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1. Introduction

Throughout this paper, we shall consider only connected, finite, simple, and
undirected graphs. Let G = (V(G), E(G)) be any finite graph and let A be an
abelian group under addition with the identity element 0. Let A* = A\ {0}. Any
mapping ¢ : E(G) — A* is called an edge labeling. Observe that any edge labeling
induces a mapping ¢ : V(G) — A as follows: (*(u) = Z{l(uv) : wv € E(G)}.
A graph G is called A-magic, if there exists a € A such that (T (u) = a, for
all u € V(G). Several authors studied about Vj;-magic graphs [6, 8, 9] and Z-
magic graphs [5]. Recently, Anusha C. and Anil Kumar V. [2, 3, 4] introduced
A-magic labeling of graphs where A is non-abelian and studied graphs that are S3-
magic, Dyj-magic and (Jg-magic. In this paper, we introduce a new magic labeling
of graphs using a non-abelian group namely, the conjugate A-magic labeling of
graphs and investigate conjugate Ss;-magic labeling of some graphs. Consider the
set X = {1,2,3}. A permutation of X is a function from X to itself that is both
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1-1 and onto. The permutations of X with the composition of functions as a binary
operation is a non-abelian group, called the symmetric group S3. The group Sj is
a non-abelian group of order 6 and its elements are given by

/123 (123 (123
PO— 1 3 7p1_ 2 1 7p2_ 3 1 2a
/(123 (123 /123
1 = 1 2 y M2 = 3 17#3_ 2 1 3 .

2. Main Results
Here we need the following definition due to Anusha C and Anil Kumar V [4].

Definition 2.1. [4] Let G = (V(G), E(G)) be a finite graph with p vertices and
q edges, and let (A,*) be a finite non-abelian group with identity element 1. Let
f:E(G)— N,={1,2,...,q} and let g : E(G) — A\ {1} be two edge labelings of
G such that f is bijective. Define an edge labeling ¢ : E(G) — N, x A\ {1} by

l(e) == (f(e),g(e)), e € E(G).

Define a relation < on the range of £ by:

W N NN
NN W N

!/

(f(e), gle)) < (f(e),g(¢)) if and only if  f(e) < f(€').

Then obviously, the relation < is a partial order on the range of .

Let {(f(ex), gler), (F(ea), g(€2))s - (F(ex),g(ex))} be a chain in the range of (.
We define the product of this chain as follows:

k

LI/ (e gle) := ((((gler) * glez)) = glea)) * glea)) * -..) * gle)-

i=1

Let u € V(G) and let N*(u) be the set of all edges incident with u. Consider the
restriction of the function £ on N(u), that is, {|n+@). Observe that the range of

éljﬁ(“) is a chain, say (f(e1),g(er)) < (f(e2); g(ea)) < -+ < (flen),glen)). We

0 (u) = H(f(ei)>g(€i))- (2.1)
i=1
If *(u) is a constant, say a for allu € V(G), we say that the graph G is A-maygic.
The map €* is called an A-magic labeling of G and the corresponding constant a is
called the magic constant.
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In the above definition if the elements g(e2), g(e3), . . ., g(e,) belong to the conju-
gacy class determined by g(e;), then we say that the graph G is conjugate A-magic.
Formally, we have the following:

Definition 2.2. Let G = (V(G), E(G)) be a graph with p vertices and q edges,
and A be a finite non-abelian group of order n with identity 1. The graph G is said
to be a conjugate A-magic graph if

(i) for allu € V(QG),

n

0" (u) = H(f(ei),g(ei)) = constant in A(see definition 2.1).

=1

(ii) the elements g(ez), g(es), ..., g(e,) belong to the conjugacy class determined
by g(e1).

Definition 2.3. If the map g in the definition 2.2 is a constant map then the con-
jugate A-magic labeling is said to be constant conjugate A-magic labeling otherwise
it is said to be non-constant conjugate A-magic labeling.

In this paper, we consider the nonabelian group S and investigate the graphs
which are conjugate S3-magic.

Theorem 2.1. Let G be a conjugate Ss-magic graph. If G has a vertex of degree
2, then the conjugate Ss-magic constant does not belong to {1, pa, i3}

Proof. Let G be a conjugate Ss-magic graph with magic constant a. Let v be
the vertex of G having degree 2. Let u; and wuy be the vertices adjacent to v.
Then *(v) = a = g(u1v) * g(vug) or £*(v) = g(vug) * g(uyv). Since the product of
any two elements(need not be distinct) from a conjugacy class always belongs to
{pOa P1; p2}7 we have a ¢ {/'le H2s :u3}

Corollary 2.1. IfG is conjugate S3-magic determined by the functions f : E(G) —
N, and g : E(G) — S5\ {po}. Suppose G has a vertex of order 2 then the range of

g 1s always belongs to the conjugacy class {p1, p2}.

Theorem 2.2. There does not exist a non-constant conjugate Ss-magic labeling
for the cycle graph Cs.

Proof. Let the vertices of C'5 be denoted by uq, us and us. Suppose to the contrary
that there exist a non-constant conjugate S3-magic labeling for C'3. Without loss
of generality, we take g(ujus) = p; then g(uqus) = ps or g(ujuz) = ps, since
g is non constant. If g(ugus) = po then ¢*(uy) = po then the magic constant
must be py so *(uz) = po = g(ujuz) * g(uguz) implies g(ujuz) = p; but then
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*(uy) = g(ugug) * g(ugus) = p1 * p1 = po which is a contradiction. Hence we
cannot label ('3 using p; and py under the map g. Similarly, we can prove that
there does not exist a non-constant mapping g : E(G) — {1, ft2, 3} to make the
cycle C5 conjugate S3-magic. This completes the proof of the theorem.

Theorem 2.3. Ifn > 3, there exist a non-constant S3-magic labeling for cycle C,,.
Proof. Let the vertices of C, be denoted by uqi,us,...,u,. We consider the
following two cases:

Case(i) n is even.
Suppose n is even. Then take f as any bijective map from E(C,,) to N, and
define the map ¢ as follows: label the adjacent edges of C, by p; and p
alternatively. Then clearly ¢*(u) = po, Vu € V(G).

Case(ii) n is odd and n > 3.
Suppose that n is odd and n > 3. we define a conjugate S3-magic labeling of
C, with magic constant p;. Define f and g as follows:

Subcase(a) n is odd and n = 2(mod 3).
w1, if i = 1(mod 3),
Let g(wiuip1) = < po, if i =2(mod 3), and f(wuipqr) =14, 1 <i<n,i+1
s, if ¢ = 0(mod 3).

is taken modulo n.

Subcase(b) n is odd and n = 1(mod 3).
p1, if ¢ = 1(mod 3),i < n,
Let g(ustis1) = < pe, if ¢ = 2(mod 3) and i = n,
s, if i = 0(mod 3).
Now define f(uuir1) =1, 1 <i<n—2, f(up_1u,) =n, f(u,u;) =n— 1.

Subcase(c) n is odd and n = 0(mod 3).
p1, if ¢ = 1(mod 3),i
Let g(u;uit1) = § po2, if i =2(mod 3),i <n —3 and i = n,
ps, if i =0(mod 3),7 <n—3andi=n—1.
Now define f(uuiy1) = i,1 < i < n—2, f(upoun_1) =n, f(Up_1u,) =
n—2, f(uyuy) =n — 2.

IN

n—3,

This completes the proof of the theorem.

Theorem 2.4. There does not exist a non-constant conjugate Ss-magic labeling
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for the star graph, K ,,n > 2.

Proof. Suppose that K, is conjugate Ss-magic with magic constant a. Since
there are n pendant vertices in K ,, all pendant edges should be mapped to a
under g. So g must be a constant map. We observe that, the star graph K, is
Ss-magic if and only if either n is odd or n = 1(mod 3) [4]. Thus we have K, is
Ss-magic if and only if it is conjugate Ss-magic. So K, is conjugate Ss-magic if
and only if n is odd or n = 1(mod 3).

Theorem 2.5. The bistar graph B,, is conjugate Ss-magic except when n is odd
and n = 1(mod 3).

Proof. Let the end vertices of the bridge be k; and k. Label the pendant ver-
tices of first star by uq, us,...,u, and the pendant vertices of the second star by
V1, V2, .., Uy

Case(i) n is even.
Let f: E(B,) — Na,+1 be any bijective map. Define g : E(G) — S3\ po as
g(e) = u1,Ve € E(B,). Then clearly (*(u) = u1,Yu € V(B,).

Case(ii) n is odd and n = 0(mod 3).
In this case, let f as above and define g as g(e) = p1,Ve € E(B,). Then
*(u) = p1,Yu € V(QG).

Case(iii) n is odd and n = 2(mod 3).
p2, if € = kiky,

Clearly

In this case also let f as above and define g(e) = { .
p1, otherwise.

C(u) = p1,Yu € V(B,).

Case(iv) n is odd and n = 1(mod 3).
Suppose that, B, is conjugate Ss-magic with magic constant ‘a’, a € Ss.
So each pendant edge should be mapped to a under the map ¢g. Now let
g(k1ke) =b,b € S3\ {po}, then there are n possible values for ¢*(k;). But in
all the cases (*(k1) = a implies b = py. Which is a contradiction. So B, is
not conjugate Sz-magic when n is odd and n = 1(mod 3).

This completes the proof of the theorem.

Theorem 2.6. The cycle graph C,, with a pendant edge is not conjugate Ssz-magic.
Proof. Let G be the graph C,, with a pendant edge e. Denote the vertices of C,,
by wuq,us, ..., u,. Without loss of generality, let the one end vertex of the pendant
edge e is at u; and let the other end vertex of e be denoted by w,.1.



324 South FEast Asian J. of Mathematics and Mathematical Sciences

Suppose to the contrary that, the graph G is conjugate S3-magic with magic
constant ‘a’, where a € Ss. Clearly a # po. Let g(u;uir1) = a;, where a; € Ss\{po}.
Suppose that the conjugate magic constant is p;. Then g(uju,y1) = p1. But
0*(uy) = py implies that g(ujuz) * g(upuni1) = po also a; € {p1, p2}. Without loss
of generality, let g(ujus) = p1 and g(u,u;) = pe. But then ¢*(uy) = p; implies
g(ugug) = po, which is a contradiction. Similarly, we can prove that the magic
constant cannot be py. Now, suppose that a = pq, then g(uju,+1) = pq. There are
6 possible product for £*(uy). i.e., ap*a, * g = i1, Qp*ay* g = f1, i1 *ap*a, =
[h1, b1 % Qp*Qp = fl1, Q1% [b1 % Qp = 41 OF Gy % (g xay = 1. But all the six products
leads to a contradiction as above. Hence the proof.

A wheel graph W,, of order n + 1, is a graph that contains a cycle of order n
and for which every vertex in the cycle is connected to one other vertex (which is
known as the hub). The edges of a wheel which include the hub are called spokes.
Equivalently, W,, = K; + C,.

Theorem 2.7. Ifn > 3, the wheel W,, is S3-magic.

Proof. Let GG be the wheel W,, and let the vertices of C), be vy, v, ..., v, and the
vertex of Ky be k. Consider the following four cases, for all the following cases let
f be any bijection from E(W,,) to Na:

Case(i) n is odd.
In this case, define g(e) = u1,Ve € E(W,,). Clearly W, is conjugate S3-magic
with magic constant p.

Case(ii) n is even and n = 0(mod 3).
Here we define g : E(W,,) — S5\ {po} be the constant map g(e) = p;, Ve €
E(W,). Then W,, becomes conjugate Ss-magic with constant po.

Case(iii) n is even and n = 1(mod 3).
Here we define f as above and let g : E(W,,) — S5\ {po} be defined as :

p1, if ¢ is odd,

for 1 <i<n, g(vviy) = and g(kv;) = p1,i + 1 is taken

po, if i is even.
modulo n.
Clearly, £*(u) = po, Vu € V(W,,). Hence the theorem is valid in this case.

Case(iv) n is even and n = 2(mod 3).

p1, if e =kv;; 1 <i<n,

po, fe=wvv;,1 <i<n,n+1=1.
case, W, is conjugate S3-magic with magic constant p,.

We define g as : g(e) = In this
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This completes the proof of the theorem.
The helm H, is a graph obtained from a wheel W,, by attaching a pendant edge
at each vertex of the n cycle.

Theorem 2.8. The Helm graph H,,n > 3 is conjugate S3-magic if and only if

n # 0(mod 3).
Proof. Let H, be the Helm graph of order 2n 4+ 1. Denote the vertices of C,
by w1, us, ..., u,, vertex of C; be k and denote the other vertices by vy, vs, ..., v,

such that u;v; is a pendant edge. Suppose that n Z 0(mod 3). Now consider the
following cases:

Case(i) n = 1(mod 3).
Let f be any bijective map from E(H,) to N3, and let g be the constant
map g(e) = p1,Ve € E(H,). Clearly H, becomes conjugate S3-magic with
constant pj.

Case(ii) n = 2(mod 3).
Here, we define f as above and let g be the map

p1, if e is a pendant edge,
g(e) = .
p2, otherwise.
Then the above f and g determine a conjugate Ss-magic labeling of H,, with

constant p;.

Suppose to the contrary that H, is conjugate Ss-magic when n = 0(mod 3).
Let the magic constant be a, a € S3. Observe that a # py. Now if possible, let
a € {p1, p2} then g(e) € {p1,p2} and f can be any bijection. Also g(u;v;) =a,1 <
7 <n. Now

C(wi) = g(wiv) * g(uitiiv) * g(uim1w;) * g(uik). (2.2)

Since (*(u;) = a the equation 2.2 implies g(uu;r1) = g(uiw;) = gluk) =

b, where b € {p1,p2}. Thus ¢*(k) = bxbx*---xb = py. Which is a contradic-
—_—

n times

tion. Hence a ¢ {p1,p2}. Now suppose that a € {py, p2, pi3}. Without loss of
generality, let @ = p; then g(w;v;) = p1, V1 <@ < n. Let g(ujus) = p, g(uu,) =
q, g(urk) = r, where p,q,7 € {p, i, 3} then

C) =[] (fle),g(e) = m. (2.3)

eeN*(uy)

Suppose f(ujug) < f(uru,) < f(urk) then €*(u1) = p* q* 7 % g Or fig * p * q *
TOr px k@R O Pk @k g x7. I pkq*kr*pg =g or gy % p*q*rx =y then
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p*q*1r = po, which is not possible for any value of p, q,r € {1, pto, 3}. Similarly,
we cannot find p, q,r € {1, po, u3} satisfying equation 2.3 for any possible values
of f(ujus), f(uru,) and f(uik). Hence a & {u, po, pug}. This completes the proof
of the theorem.

A gear graph is a graph G,, obtained from the wheel W,, by adding a vertex
between every pair of adjacent vertices of the n cycle.

Theorem 2.9. The gear graph G, is conjugate Ss-magic if and only if n is even.
Proof. Let G = (G,,. Denote the central vertex of G by k and the vertices of W,, by
Uy, Us, . .., Uy and let vy, vo, ... v, be the vertices such that v; is adjacent to u; and
u;11. Suppose that n is even. Define f be any bijective map from E(G) to Ns,. For

£ o]
1 <i<n, define g: B(G) = S;\ {po} as g(ku;) = glugo) = 4700 170
po, if 7 is even.

d g ) po, if i is even,
HE J\bitlin p1, if i is odd.
Clearly G is conjugate S3-magic with magic constant py.

Conversely, suppose that n is odd and G is conjugate Ss-magic with magic
constant a. Note that a & {1, 2, s }. We have £*(v1) = a and g(uyv;) is conjugate
to g(viug). Observe that the product of two elements from a conjugacy class in
S always belongs to {po, p1, p2}. Suppose that a = py and ¢ is a map from E(QG)
to {p1,p2}. Without loss of generality, let g(ujv1) = p1 and g(viuz) = pe. Then
0*(u2) = po implies g(kuz) = g(uzv2) = pa. Then g(uavs) = po implies g(vous) = p1
and g(kus) = p;. Proceeding like this, we obtain g(ku,) = g(u,v,) = p; and
g(vpu1) = po. Then *(uy) = po implies g(kui) = po. Which is a contradiction. So
g(e) & {p1,p2}. Now suppose g is a map from E(G) to {p1, 2, 3}. Then a = py
implies g(ujv1) = g(viug). Without loss of generality, let g(ujvy) = g(viuz) = p.
Now £*(ug) = po implies g(kug) * p1 * g(usve) = po or g(kus) * g(ugvy) * 11 = po. or
9(ugva) * iy * g(kuz) = po or g(ugve) * g(kuz) * piy = po or p1 * g(kus) * g(uzva) = po
or i1 * g(ugve) * g(kus) = po. But we cannot find g(usvs), g(kus) € {p, po, pis}
satisfying any of the above 6 equations.

Now, suppose that a = p; and g(e) € {p1, p2}. So £*(v1) = p; implies g(uqv;) =
g(viug) = pa. Also £*(ug) = py implies g(ugve) = g(kuy) = p; but then £*(vy) =
g(ugvs) * g(vous) = py implies g(vouz) = po, which is a contradiction.

Suppose that a = p; with g(e) € {u1, p2, ps}. Without loss of generality, let
flugvy) < f(viug) and g(ujvy) = py and g(viug) = po. There are 6 possible
products for ¢*(usy) as above depending on the function f. But all the 6 product
leads to a contradiction as in the above cases. So a # p;. Similarly, we can prove
that a # ps. Hence n can not be an odd number. This completes the proof of the
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theorem.

A shell S, ,,—3,n > 4 of width n is a graph obtained by taking n — 3 concurrent
chords in a cycle C,, of n vertices. The vertex at which all chords are concurrent
is called apex. The two vertices adjacent to the apexr have degree 2, the apex has
degree n — 1 and all other vertices have degree 3.

Theorem 2.10. The shell graph S, ,,—3 is conjugate Ss-magic for all n > 4 except
when n # 6.

Proof. Let S, ,,—3 be the shell graph and denote the vertices of S,, ,,_3 by w1, ua, . . ., w,.
Without loss of generality, let the apexr be u;. Consider the following four cases
also for all the following cases let f be any bijection from E(S,, ,_3) to Na,_3 and
let upiy =up. Let 1 <1 <mand 3<j5<n-—1

Case(i) n = 1(mod 3),n # 4.

fi=12n-1
In this case, define g(u;u;41) = pr, 1Lt ’ 1 ) 1 and
p2, otherwise.
P2, lfJ — 3,77/_ 17
g(uru;) = ,
p1, otherwise.
Then clearly ¢*(u) = pg,Vu € V(S n_3).
Case(ii) n = 2(mod 3).
i1
Here we define g(u;u;41) = L, 1 t .,n, and
po, if 2 <4 <n—1.

g(uvj) = pa, 3<j<n—1

Hence the above f and g will determine a conjugate Ss-magic labeling of
Sp.n—3 With magic constant pg.

Case(iii) n = 0(mod 3) and n odd. In this case, define

p1, ifiisevenand 4 <i<n—-1,1=1,2,n—1,n,
po, if iis odd and 3 <7 <n — 2.

g(uu;) = pa. Hence 0*(u) = po,Vu € V(Sy —3).

g(uuig) = and

Case(iv) n = 0(mod 3) , n is even and n # 6.



328 South FEast Asian J. of Mathematics and Mathematical Sciences

Here we define

9( ) g(uguz) = g(uruy) = g(tn_1u,) = p1,
9 U4U5 =g U5U6) = g(un—Zun—l) = 9(%—3%—2) = P2,

p1, if iiseven and 6 <i <n —4,
g(uuiyy) = and
pa2, ifrisodd and 7 <71 <n —4.
p1, if1=4,5n—2,
g(uru;) = .
p2, otherwise.

Thus ¢*(u) = p2,Vu € V (S, n—3)-

This completes the proof of the theorem.

Theorem 2.11. The shell graphs Sy1 and Sg3 are not conjugate Ss-magic.
Proof. Let the vertices of Sy; be uy,us, us and uy. Let the apex be u;. Suppose
that Sy, is conjugate Ss-magic with magic constant a, a € Ss. Since us and uy
have degree 2, a € {po, p1, p2} (Theorem 2.1). Consider the following cases.

Case (i) a = po and g(e) € {p1, p2}.
Without loss of generality, let g(ujus) = p1. €*(uz) = po implies g(usug) = po.
Similarly, ¢*(u3) = po implies g(ujus) = g(usug) = p2. Then 0*(ug) = po
implies g(uguy) = p1. Hence 0*(uy) = g(ujug)*xg(uiug)*g(usur) = pr¥paxp; =
p1 # po- Which is a contradiction.

Case(ii) a = po and g(e) € {p, pa, 13}
In this case, without loss of generality, let g(ujus) = p; then *(up) =
po implies g(usuz) = p1. Now € (uz) = J].cnwuy(f(€),9(€)). We have
g(ugug), g(uius) € {1, po, 3} but the product of any three elements in
{111, p12, p3 } (need not be distinet) does not yield the value py. Hence ¢*(u3) #
po, which is a contradiction.

The above 2 cases show that a # py.

Case(iii) a = p; and g(e) € {p1, p2}.
Since a = py, (*(uz) = p1. So g(ujus) = g(ugug) = po. Similarly, ¢*(u3) = p;
implies g(ujug) = g(usuyg) = p;. But €*(uy) = p; implies g(ugu;) = po, a
contradiction.

Case(iv) a = p; and g(e) € {u1, po, s}
In the graph S, the vertices u; and wuz are of degree 3. Observe that
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g(ugus), g(uius), gluius) € {p1, p2, i3} but the product of any three ele-
ments in {uq, p12, g3} (need not be distinct) does not yield the values pg, p1
and py. Hence the above case does not exist.

Case(Vv) a = ps.
We can prove that, the magic constant a cannot be py when g(e) € {p1, p2}
or g(e) € {u1, po, u3}. The proof is similar to the above cases (iii) and (iv).
Hence there does not exist a conjugate S3 magic labeling for S, ; with magic
constant po.

All the above cases show that there does not exist a conjugate S3-magic labeling
for the shell graph Sy ;. Similarly, we can prove that Sg; is not conjugate Ss-magic.

A fan graph, denoted by F,,, is defined as P, + K;, where P, is a path on n
vertices.

Theorem 2.12. The fan graph F,, is conjugate Ss3-magic whenever n # 3,5.
Proof. We have F,, = P,+K;. Let V(F,) = {k,u1,us,...,v,}, where uy, ug, ..., uy,
be the vertices corresponding to P, and k be the vertex corresponding to K;. Now
consider the following four cases. For all the cases take f be any bijection from
E(Fn> to Ngn_l.

Case(i) n =0(mod 3) and n > 3.
In this case, define g : E(F,) — {p1, p2} as:

ifi=1landi=n-—1
for 1 <i<n-—1,¢g(uupq) = pro 0 ‘an T
p2, otherwise.

po, ifi=21=n—1,
g(ku;) = { .
p1, otherwise.

Clearly, f and g will determine a conjugate S3-magic labeling for F,, with
magic constant ps.

Case(ii) n = 1(mod 3).
In this case, let g be defined by

g(uuir) = p1, ifi=1<i<n—1and

P2, ifi = 1, n,
g(ku;) = { .
p1, otherwise.

Then the maps f and g will define a conjugate S3-magic labeling for F}, with
the magic constant pg.
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Case(iii) n = 2(mod 3) and n is even.
Here we define ¢ as

po, if i is odd, po, if1=1,1=n,

g(uiui+1) = .
p1, if i is even.

Clearly ¢*(u) = p1,Vu € V(F,).

p1, otherwise.

and g(ku;) = {

Case(iv) n =2( mod 3) , n is odd and n # 5.

In this case also we define f as above and for 1 <7 < n define g as follows:

g( ) - (un 1un) = g(un73un72) = P2,
9(

ugtty) = g(Un—aUn_3) = g(Up_ouy_1) = p1,

p1, ifiiseven and 4 <i<n—4,
uzuz—i—l - and
po, if iis odd and 4 <7 < n —4.
po, ifi=1,n,3,4,n—4,
g(ku;) =
p1, otherwise.

By defining f and g as above we get a conjugate S3 -magic labeling for £,
with magic constant p;.

Theorem 2.13. The fan graphs F3 and F5 are not conjugate Ss-magic.

Proof. Consider the fan graph F3. Let the vertices of P35 be denoted by wuq, us
and uz and the vertex of K; be denoted by k. Suppose on the contrary that F3
is conjugate Ss-magic with magic constant a, where a € {pg, p1,p2}. Suppose
that a = pg. Without loss of generality, let g(ujus) = p; then g(uik) = py and
g(ugk) = g(ugus) = p1. Then g(ugus) = p; implies g(usk) = po. But then ¢*(k) =
P2 % p1 * pa = pa, which is a contradiction. Hence a # py. Suppose that a = py,
then (*(uy) = (*(u3z) = p; implies g(ujug) = p2 = glkuy) = g(kus) = g(ugug).
But then *(uy) = g(ujuz) * g(ugug) * g(ugk) = py implies g(kus) = py, which is a
contradiction. Hence a # p;. Similarly, we can prove that a # ps. Hence Fj is not
a conjugate S3-magic graph. In a similar manner we can prove that the fan graph
F5 is not conjugate S3-magic.

Theorem 2.14. The complete bipartite graph K,,, is conjugate Ss-magic for
m,n > 1.

Proof. Let U and V be the two partite sets of V(K,,,). Let uy,ug,. .., u, and
vy, Vg, . .., U, be the vertices in U and V respectively. If m and n are of same parity
then the constant map g(e) = py together with any bijection f : E(K,n) — Nom
will give a conjugate S3;-magic labeling. Now, without loss of generality, assume
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that m is an even number and n is an odd number. Now consider the following
cases: For all the following cases let f be any bijection from E(K,, ) to Npy,.

Case(i) m is even and n = 0(mod 3).
In this case define g : E(K,,,) — S5\ po as follows: For 1 < i < m and

if 7 is odd
1< j < n define g(uy) = 470 1O
po, if i is even.
Case(ii) m is even and n = 1(mod 3).
For 1 <i<mand 1< j <n—3, define

and

( ) p1, if i is odd and j is odd ,¢ is even and j is even,
UVj5) = cp g - .. ..
A po, if if 7 is odd and j is even , 1 is even and j is odd

p1, if ¢ is odd,
9(uivy—2) = g(uivn—1) = g(uv,) = { e
po, if 7 is even.
Case(iii) m is even and n = 2(mod 3).
For 1 <7< m, let
(ugv;) p1, if iisodd and 1 < j <n —1;7 is even and j = n,
Wivj) = e e . .. .
A po, if iiseven and 1 < j <n—1;iis odd and j = n.
In all the above cases, we can prove that f and g will determine a conjugate Ss3-
magic labeling for K,,, with magic constant py. Hence the proof.
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