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1. Introduction, Definitions and Notations
Let us consider that the reader is familiar with the fundamental results and
the standard notations of the Nevanlinna theory of meromorphic functions which
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are available in [7, 9, 12]. We also use the standard notations and definitions of
the theory of entire functions which are available in [11] and therefore we do not
explain those in details. Let f be an entire function and My (r) = max{|f(2)] :
|z| = r}. When f is meromorphic, one may introduce another function T%(r)
known as Nevanlinna’s characteristic function of f (see [7, p.4]), playing the same
role as My(r).

However, the Nevanlinna’s characteristic function of a meromorphic function f
is defined as

Ty(r) = Ny(r) +my(r),

wherever the function N (r,a)(N(r,a)) known as counting function of a-points
(distinct a-points) of meromorphic f is defined as follows:

r

Nt(r,a) = nf(t’a>_nf(0’a>dt—|—n 0,a)logr
f f

t
0

T

(Wotra) = [P 0,0,

0

in addition we represent by n¢(r,a)(n(r,a)) the number of a-points (distinct a-
points) of f in |z| < r and an oo -point is a pole of f. In many occasions N (r, co)
and N ;(r,00) are symbolized by N;(r) and N;(r) respectively.

On the other hand, the function my(r,0c0) alternatively indicated by m(r)

known as the proximity function of f is defined as:

27
1 .
my(r) = o [ og" |f(re)do.
0
where log™ 2 = max(log z, 0) for all z > 0.

Also we may employ m(r, f—ia) by my(r,a).
If f is entire, then the Nevanlinna’s characteristic function T (r) of f is defined

as
Ty(r) = my(r).
Moreover, if f is non-constant entire then T(r) is also strictly increasing and
continuous functions of r. Therefore its inverse T L1 (T4(0),00) — (0,00) exists
and is such that lim Tf_l(s) = 00.

5—00
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Now let L be a class of continuous non-negative functions « defined on (—o0o, +00)
such that a(z) = a(zg) > 0 for z < zg with a(z) T 400 as © — +oo. For any
a € L, we say that a € Ly, if a(cz) = (1 + o(1))a(x) as g < x — 400 for each
c € (0,+00) and a € Lo, if a(exp(cz)) = (1 + o(1))a(exp(x)) as z¢g < x — 400 for
each ¢ € (0,400).

Clearly, L, C Ly, as both the classes L; and Lo are the subset of the class L
with log[zl(a:) belongs to the classes L; and Ly but log z belongs to only Ly class.

Considering the above, Sheremeta [10] introduced the concept of generalized
order (a, ) of an entire function. For details about generalized order («, ) one
may see [10]. During the past decades, several authors made close investigations on
the properties of entire functions related to generalized order («, 3) in some different
direction. For the purpose of further applications, Biswas et al. [5] rewrote the
definition of the generalized order (a, 8) of entire and meromorphic functions in the
following way after giving a minor modification to the original definition (e.g. see,
[10]) which considerably extend the definition of p-order of entire and meromorphic
function introduced by Chyzhykov et al. [6].

Definition 1. [5] Let o € Ly and 5 € Ly. The generalized order («,3) and
generalized lower order (o, ) of a meromorphic function f denoted by pi.p)lf]
and Aa.p)[f] respectively are defined as:

= lim su —a(exp(Tf(r))) an = limin —a(exp(Tf(r)))
P(a,p)f] = limsup 50) d Aa,p|f] = lim inf 5

r—00 r—00

If f is an entire function, then

: a(My(r)) e a(M(r)
o = limsup————== and A\, = lim inf ————*=.
Prap)lf] = lim sup ) (o) f] = lim in )
where a, B € Ly.
Using the inequality Ty(r) < log Ms(r) < 3T%(2r) {cf.[7]}, for an entire func-
tion f, one may easily verify that

Paplf] _ i SUP a(M(r)) iy WP a(exp(Ty(r)))

Aaplf] — roee inf  B(r) rooo inf  B(r)

when o € Ly and 8 € L.

The function f is said to be of regular generalized (v, ) growth when general-
ized order (a, ) and generalized lower order («, ) of f are the same. Functions
which are not of regular generalized («, 3) growth are said to be of irregular gen-
eralized («, #) growth.
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Mainly the growth investigation of entire and meromorphic functions has usu-
ally been done through their maximum moduli or Nevanlinna’s characteristic func-
tion in comparison with those of exponential function. But if one is paying attention
to evaluate the growth rates of any entire or meromorphic function with respect to
a new entire function, the notions of relative growth indicators (see e.g. [1, 2, 8])
will come. Now in order to make some progresses in the study of relative order,
Biswas et al.[5] have introduced the definitions of generalized relative order (o, f)
and generalized relative lower order («, 5) of a meromorphic function with respect
to another entire function in the following way:

Definition 2. [5] Let o, § € Ly. The generalized relative order (c, 8) and gener-
alized relative lower order (a, B) of a meromorphic function f with respect to an
entire function g denoted by pi.p)[flg and Aap)|f]g respectively are defined as:

Ty (Ty(r (T (Ty(r
P(a,ﬂ)[f]g = lifisololp ( gﬁ((r;( ))) and )\(aﬁ)[f]g — hﬂl{}f ( gﬁiT;‘( )))

Further if generalized relative order (a, ) and the generalized relative lower
order (a, 3) of a meromorphic function f with respect to an entire function g are
the same, then f is called a function of regular generalized relative («, ) growth
with respect to g. Otherwise, f is said to be irregular generalized relative («, ()
growth.with respect to g.

Now in order to refine the above growth scale, Biswas et al.[5] have introduced
the definitions of other growth indicators, such as generalized relative type (o, [3)
and generalized relative lower type (o, 5) of meromorphic function with respect to
an entire function which are as follows:

Definition 3. [5] Let o, 5 € Ly. The generalized relative type («, ) denoted
by 0w,plfly and generalized relative lower type (o, B) denoted by T p(fly of a
meromorphic function f with respect to an entire function g having non-zero finite
generalized relative order (o, B) are defined as:

oo f]y = lim Supexp(a(Tg_l(Tf(T)))) and F o], — liminfexp(a(Tg_l(Tf(r»))

rooo (exp(B(r)))Penlfls r=o0 (exp(B(r)))Pemnllls

Analogously, to determine the relative growth of a meromorphic function f
having same non zero finite generalized relative lower order (a, #) with respect to
an entire function g, Biswas et al.[5] have introduced the definitions of generalized
relative upper weak type («, ) and generalized relative weak type (o, 8) of f with
respect to ¢g in the following way:
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Definition 4. [5] Let a, § € Ly. The generalized relative upper weak type (c, )
denoted by T(a,p) | f]g and generalized relative weak type («, B) denoted by T(a,p)[flg
of a meromorphic function f with respect to an entire function g having non-zero
finite generalized relative lower order («, 8) are defined as:

oSO TON) el )
rco (exp(B(r)) el T I R Sa0 exp(B(r))Mes T

However the main aim of this paper is to investigate some growth properties
of entire and meromorphic functions using generalized relative order («, 5) and
generalized relative type (a, ), of a meromorphic function with respect to an
entire function, which improves and extends some earlier results (see, e.g., [3,4]).
Henceforth we assume that «, 8,7 € Ly, all the growth indicators are non-zero
finite.

2. Main Results
In this section, we present the main results of the paper.

Theorem 1. Let f is a meromorphic function and g, h are entire functions such
that 0 < Ay, [f]n < Py, [ fln < 00 and 0 < Aiy.0)[9]n < P(y,0)[9)n < 00. Then

)\ /\ Y Y
o2 < ool < {52200, Sk
M)l fln Py Lf]n P8 Lf I
< max { T DU} < Pl < ET

Proof. From the definitions of p(, g)[f]n and A g [f]n we have for all sufficiently
large values of r that

Ty(r) < (v (P [fTn + €)B(r)), (1)

Ty(r) = T  ((Aaplfle —€)B(r)) (2)
and also for a sequence of values of r tending to infinity we get that

Ty(r) = Tu(yv " ((prs)[fIn — €)B(r)), (3)

Ty(r) < Ty ((Aqplfln +2)B(r))- (4)

Further from the definitions of p(y,a)[g]n and A(;.q)[g]n it follows for all sufficiently
large values of r that

Ty(r) < Th(y ™ ((palgln +€)a(r)))
i.e., Tp(r) > Tg<0fl<L)) (5)

p('y,a) [g]h +¢€

IN



6 J. of Ramanujan Society of Mathematics and Mathematical Sciences

and Ty,(r) < T, <a_1 (%)) (6)

(v7,) [g]h — €

Also from the definitions of p(ya)[g]n and A¢a)[g]n, we get for a sequence of values
of r tending to infinity we obtain that

<1 (2=
and T},(r) > T, (a—l (#)) 8)

Now from (3) and in view of (5), for a sequence of values of r tending to infinity
we get that

(T (L) = (T3 (T3 (o0 ln — )B)
oty (15000 = (1, (1, (o) (P22 D)),

(P, L1 — €)B(r)
(P, 9] +€)

AT (T3 (1) _ povslfln =€
B(r) ~ Pealgln Fe
As e(> 0) is arbitrary, it follows that

i.e., a(T (Ty(r))) >

1.€.,

P8 Lf]n
Pl flg = pelgh 9)

Analogously from (2) and in view of (8) it follows that

/\(%/3) [f]n
Ppylflg 2 m (10)

Again from (2) and in view of (5) we obtain that

Naslfly 2 2020

" Peralgln (1)

Now in view of (6) we have from (1) for all sufficiently large values of r that

(T, (T3 () < T Ty (P [f1n +€)B(r))))
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o1y (1500)) < (7, (7, (o (L2 22N )

A('y,a) [g]h — €
(P, [f]n + €)B(r)
(>‘('y,a) [g]h - 8)
AT (T(r)) _ poslfln+e

B(r) " Aqalgln — &
Since £(> 0) is arbitrary, we obtain that

i.e., ofT; 1 (Ty(r))) <

g

1.€.,

(12)
Similarly in view of (7), we get from (1) that
Pl n
Aaplfly £~ (13)
= gl
Again from (4) and in view of (6) it follows that

A(%ﬂ) Lf]n

/\(%a) [9]n ' (14)

Mo [flg <

The theorem follows from (9), (10), (11), (12), (13) and (14).
Remark 1. From the conclusion of the above result, one may write pw.p)(fly =

ve)lf _ Agslf _ S _
rapliln o0 g Mol flg = CHIIEA LA Ao l9ln = Piveylgln- Similarly pe.g)|flg =

P(v,a) %g}]h A(’y,a)[[g%h
Ay Lf _ paalf -
Yol 94 Mapfly = 52 when Aqp)[fln = pi.0)[fn-

Theorem 2. Let f is a meromorphic function and g, h are entire functions such
that 0 < pey,p) [ fln < 00 and 0 < Aiy.0)[9ln < pr.a)lgln < 00. Then

T(v,a) [g]h T (v,a) [g]h

O (v,a) [g]h

Proof. Let us consider that (> 0) is arbitrary number. Now from the definitions
of o(,.8)[f]n and @, g)[f]n, we have for all sufficiently large values of r that

Ti(v ™ (log[(0,,9) [ 1 + €) (exp(B(r))) P2 Ie1)), (15)
Ti(v~ (10g[(@ [ fn — &) (exp(B(r)) ) omVn])) (16)
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and also for a sequence of values of r tending to infinity, we get that

Ty(r) = Tuly~'(log[(o(,[f1n — €)(exp(B(r)))Pon ), (17)
Ty(r) < T(yv ' (10g[(@6,5 [ + ) (exp(B(r)) ) on V). (18)

Similarly from the definitions of o, 4)[g]n and T (y,q)[g]n, it follows for all sufficiently
large values of r that

Tylr) < Thw*l(log[(o(m)[g]h+6)(exp(a(f)))pw[g“]))
e ) = 7,0 (g (RIS ) (19)
o 730 < 7, (o (g (220 60, 20)

Also for a sequence of values of r tending to infinity, we obtain that

Th(r) < Tg<a_1<log< exp(7(r)) ))P(v,;)[g]h>> (21)

(O(ralgln —€

1

and Ty (r) > T, <0f1 ( log ((52)(;([;](:2 E)> p(”‘“)[g]h)) (22)

Further from the definitions of 7(, g)[ ] and 7(, g)[f]#, we have for all sufficiently
large values of r that

Ty(r) < T(v ' (0g((Tp [fln + ) (exp(B(r))) oniny)), (23)

Ty(r) = Tuly'(log((7(,)fIn — )(exp(B(r))) - in))) (24)
and also for a sequence of values of r tending to infinity, we get that

Ty(r) = Tuly (log((Te [ fn — ) (exp(B(r)) om ), (25)

T(r) < Tu(v ' (10g((16,) /10 + &) (exp(B(r))) I ). (26)

Similarly from the definitions of 7(, a)[g]n and 7(,.q)[g]s, it follows for all suffi-
ciently large values of r that

02 (o (2200 )T
and T},(r) < T, (a—1<1o ( (T(if)’[(;]ir) ) €)> “W“’]h)) (28)



Some Inequalities Relating to Generalized Relative Order (a, f3).. 9

Also for a sequence of values of r tending to infinity, we obtain that

7i(r) < 7, (o (108 (=20 =) ) (29)
and Ty(r) > 1T, (a’l < log (%) o Mh)). (30)

Now from (17) and in view of (27), we get for a sequence of values of r tending
to infinity that

exp(al(T, (T5(r)))) = exp(a(T, (Tu(y ™ (log((0,,) [ fln—e) (exp(B(r))) =T 0)))))

(7.0 [f1n — &) (exp(B(r)))Pm /e ) eI

exp(a(T, (T (r)))) = < (T lgln +€)

i.e.,

exp(a(T, H(T5(r)) (Uw) [f]n — 6) o

.ol — \ =
(eXp(ﬂ(T))) A(:,i)[g]h T (v,0) [g]h + £
oince n view of theorem £ % > plap)lflg, and as (> 0) is arbitrary, it
e

follows from above that

1

PO ) (nllh =)o

lim sup > (=
roo (exp(fB(r)))Pemlils Tralgln +€
~ 0,0 10\ % ,:[T
1.e., U(Q,ﬁ)[f]g > <m> (ra)iein (31)
¥,0

Analogously from (16) and (30), we get that

(7,0 [f]n\ Xy
= (—T(” i[g]h) e (32)
v

as in view of Theorem 1, it follows that % > papy)lflg-

Again in view of (20), we have from (15) for all sufficiently large values of r
that

(0, L] + &) (exp(B(r)))Pe-nUln ) Teman

exp(a(T; (T;()) < ( ool =5
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1.€.,

exp(al(Ty 1 (T5(r)))) _ (%,ﬁ) [f)n + 6) o
Pl AT (ya)lgln — € '

(exp(B(r))) e

Since in view of Theorem 1, it follows that

o(~,8) f1n
P(v,a) 9]

< Paslfly and e(> 0) is
arbitrary, we get from above that

lim sup
T—00

exp(a(T, H(T5(r)) _ (U(vﬂ)[f]thE)W
Pyl — 5(%04)[9]}1_5

(exp(A(r))) "0 "

) 0,3 L0\ r o
i.e., 0(aplflg < (_U—((V ))[g]h)p( )ik (33)
v,

Thus the theorem follows from (31), (32) and (33).

The conclusion of the following theorem can be carried out from (20) and (23);
(23) and (28) respectively after applying the same technique of Theorem 2 and
with the help of Theorem 1. Therefore its proof is omitted.

Theorem 3. Let f is a meromorphic function and g, h are entire functions such
that 0 < Ay, [fln < 00 and 0 < A0 [9]n < Py, lg]n < 00. Then

- ((Taplf i\ sgomm (Tanlfn g en
el < min{ (L2l (Tenlfln )
T(v,) [g]h O (v,a) [9] h

Similarly in the line of Theorem 2 and with the help of Theorem 1, one may
easily carry out the following theorem from pairwise inequalities numbers (24) and
(27) ; (21) and (23); (20) and (26) respectively and therefore its proofs is omitted:

Theorem 4. Let [ is a meromorphic function and g, h are entire functions such
that 0 < Ay )[f]1n < P fln <00 and 0 < Aiy.0)[9]n < prr.e)[9]n < 00. Then

<T(%/3) [f]h> A('y,:)[g]h < Tiap) [f]g < min { (T(’Yﬂ) [f]h) P(%al) [9]n <F(%B) [f]h> p(’y,o:zl) [9]n }

T (v,0)[9]n T (v,0) 90 O (v, [9)n

Theorem 5. Let [ is a meromorphic function and g, h are entire functions such
that 0 < peyp)[fln < 00 and 0 < Ay,0) (9] < Py,a)lgln < 00. Then

o p I\ igmmm (Tas e\ xgwmm
T(a,ﬁ)[f]gzmaX{(—> " (_—> " }
O (v,0) [g] h T (v,a) [g] h

With the help of Theorem 1, the conclusion of the above theorem can be carried
out from (16), (19) and (16), (27) respectively after applying the same technique
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of Theorem 2 and therefore its proof is omitted.

Theorem 6. Let f is a meromorphic function and g, h are entire functions such
that 0 < peyp)[fln < 00 and 0 < Ay,0) 9l < Py,a)lgln < 00. Then

(5(%6) [f]h) Awal) W Flasfly < min { (5(%5) [f]h) p(mal) [Tn 7 (0(%5) [f]h) 7%,:) [Tn }
?(’Y,a) [g]h o ' o E('y,a) [g]h O (v,a) [g]h

Proof. From (16) and in view of (27), we get for all sufficiently large values of r
that

exp(al(T, (T5(r)))) = exp(a(T, (Tl (0g((@ ) [fla—e) (exp(B(r))) -2 m)))))

T n—€)(ex )P [k ﬁ
s exp(alT (1) 2 (Teald @fif[gﬁ(f(g Doty

exp(a(Ty (1)) _ (Faslfln = 6)%}@

i.e., el = \F . slglh + €
(exp(B(r)) PO
Since in view of Theorem 1, % > pa,plflg, and e(> 0) is arbitrary, we

get from above that

i exp(a(Ty N (Th(r)) > C(v,ﬁ) [fln — 5) Yy
reo (exp(B(r)))Peolls = AT algln +e

i Taolfly > (o2 L) 0T (349)

Further in view of (21), we get from (15) for a sequence of values of r tending
to infinity that

(0(+,8)[f]n + ) (exp(B(r))) P > e
(U(W) [9]n —€)

exp(a(Ty (T5(r))) _ [f]h"‘g)p(w.)[g]‘

2. Uh O_(Py a) [g]h — &

(exp(B(r))) Crln

Again as in view of Theorem 1, % < plap)lfly and (> 0) is arbitrary,

exp(a (T, (T5()) < (

1.€.,

therefore we get from above that

N Gl i) LRl S
ree (exp(B(r)))enlfle = Nogalgln — ¢
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. _ O(v,B) [f]h o al) l9lp
i€, Taplfly < (—) vl T (35)
(2:8) g O (v,a) [g]h
Similarly from (18) and (20), we get that
. _ E('y,ﬁ) [f]h P al) [9ln
1.€., O(q, [f] < <_—) v ) (36)
(e:8) g O (v,a) [g]h

as in view of Theorem 1 it follows that 22l < Plap) L fg-

p('y,a)[g]h

Thus the theorem follows from (34), (35) and (36).

Theorem 7. Let f is a meromorphic function and g, h are entire functions such
that 0 < Mgy [fln < 00 and 0 < Ay.0)[9]n < piyo)[g]n < 00. Then

1 = 1
Feunlfly < min { (C00 Iy oo (Tl Gy,

Ty, [9]n (v 9]
(?(%6) [f]h> P(%al) l9ln <7—(’y,ﬁ) [f]h > m }
O (v,2) [g]h 7 5(7,04) [g]h

The conclusion of the above theorem can be carried out from pairwise inequali-
ties numbered (20) and (26); (21) and (23); (26) and (28); (23) and (29) respectively
after applying the same technique of Theorem 6 and with the help of Theorem 1.
Therefore its proof is omitted.

Similarly in the line of Theorem 2 and with the help of Theorem 1, one may
easily carry out the following theorem from pairwise inequalities numbered (25) and
(27); (24) and (30); (20) and (23) respectively and therefore its proof is omitted:

Theorem 8. Let [ is a meromorphic function and g, h are entire functions such
that 0 < Ay p)[fln < 00 and 0 < Ay,0)[9]n < p(y,a)l9]n < 00. Then

max{(%ﬁ)[fh)W (7—(%5)“]}1)%1)[9%} <Fanlfl, < <_T—<W[f]">wl>[g”a
?(%a)[g]h ’ 7’(%05)[9]}1 - 7 ‘- E(’Y,a)[g]h

Theorem 9. Let f is a meromorphic function and g, h are entire functions such
that 0 < Ay 8)[f1n < P fln < 00 and 0 < Ay [9]n < pry.0)[9]n < 00. Then

= 5(’7 B) [f]h P( al) l9ln 0(v,8) [f]h P :) laln
Tl flg = max { (2220 ) 00l (ZOD ) 7ol
0 (v,q) [g]h O (y,a) [g]h

(%,ﬁ) [ﬂh) ol (E@,m [f]h) o }
?(%Ol) [g]h ’ T(vy,) [g]h
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The conclusion of the above theorem can be carried out from pairwise inequali-
ties numbered (17) and (19); (16) and (22); (17) and (27); (16) and (30) respectively
after applying the same technique of Theorem 6 and with the help of Theorem 1.
Therefore its proof is omitted.

Theorem 10. Let f is a meromorphic function and g, h are entire functions such
that 0 < pey,p [ fln < 00 and 0 < piy,a)9]n(= Ar.a)(9]n) < 00. Then

(5(7 Ne)) [f] ) P, a)[g < (
O (v,) [g]

s:
S
=

<min (G ™ (G2 ™)
<o G2 (22 ™)
<ol < (F220) 7

The conclusion of the above theorem can be carried out from pairwise inequal-
ities numbered (16) and (19); (18) and (20); (15) and (21); (16) and (22); (17) and
(19); (15) and (20) respectively after applying the same technique of Theorem 6
and with the help of Theorem 1. Therefore its proof is omitted.

Remark 2. In Theorem 10, if we replace the conditions 0 < pp(fln < o0
and 0 < p(’y,a)[g]h(: A(%a)[g]h) < 00”7 by 0 < p(%ﬂ)[f]h<: )‘(Wﬁ)[f]h) < oo and
0 < p(r.a)lgln < 00” respectively, then Theorem 10 remains valid with T(o,p)[f]y and
T(a,p)flg replaced by T p)[flg and o p)fly respectively.

Theorem 11. Let f is a meromorphic function and g, h are entire functions such
that 0 < pey.p) [f1n(= Arp) [f]n) < 00 and 0 < A(y0)[g]n < 00. Then

(T(’Y. ﬂ)[f]h)x(wl)[g]h < Flapf]

= < O(a, g

T (y,a) [g]h
< min <7—(’Y:5) [f]h> A(y,a) 9] <?('Y75) [f]h) /\(%:)[g]h }
N Tl 9]n "\ Ti,al9)n
< max { <_T(W’> Lf ]h> TInn (T(v,ﬁ) L/ ]h> EmIEn }
B T(v,c) [g]h ’ F('y,oz) [g]h

T(1.8) [f]h> YIS
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The conclusion of the above theorem can be carried out from pairwise inequal-
ities numbered (24) and (27); (26) and (28); (23) and (29); (24) and (30); (25) and
(27); (23) and (28) respectively after applying the same technique of Theorem 6
and with the help of Theorem 1. Therefore its proof is omitted.

Remark 3. In Theorem 11, if we replace the conditions 0 < puplfln (=
A fln) < 00 and 0 < Aplgln < 00”7 by O < Ayplfln < 00 and 0 <
P, 9n(= Ara)lgln) < o007 respectively, then Theorem 11 remains valid with

T3 flg and T )[flg replaced by G p)[flg and o p)[flg respectively.
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