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Abstract: The human muscle tissue is an active cite with varied aerobic con-
sumption. The supply of oxygen to the muscle cells is governed by the demand
for oxygen that varies across different metabolic states of the body tissues. Most
of the models designed to simulate oxygen flow in the body are based on the as-
sumption of constant rate of oxygen consumption in muscle tissues. This generates
a picture contrary to the physiological ambience where the rates vary in response
to level of activity in which muscles are involved. In this context, we have taken
recourse to a comparative analysis of zero-order, first-order and Michaelis-Menten
oxygen consumption rate inside the muscle tissue. The model is based on the
reaction-diffusion equation, and the exact solution is obtained and compared with
the numerical solution using MATLAB and both are in good agreement.

Keywords and Phrases: Oxygen tension, Oxygen consumption, Finite differ-
ence method.
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1. Introduction
Our aim in this paper is to focus on the delivery of oxygen into one of the

most metabolically active tissues of the human body, i.e., the skeletal muscle. The
existing models available in the literature [12, 16, 18] for oxygen transport and
consumption in muscle tissues are more theoretical and lack synchrony with the
real physiological conditions. Also, the models are usually reliant upon constant
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consumption of oxygen in the muscle tissue that is unusual and unrealistic for mus-
cle cells in a human body [6, 10]. The cells constituting the muscles in a human
body are rather more active than any other tissue with wide-ranging levels of oxy-
gen consumption. The varied metabolic rates demand for varied oxygen supply
commensurate with varied consumption levels. The oxygen is brought to muscle
cells by innervating capillaries from where its entry into muscle cells is governed by
the diffusion [4, 17]. The oxygen supply to muscle cells is based on the respiratory
demands that vary from one metabolic state of the body to another. The human
body is constantly involved in performing metabolic functions, even at rest (basal
metabolism) that necessitates the continuous supply of energy to the tissues [14,
15]. Skeletal muscles are regularly involved in various energy-demanding activities
so much so that the skeletal tissues are the most active consumers of oxygen in
human body. During exercise or active manual works, skeletal muscles are actively
involved in respiration, with oxygen consumption occurring at an accelerated rate.
The high demands of oxygen consumption in an exercising muscle are met by in-
crease in the coordinated activity of lungs and heart that makes oxygen available to
actively respiring tissues. Key studies have been undertaken by various researchers
that reveal an enzymatic regulation of oxygen in muscle cells [3]. However, con-
tinued exercise may push oxygen consumption beyond threshold level and lead to
depletion in oxygen concentration in the skeletal tissue that is finally translated into
switch-over to anaerobic mode of respiration. As a result, lactic acid accumulates
in muscle cells, leading to exhaustion and muscle cramps.

The main objective of this paper is to understand the delivery of oxygen into
muscles tissue that is driven by the diffusion of oxygen from capillaries into skeletal
cells. The diffusion gradient changes in response to change in the partial pressure
of oxygen across the two ends of the diffusion pathway-capillary end and tissue end.
One of the most important factors responsible for change in the partial pressure of
oxygen and hence, the diffusion, is the rate of its consumption in the skeletal tissue.
Earlier studies on modelling of oxygen delivery into the tissue have modelled oxy-
gen consumption using zero-order oxygen consumption rate, instead of first-order
and Michaelis-Menten oxygen consumption rate, as a presumption for the devel-
opment of the model [9, 13]. Using zero-order oxygen consumption rate approach,
oxygen consumption is a positive constant where oxygen concentration is greater
than zero, and oxygen consumption is zero where oxygen concentration is zero.
However, the metabolic condition of tissues changes with the change in activity of
the human body and hence, there is change in the rate of oxygen consumption in
the corresponding tissue.

Human skeletal tissue shows least metabolic activity at rest, the state of low
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oxygen consumption. However, the increase in the activity of muscles (e.g., in exer-
cise) increases the metabolic rate and oxygen consumption in muscle cells. In this
backdrop, for the development of a more realistic model, it is imperative to consider
varying rates of oxygen consumption in tissues. The present approach is intended
to build upon already existing models [6] and to devise a more realistic model
by taking into account varying rates of oxygen consumption in the skeletal tissue
across different metabolic states of the human body, from rest to rigorous exercises.
In this paper, we formulate a mathematical model of oxygen transport in intact
muscle vis-a-vis tissue metabolism. The model is based on the reaction-diffusion
equation and has been solved for zero-order and first-order oxygen consumption
rate analytically in steady state case, and numerically in unsteady state case. In
addition, we have taken recourse to Michaelis-Menten oxygen consumption rate
that accounts a non-linear transport and consumption of oxygen in skeletal tissues,
in an attempt to bring it in line with the actual physiological conditions.

2. Formulation of the Model

Table 1: Nomenclature and numerical values of different physiological parameters
used in the model are described with units [4, 12, 17].

Parameter Value Unit

D,Oxygen diffusion coefficient 2.41× 10−5 cm2/sec

σ, Oxygen solubility coefficient 3.89× 10−5 ml O2/ml/mmHg

P ∗, Average capillary partial pressure of oxygen 48 mmHg

k, Mass-transfer coefficient 30 mmHg/sec

Oxygen diffusion in tissue is governed by the reaction-diffusion equation:

∂P

∂t
= D

∂2P

∂x2
− 1

σ
M(P ) + k

(
1− P

P ∗

)
(1)

In Equation (1), three effects are included that can change the tissue partial
pressure of oxygen P at a given time t. The first term in Equation (1), given by

D
∂2P

∂x2
, is diffusion of O2 which occurs in living tissue due to O2 gradients and can

serve to increase or decrease partial pressure P . Oxygen diffusion would normally
occur in all three spatial directions; however, variations in y and z are not included
in the model. The second effect included in Equation (1), given by M(P ), is the
oxygen uptake function, which we emphasise is a function of P . The third effect
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included in Equation (1), given by k
(
1− P

P ∗

)
, is blood-tissue oxygen transfer. The

parameter k is used to represent the average flux of oxygen for a given difference
between tissue, P , and capillary, P ∗, partial pressure of oxygen values.

We consider three models of oxygen consumption that are used to describe
M(P ) and are discussed below:

2.1. Zero-order Oxygen Consumption Model
For zero-order oxygen consumption rate (constant uptake), we have

M(P ) =

{
M0 = constant for P > Pcric

0 for P ≤ Pcric

(2)

where M0 is the oxygen demand and Pcric is the critical oxygen tension level. For
numerical computation, the value of M0 is taken as M0 = 1.50× 10−4ml O2/ml/s.

Therefore, model Equation (1) can be written as

∂P

∂t
= D

∂2P

∂x2
− 1

σ
M0 + k

(
1− P

P ∗

)
= D

∂2P

∂x2
+ A0 −B0P (3)

2.2. First-order Oxygen Consumption Model
For first-order oxygen consumption rate (linear uptake), we have

M(P ) = αP (4)

where α is the maximum reaction rate.
Therefore, model Equation (1) becomes

∂P

∂t
= D

∂2P

∂x2
− αP

σ
+ k
(
1− P

P ∗

)
= D

∂2P

∂x2
+ A1 −B1P (5)

2.3. Michaelis-Menten Oxygen Consumption Model
For Michaelis-Menten oxygen consumption rate (non-linear uptake), we have

M(P ) = M0
P

P + Pm

(6)

where Pm is the value of P at which the rate of reaction is half-maximal.
Therefore, model Equation (1) becomes

∂P

∂t
= D

∂2P

∂x2
− M0

σ

P

P + Pm

+ k
(
1− P

P ∗

)
(7)
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where A0 = k − M0

σ
, B0 =

k

P ∗ , A1 = k and B1 =
k

P ∗ +
α

σ
. When Pm → 0,

the Michaelis-Menten oxygen consumption rate model approaches to zero-order
oxygen consumption rate model, M → M0. For small values of oxygen tension,
P << Pm, the Michaelis-Menten oxygen consumption rate model approaches to
first-order oxygen consumption rate model.

3. Solution of the Models
The governing Equations (3) and (5) shows that, in addition to D, there are

two constants (assumed to be positive) that determine the dynamics of P ; A0

(A1)-which represents the balance between capillary O2 supply and tissue O2 con-
sumption when P = 0 (maximum O2 flux into the tissue); and B0 (B1)-which
determines how O2 flux into the tissue decreases for P > 0.

Model Equations (3) and (5) are linear one-dimensional reaction-diffusion equa-
tions. For appropriate initial and boundary values, it will have unique bounded
and continuous solution. For steady-state conditions, we use boundary conditions
for x ≥ 0 and t ≥ 0 that represent partial pressure of oxygen fixed at the surface
Ps of the muscle (x = 0):

P (x = 0) = Ps, and P (x → ∞) < ∞ (8)

where the second boundary condition is required to eliminate the exponentially
growing solution (ebx), which would lead to an unrealistic outcome result (infinite
P) as x → ∞. Integration of the steady-state form of the partial differential
Equations (3) and (5) then yields the solutions, respectively:

Psteady =
A0

B0

+
(
Ps −

A0

B0

)
e−bx, and Psteady =

A1

B1

+
(
Ps −

A1

B1

)
e−bx (9)

The constant b =

√
B0

D
represents the rate at which the tissue partial pressure

of oxygen changes from the value set at the surface (Ps) to its natural far-field

value
(
P (x → ∞) =

Ai

Bi

, i = 0, 1
)
. As the diffusion coefficient D increases, b

becomes smaller because the influence of the surface partial pressure of oxygen
extends further into the tissue. On the other hand, as the constant B0 increases,
b becomes larger because the effect of capillary O2 delivery to the tissue becomes
stronger.

The initial condition associated with the model Equation (1) is:

P (x, 0) = u0 +
(
Ps − u0

)
e−bx (10)
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where u0 is constant partial pressure of oxygen far from the capillary surface.

The exact solution of the model Equation (7) is very difficult to process due to
the involvement of non-linear Michaelis-Menten oxygen uptake function (6). So, a
finite-difference method has been used to solve the models.

3.1. Finite-Difference Method

The analytic solution to the model Equation (1) gives the oxygen partial pres-
sure P (x, t) as a continuous function of x and t that can be evaluated at any point
in the muscle tissue domain. Let’s cover muscle tissue by a uniform mesh (or grid)
as shown in Figure 1 where the grid points are (xj = j△x, tn = n△t), △x = h and
△t = k are the step sizes in the x− and t−directions, respectively. Each node in
the grid is identified by an ordered pair of integers (j, n). A finite-difference method
aims at determining numerical values for P at the discrete set of points specified
by the grid (xj, tn), that is to determine P (xj, tn) ≡ P n

j for all values of j and
n in the grid (j−space step parameter and n−time step parameter). Afterward,
suitable interpolations can be used to find P at intermediate points not specified
by the grid, if desired.

0 1 j − 1 j j + 1 M

1

n− 1

n

n+ 1

N
△x

△t

(j,n+1)

(j,n)

(j,n-1)

(j-1,n) (j+1,n)

Figure 1: Mesh showing discretization of time and space domain.

Definition 1. A finite-difference approximation to the second-order partial deriva-
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tive of P (x, t) with respect to space variable x defined by, where θ ∈ [0, 1],

∂2P

∂x2
= θ

P n+1
j+1 − 2P n+1

j + P n+1
j−1

h2
+ (1− θ)

P n
j+1 − 2P n

j + P n
j−1

h2
(11)

is known as θ-method (theta-method) [8].
Consider model Equation (1) subjected to the initial condition (10) and bound-

ary conditions (8). The muscle tissue region Ω = [0, L]× [0, T ] is discretized by the
uniformly distributed grid points (xj, tn), where

xj = jh, j = 0, 1, 2, · · · ,M, Mh = L

tn = nk, n = 0, 1, 2, · · · , N, Nk = T ; M,N ∈ Z≥0

Moreover, P n
j denotes the mesh (or grid) function that approximates P (xj, tn)

for j = 0, 1, 2, · · · ,M and n = 0, 1, 2, · · · , N . Therefore, model Equation (1) is
approximated by the following finite difference equations [7]:

P n+1
j − P n

j

k
= Dθ

P n+1
j+1 − 2P n+1

j + P n+1
j−1

h2
+D(1− θ)

P n
j+1 − 2P n

j + P n
j−1

h2

−
MP n

j

σ
+ k
(
1−

P n
j

P ∗

)
where θ, 0 ≤ θ ≤ 1, is the weight of the function. Depending on the values of θ,
we get forward-time central-space (FTCS) method (Schmidth method) if θ = 0,
backward-time central-space (BTCS) method (Laasonen method) if θ = 1 and

Crank-Nicolson Scheme if θ =
1

2
.

By using forward-time central-space (FTCS) method over the domain Ω =
[0, L] × [0, T ], we obtain the values of P at the nodal points with respect to the
following uptake functions:

� For constant uptake function, we have

P n+1
j = a1P

n
j+1 + (1− 2a1 −B0)P

n
j + a1P

n
j−1 + A0 (12)

� For linear uptake function, we have

P n+1
j = a1P

n
j+1 + (1− 2a1 −B1)P

n
j + a1P

n
j−1 + A1 (13)

� For Michaelis-Menten uptake function, we have

P n+1
j = P n

j+1 + (1− 2a1 −B0)P
n
j + a1P

n
j−1 + A1 − b1

P n
j

Pm + P n
j

(14)



474 South East Asian J. of Mathematics and Mathematical Sciences

where a1 =
D△t

△x2
, b1 = α△t, P n

j is a grid function on the grid points xj = j△x, j =

0, 1, 2, ...,M and tn = n△t, n = 0, 1, 2, ..., N , and M and N are, respectively, the
number of subdivisions in the axial and time directions of the discretized tissue
region.

The initial condition (10) takes the form: P 0
j = u0 +

(
Ps − u0

)
e−j△x.b and the

boundary conditions become: P n
0 = Ps, and P n

M = u0. The numerical method
used is consistent as discussed in Lone et al. [6] and stable by the following criteria
[1, 11]:

1− 2a1 −B0 ≥ 0 or 1− 2a1 −B1 ≥ 0 or 1− 2a1 −B0 ≥ 0 as B0 < B1

⇒ △t

△x2
≤ 1−B0

2D

For finite values of △x and △t, the finite-difference solution P n
j is not identical

to the exact solution P (xj, tn). The solution error or simply error is SE = |ej,n| =
|P n

j − P (xj, tn)|. The L2-norm is used to assess the error between the numerical
solution P n

j and the analytical solution P (xj, tn) [5]:

∣∣∣∣e∣∣∣∣
2
=

(
1

MN

M∑
i=1

N∑
j=1

∣∣ej,n∣∣2)1/2

=

(
1

MN

M∑
i=1

N∑
j=1

∣∣P n
j − P (xj, tn)

∣∣2)1/2

(15)

where the numerical approximation, P n
j , is a grid function on the grid points. The

boundary condition and the initial condition are not included in this error estimate,
because these values are specified and not approximated. The error estimate (15)
is analogous to the root-mean-square error defined as the square root of the mean
of the errors between measured values and values predicted by a model.

For all computational work, MATLAB software has been used for analysis.

4. Results and Discussion

In this paper, oxygen transport model equations are presented in an attempt to
bring them in line with the real physiological conditions. The formulated models
in the form of oxygen uptake functions take into account all possible conditions
ranging from constant consumption (indicative basal metabolism in the body) to
varied or oscillating rates (connecting work activities of varied magnitudes) of oxy-
gen consumption in the muscle tissues. The results presented in the form of graphs
using MATLAB are more or less in consonance with known physiological ambience.
Our models are based on the presumption of non-uniform blood flow denoted by
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different values of mass-transfer coefficient k, which is in effect determined by vari-
ation in oxygen demand by muscle cells. The numerical values of the parameters
taken for the computation are given in Table 1.
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Figure 2: (a) Comparison of oxygen concentration in the tissue compartment, (b) Temporal
variation of pulmonary administration of oxygen concentration in the arterial blood compartment,
(c) Temporal variation of intravenous administration of oxygen concentration in the arterial blood
compartment, (d) Temporal variation of intravenous administration of oxygen concentration in
the Tissue compartment at rates /sec : (i) = {a31 = 1.98, a12 = 1.32}, (ii) = {a31 = 1.5, a12 =
1.0}, (iii) = {a31 = 0.975, a12 = 0.625} and (iv) = {a31 = 0.4, a12 = 0.27} with p0 = q0 =
5× 10−6 mol cm−3.

Numerical method has been used to solve the model that is based on the finite
difference method known as forward-time central-space (FTCS) method. We have
computed the exact solution and compared with FTCS solution for validation of
the result and found that there is a good agreement between both which is shown
in Figure 3a.
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The first model lays out the zero-order oxygen consumption rate inside the
muscle tissue. A comparison is made between P across spatial dimensions of mus-
cle tissue with respect to different mass-transfer coefficients k of oxygen taken at
10 mmHg/sec, 15 mmHg/sec and 30 mmHg/sec, as shown in Figure 2b. It is a
steady state simulation of oxygen consumption inside the muscle tissue. Regardless
of the values of k, the results show an initial decrease in P up to some level where
from the value of P inside muscle tissue remains same. The results are indicative
of a constant metabolic rate inside the muscle cells that is reflected in the constant
consumption of oxygen inside the cells after achieving a fixed level in the begin-
ning. The effect of k is reflected in a significant divergent shift of the curves and
the degree of steepness associated therewith.

The second model represents the oxygen consumption inside the muscle tis-
sue with respect to first-order oxygen consumption rate. For different values of
mass-transfer coefficient k (10 mmHg/sec vs. 30 mmHg/sec), the model predicts
parallel response of P with an initially decreasing trend followed by an indefinite
constancy after reaching certain distance along the axis of oxygen transfer pathway
(Figure 2c). The model is again based on steady state assumption, i.e., the oxygen
consumption rate is viewed independent of time.

In Figure 2d, an analysis of the models is presented in a three-dimensional form
in order to present a broader picture of the proposed models.
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Figure 3: (a) Tissue oxygen tension profiles for Michaelis-Menten oxygen consumption rate and
t = 20 sec, (b) Tissue oxygen tension profiles for zero-order, first-order and Michaelis-Menten
oxygen consumption rate (k = 20 mmHg/sec and t = 20 sec). The solid line (−) represents the
simulation with the Michaelis-Menten uptake function given by the Equation (6), the dashed line
(−−) represents the simulation with the linear uptake function given by Equation (4), and the
circles (o o) represents the simulation with the constant uptake function given by Equation (2).
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The third model proposed in this paper is based on Michaelis-Menten oxy-
gen consumption rate. This model is introduced to account for multi-dimensional
analysis of problem at hand. The cellular demands for oxygen and the rate of oxy-
gen consumption do not remain constant in physiological circumstances of muscle;
rather, the rate of oxygen supply and consumption change with time in relation
to the level of activity in which the tissue is involved. Michaelis-Menten oxygen
consumption rate is applied to predict oxygen uptake in muscle tissues in terms
of change in partial pressure of oxygen. Figure 3a yields different patterns of oxy-
gen uptake (presented in the form of P) across different values of mass-transfer
coefficient, k. Higher values of mass-transfer coefficient k, yielded correspondingly
higher levels of oxygen uptake shown as drop in the level of partial pressure of
oxygen in the tissues. The results are in agreement with ambient physiological
parameters where high muscular activity is met with increased blood supply and
higher consumption in respiratory metabolism.

Oxygen consumption is not constant in biological systems. To examine whether
the proposed model sufficiently predicts this distinction, cross-comparison of zero-
order, first-order and Michaelis-Menten oxygen consumption rate inside the muscle
tissue was made while taking a fixed point of time, as shown in Figure 3b. The
zero-order and first-order oxygen consumption rate models show coincidence of tra-
jectories with relatively less uptake of oxygen. This ascertains the oxygen consump-
tion during the time of least metabolic activity of muscle cells (basal metabolism).
The difference is seen in Michaelis-Menten oxygen consumption rate model, where
oxygen consumption is high, commensurate with increased metabolic activity of
muscle cells. It is pertinent to mention that in steady state models the results dis-
play only an initial decrease in P, whereas in unsteady state models the decrease
in P recurs after attaining a constant value.

5. Conclusion
In conclusion, it appears that our model is able to predict the behaviour of

muscles vis-a-vis demand of oxygen and its consumption rate in varied activities
of human body. The proposed models may specifically find application in sports
and athletics, where muscular tissues are vigorously involved. This work can be
further extended by adding variations along y and z-directions, variable diffusivity
and other environmental issues as parameters into the model.
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