (X, 7) and (Y, 1) be two fts’s and f : X — Y be a func-
tion. Then f is said to be fuzzy continuous function if f~1(U) € 7, for all U € 7.

Remark 4.7. [t is clear from definitions that

(i) fuzzy continuity = fuzzy B-b-continuity = fuzzy almost B-b-continuity, but re-
verse implications are not necessarily true, in general, follow from the next exam-
ples,

(i) fuzzy B-b-r-continuity is an independent concept of fuzzy continuity, fuzzy [-b-
continuity and fuzzy almost B-b-continuity, follow from the next examples.

Example 4.8. Fuzzy continuity, fuzzy [-b-continuity and fuzzy almost -b-continuity
=% fuzzy [-b-r-continuity

Let X = {a,b}, m = {0x,1x,A, B}, m» = {0x,1x, B} where A(a) = A(b) =
0.5, B(a) = 0.5, B(b) = 0.4. Then (X, 7) and (X, 1) are fts’s. Consider the iden-
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tity function i : (X, 7)) — (X, 7). Clearly i is fuzzy continuous and hence fuzzy
B-b-continuous as well as fuzzy almost [-b-continuous function. Now 1y \ B €
FRC(X,7). i'(1x \ B) = 1x \ B. Then d,, (Bint,(cl,,(1x \ B))) = A #
Ix \B=1x \ B ¢ FPbO(X, 1) = i is not fuzzy §-b-r-continuous function.

Example 4.9. Fuzzy p-b-r-continuity, fuzzy p-b-continuity and fuzzy almost [-b-
continuity # fuzzy continuity

Let X = {a,b}, 1 = {0x,1x}, 2 = {0x, 1x, A} where A(a) = A(b) = 0.5. Then
(X,7) and (X, 1) are fts’s. Consider the identity function i : (X, 1) — (X, 7).
Since every fuzzy set in (X, ) is fuzzy S-b-open in (X, 1), clearly i is fuzzy [-b-r-
continuous, fuzzy [-b-continuous and fuzzy almost [-b-continuous function. Since
A € 1y, but i71(A) = A & 71,4 is not fuzzy continuous function.

Example 4.10. Fuzzy p-b-r-continuity, fuzzy almost [-b-continuity # fuzzy [-b-
continuity

Lt X = {a,b}, m = {0x,1x,A,B}, m» = {0x,1x,C} where A(a) = A(b) =
0.4,B(a) = B(b) = 0.5,C(a) = 0.5,C(b) = 0.6. Then (X,7) and (X, 7) are
fts’s. Consider the identity function i : (X,7) — (X, 7). Here C € 7 and
i1(C) = C. Then cl,, (Bint, (cl,C)) = B # C = C ¢ FBbO(X, ) = 1 is not
fuzzy [-b-continuous function. Since Oy,ly € FRO(X,7y) only, so clearly i is
fuzzy [-b-r-continuous and fuzzy almost [-b-continuous function.

Example 4.11. Fuzzy [-b-r-continuity #- fuzzy almost [-b-continuity
Let X = {a,b}, m = {Ox,1x,A}, m» = {0x,1x, B} where A(a) = 0.5, A(b) =
0.6, B(a) = 0.5, B(b) = 0.3. Then (X, 7) and (X, 7») are fts’s. Consider the iden-
tity function i : (X, 71) — (X, ). Now B € FRO(X,7), i *(B) = B. Then
int,, (Bcly, (int, B)) = 0x < B= B € FpbC(X,n) = i is fuzzy p-b-r-continuous
function. But cl,, (Bint, (cl;,B)) =0x ? B = B ¢ FbO(X, 1) = 1 is not fuzzy
almost [-b-continuous function.

Definition 4.12. [10] An fts (X, 1) is said to be fuzzy extremally disconnected if
the closure of every fuzzy open set in X is fuzzy open in X.

Theorem 4.13. Let (X, 7) and (Y, 1) be two fts’s and f : X — Y be a function.
If (Y, ) is fuzzy extremally disconnected space, then f is fuzzy [-b-r-continuous
function if and only if f is fuzzy almost S-b-continuous function.
Proof. First suppose that f is fuzzy [-b-r-continuous function and let U €
FRO(Y). Then U = int,, (cl;,U). AsY is fuzzy extremely disconnected, cl,U € 1
and so U = int, cl, U = cl,U = cl,int, U implies that U € FRC(Y). By hy-
pothesis, f~H(U) € FBbO(X) and so f is fuzzy almost 3-b-continuous function.
Conversely, let U € FRC(Y). As Y is fuzzy extremely disconnected, U €
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FRO(Y). By hypothesis, f~1(U) € FBbO(X). Hence f is fuzzy (-b-r-continuous

function.

Remark 4.14. Composition of two fuzzy 5-b-r-continuous (resp., fuzzy 5-b-continuous
and fuzzy almost 5-b-continuous) functions need not be so, as it seen from the fol-
lowing examples.

Example 4.15. Let X = {a,b}, T = {Ox,lx,A,B}, Ty = {Ox,lx}, T3 =
{0x,1x, B} where A(a) = A(b) = 0.5,B(a) = 0.5,B(b) = 0.4. Then (X, ),
(X, 1) and (X, 73) are fts’s. Consider two identity functions i; : (X, 71) — (X, 72),
is ¢ (X,m) — (X,73). Clearly i; and iy are fuzzy [-b-r-continuous functions.
Let i3 = iy 0i;. Now lx \ B € FRO(X,73), i3'(1x \ B) = 1x \ B. Now
cly, (Bint,, (el (1x \ B))) = A 2 1x\ B = 1x \ B € FBbO(X, ) = i3 is not
fuzzy p-b-r-continuous function.

Example 4.16. Let X = {(I, b}7 T = {0)(7 1)(, A}, To = {Ox, 1X}7 T3 = {0)(7 1)(, B}
where A(a) = 0.5, A(b) = 0.6, B(a) = 0.5, B(b) = 0.3. Then (X, 7y), (X, 72) and
(X, 13) are fts’s. Consider two identity functions iy : (X, 7) — (X, 72) and iy :
(X, 12) — (X, 73). Clearly i; and i are fuzzy S-b-continuous and hence fuzzy almost
p-b-continuous functions. Let i3 =iy 0i;. Bow B € 73 as well as B € FRO(X, 13).
iz (B) = B. Now cl,, (Bint, (cl,B)) = 0x #» B = B & FBbO(X,71) = i3 is not
fuzzy [-b-continuous and also fuzzy almost [-b-continuous functions.

5. Fuzzy [-b-Regular, Fuzzy (-b-compact and Fuzzy (-b-T>-Spaces
In this section new types of separation axioms and compactness are introduced

and studied. Then the mutual relationships of these spaces with the spaces defined
in [5, 8] are established.

Definition 5.1. An fts (X, 1) is called B-b-regular space if for each fuzzy point x,
i X and each fuzzy B-b-closed set F' with xy & F', there exist a fuzzy open set U
and a fuzzy B-b-open set V in X such that x,qU, FF <V and U 4V.

Theorem 5.2. For an fts (X, ), the following statements are equivalent:

(a) X is fuzzy B-b-reqular space,

(b) for each fuzzy point x; in X and each fuzzy B-b-open set U in X with z,qU,
there exists a fuzzy open set V in X such that x,qV < pbclV < U,

(c) for each fuzzy B-b-closed set F in X, N{clV : F <V,V € FGbO(X)} = F,
(d) for each fuzzy set G in X and each fuzzy B-b-open set U in X such that GqU,
there exists a fuzzy open set V' in X such that GqV and SbelV < U.

Proof (a)=-(b). Let z; be a fuzzy point in X and U, a fuzzy S-b-open set in X
with a;qU. Then z; ¢ 1x \ U € FBbC(X). By (a), there exist a fuzzy open set
V and a fuzzy p-b-open set W in X such that x,qV, 1x \U < W,V 4W. Then
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gV < 1Ix \W < U = x,qV < belV < Bbel(1x \ W) =1x \ W < U.

(b)=(a). Let F be a fuzzy (-b-closed set in X and z; be a fuzzy point in X with
x; & F. Then 2q(1x \ F') € FbO(X). By (b), there exists a fuzzy open set V' in
X such that 2,V < pbclV < 1x \ F. Put U = 1x \ bclV. Then U € FpbO(X)
and x,qV, F < U and U 4V.

(b)=(c). Let F be fuzzy p-b-closed set in X. Then FF < A{clV : F < V.V €
FpbO(X)}.

Conversely, let z; & F' € FbC(X). Then F(z) <t = xq(1x \ F) where 1x \ F' €
FpbO(X). By (b), there exists a fuzzy open set U in X such that x,qU < pbclU <
Ix\F. Put V=1x\pbclU. Then F <V and U 4V = x, & IV = N{clV : F <
V.,V e FBbO(X)} < F.

(c)=(b). Let V be any fuzzy (-b-open set in X and z; be any fuzzy point in
X with z;¢V. Then V(z)+t > 1= x; & (1x \ V) where 1x \ V € FpbC(X).
By (c), there exists G € FbO(X) such that 1x \ V < G and z; € ¢lG. Then
there exists a fuzzy open set U in X with z,qU, U G = U < 1x \G <V
= 2,qU < BbclU < Bbel(1x \ G) =1x \G < V.

(c)=-(d). Let G be any fuzzy set in X and U be any fuzzy -b-open set in X with
GqU. Then there exists € X such that G(z) + U(z) > 1. Let G(z) = t. Then
21qU = xy & 1x \U where 1x\U € FpbC(X). By (c), there exists W € FbO(X)
such that 1x \U < W and z; & clW = (clW)(z) < t = 2,q(1x \ clW). Let
V =1x\cdW. Then V is fuzzy open set in X and V(z)+t > 1= V(z) +G(x) >
1 = VgG and BbclV = Gbcl(1x \ W) < Bbcl(1x \ W) =1x \ W < U.

(d)=-(b). Obvious.

Note 5.3. It is clear from Theorem 5.2 that in a fuzzy [-b-regular space, every
fuzzy [-b-closed set is fuzzy closed and hence every fuzzy [-b-open set is fuzzy
open. As a result, in a fuzzy [-b-regular space, the collection of all fuzzy closed
(resp., fuzzy open) sets and fuzzy (-b-closed (resp., fuzzy [-b-open) sets coincide.

Definition 5.4. Let A be a fuzzy set in X. A collection U of fuzzy sets in X 1is
called a fuzzy cover of A if sup{U(x) : U € U} = 1, for each x € suppA [7]. In
particular, if A = 1x, we get the definition of fuzzy cover of X [5].

Definition 5.5. A fuzzy cover U of a fuzzy set A in X 1is said to have a finite
subcover Uy if Uy is a finite subcollection of U such that | JUy > A, i.e., Uy is also
a fuzzy cover of A [7]. In particular, if A= 1x, we get | JUy = 1x [5].

Definition 5.6. A fuzzy set A in an fts (X, 1) is said to be fuzzy compact [7] if
every fuzzy covering U of A by fuzzy open sets in X has a finite subcovering Uy of
U. In particular, if A = 1x, we get the definition of fuzzy compact space [5].
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Definition 5.7. An fts (X, 1) is said to be fuzzy s-closed [13] (resp. fuzzy nearly
compact [10]) if every fuzzy covering of X by fuzzy regular closed (resp., fuzzy
reqular open) sets of X contains a finite subcovering.

Let us now introduce the following concept.

Definition 5.8. A fuzzy set A in an fts (X, 7T) is called fuzzy B-b-compact set if
every fuzzy covering of A by fuzzy B-b-open sets of X has a finite subcovering. In
particular, if A = 1x, we get the definition of fuzzy B-b-compact space.

Remark 5.9. [t is clear from above discussion that fuzzy 5-b-compact space is fuzzy
compact. But the converse is not necessarily true follows from the next example.

Example 5.10. Let X = {a}, 7 = {Ox, 1x}. The clearly (X, 7) is a fuzzy compact
space. Here every fuzzy set is fuzzy [-b-open set in X. Consider the fuzzy cover
U = {Uy,(a) : n € N} where Uy,(a) = {;17 : n € N}. Then U is a fuzzy B-b-open
cover of X. But it does not have any subcovering of X. Hence X is not fuzzy
[-b-compact space.

Theorem 5.11. FEvery fuzzy [-b-closed set A in a fuzzy B-b-compact space X is
fuzzy B-b-compact.

Proof. Let A be a fuzzy (-b-closed set in a fuzzy [-b-compact space X. Let U
be a fuzzy covering of A by fuzzy (-b-open sets in X. Then V = U |J(1x \ A) is
a fuzzy [-b-open covering of X. By hypothesis, there exists a finite subcollection
Vo of V which also covers X. If Vy contains 1x \ A, we omit it and get a finite
subcovering of A. Consequently, A is fuzzy [-b-compact set.

Let us now recall the following definition from [8] for ready references.

Definition 5.12. [8] Let (X, 7) be an fts. Then X is said to be fuzzy Ty-space if
for each pair of distinct fuzzy points x., ys : when x # y, there exist fuzzy open
sets Uy, Uy, V1, Vs such that x, € Uy, ysqVi and Uy Vi and x,qUs, ys € Vo and
Us 4Vo ; when x =y, a < [ (say), there exist fuzzy open sets U,V in X such that
2o €U, ysqV and U 4V .

Now we introduce the following concept.
Definition 5.13. Let (X, 1) be an fts. Then X is said to be fuzzy [-b-Ty-space if
for each pair of distinct fuzzy points x,, ys : when x # vy, there exist fuzzy [-b-open
sets Uy, Uy, V1, Vo such that x, € Uy,ysqVi and Uy 4Vy and x,qUs, yg € Vo and
Uy 4Va ; when x =y, a < [ (say), there exist fuzzy B-b-open sets U,V in X such
that xo € U,ypqV and U 4V .

Let us now recall the following definition from [8] for ready references.

Definition 5.14. [8] An fts (X, 7) is said to be fuzzy reqular space if for any fuzzy
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point x; in X and any fuzzy closed set F in X with x; & F, there exist fuzzy open
sets U,V in X such that x,qU, F <V and U 4V .

Remark 5.15. [t is clear from Note 5.3 that fuzzy [-b-reqular space is fuzzy
reqular and fuzzy Ty-space 1s fuzzy B-b-Th-space. But the reverse implications are
not necessarily true, follow from the next example.

Example 5.16. Consider Example 5.10. It is clear that (X, ) is fuzzy regular
and fuzzy [-b-Ty-space (as every fuzzy set is fuzzy [-b-open set as well as fuzzy
B-b-closed set). Now consider the fuzzy point a4 and a fuzzy set A defined by
A(a) =0.3. Then ag4 ¢ A € FPOC(X). But there do not exist any fuzzy open set
U and a fuzzy (-b-open set V in X such that ag4qU, A <V and U 4V (because 1y
is the only fuzzy open set in X with ag4qlx and 1xq¢V for all fuzzy set V(# Ox)
in X). Hence X is not fuzzy (§-b-regular space.

Consider two fuzzy points ag4 and ags in X. But there do not exist fuzzy open
sets U,V in X such that agy4 € U,ag5qV and U 4V. So X is not fuzzy Ts-space.

6. Applications of Fuzzy [-b-r-Continuous, Fuzzy p-b-continuous and
Fuzzy almost §-b-Continuous Functions

In this section the applications of the functions introduced in this paper are
established.

First we recall the following definition from [14] for ready references.

Definition 6.1. [14] A function f : X — Y is said to be fuzzy open function if
fU) is a fuzzy open set in'Y for every fuzzy open set U in X.

Theorem 6.2. Let (X,7) and (Y,71) be two fts’s and f : X — Y be surjective,
fuzzy B-b-r-continuous function. If X is fuzzy B-b-compact space, then Y 1is fuzzy
s-closed space.

Proof. Let U = {U, : a € A} be a fuzzy covering of Y by fuzzy regular closed
sets of Y. As f is fuzzy B-b-r-continuous, V = {f~}(U,) : @ € A} covers X by
fuzzy [-b-open sets of X. As X is fuzzy [-b-compact space, there exists a finite
subset Ay of A such that 1x = \/ f~'(U,) implies that 1y = f( \/ fFHUL)) =

a€Ng a€lg
\/ f(fFHUL)) < \/ U,. Hence Y is fuzzy s-closed space.

a€lp a€Ng

Theorem 6.3. Let (X,7) and (Y, ) be two fts’s and f : X — Y be fuzzy 5-b-
continuous function. If A is fuzzy B-b-compact set relative to X, then the image
f(A) is fuzzy compact relative to Y .

Proof. Let A be fuzzy (-b-compact relative to X and U = {U, : « € A} be a
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fuzzy covering of f(A) by fuzzy open sets of Y, ie, f(A \/U implies that
aEA
A< f‘l(\/Ua) = \/f_l(Ua). SoV = {f"YU,) : a € A} is a fuzzy covering
a€cl acA

of A by fuzzy [-b-open sets in X. As A is fuzzy p-b-compact set relative to X,
there exists a finite subcollection VO = {f! (U ) : 1 < i < n}of V such that

A< \/f . Then f(A) < f \/f \/f Uy,)) < \/Ua implies

=1

that L[O ={U,,:1<i<n}isa ﬁmte subcoverlng of f(A). Hence the proof.

Theorem 6.4. Let (X,7) and (Y, 11) be two fts’s and f: X — Y be fuzzy almost
B-b-continuous function. If A is fuzzy [B-b-compact relative to X, then the image
f(A) is fuzzy nearly compact relative to'Y.

Proof. The proof is similar to that of Theorem 6.3.

Theorem 6.5. Let (X, 7) and (Y, 1) be two fts’s and f : X — Y be injective, fuzzy
B-b-continuous function and 'Y is fuzzy Ts-space. Then X is fuzzy B-b-Ts-space.
Proof. Let z, and ys be two distinct fuzzy points in X where z # y. Then
as f is injective, f(za) # f(yg). As Y is fuzzy Tr-space, there exist fuzzy open
sets Uy, Uy, V1, Vo in Y such that f(z,) € Uy, f(yg)¢Vi and Uy 4V; and f(:pa)qu,
f(49) € Vo and Uy V2. Then z, € f(01), yaaf (1) and £~ (T) 4f (1), In-
deed, f~1(Uy)qf ' (V1) = there exists z € X such that [f~1(U1)](2)+[f~(V1)](2) >
1= U(f(2) + Vi(f(z) > 1 = Ulqvl, a contradiction. Also z.qf ' (Us),ys €
FL(Va) and £1(Us) 4f (V) where (), £~ (o), £~ 1 (Us), 1 (Va) € FBbO(X, ).
Similarly, when = = y, a < (8 (say), there exist Uy, Uy € 7 such that f(z,) €
Ui, f(ys)qUs and Uy 4Us. Then z, € f~1(U1),ypqf ' (U2) and f~1(U1) 4f ' (Us)
where f~Y(Uy), f~1(Uy) € FBbO(X, 7). Hence X is fuzzy [-b-Tr-space.

Theorem 6.6. If a bijective function h : X — Y is fuzzy B-b-continuous, fuzzy
open function from a fuzzy B-b-reqular space X onto an fts Y, then Y is fuzzy
reqular space.

Proof. Let y; be a fuzzy point in Y and F, a fuzzy closed set in Y with y, & F.
As h is bijective, there exists unique € X such that h(z) = y. So h(x;) ¢ F =
z, & h™'(F) € FBbC(X) as h is fuzzy B-b-continuous function. As X is fuzzy
[B-b-regular space, there exist a fuzzy open set U and a fuzzy (-b-open set V in
X such that zyqU,h™'(F) < V and U 4V. Since X is fuzzy (-b-regular space,
by Note 5.3, V is also fuzzy open set in X. As h is fuzzy open function, we have
h(za)gh(U), F < h(V) and h(U) gh(V) where h(U),h(V) are fuzzy open sets in
Y =Y is fuzzy regular space.
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