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Abstract: The primary aim of this paper is to discuss the interior and closure
operators of binary S, set in binary topological spaces. That is binary S,-closure
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1. Introduction

A topological space is a space provided with a structure, called a topology, which
involves study of properties of space that are fixed under continuous deformation.
Topology plays a tremendous role in the field of mathematics research. In partic-
ular, binary topology is an recently developed part of topology. The concept of
Binary topology was first introduced by S. Nithyanantha Jothi and P. Thangavelu
[6] in 2011 where a single structure which carries the subsets of X as well as the
subsets of Y in a ordered pair (A, B) of subsets of X and Y. This type of a
structure is called Binary topology. S. N. Jothi and P. Thangavelu [7] introduced
binary semiopen open sets in this Binary structure and discussed some of their
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properties in binary topological spaces. G. B. Navalagi [5] in 2000, defined semi-«
open sets in topological spaces by combining the o set with semi set in a general
topological space. This concept of semi-a open sets was further introduced in a
binary topological space by J. Elekiah and G. Sindhu [2] in 2022 and studied its
relationship with other existing sets. The closure and interior properties of a set
are the basis properties of a set. In this paper, we studied about S, closure and
interior operators and how its properties behaves in binary topological space are
been discussed.

2. Preliminaries

Definition 2.1. [6] Let X and Y be any two nonempty sets. A binary topology is
a binary structure M C P(X) x P(Y) from X to Y which satisfies the following
arioms:

(1) (0,0) e M
(X,Y) € M.

(ZZ) (Al mAQ,Bl ﬂBg) € M where Al,AQ,Bl,BQ eM

(11i) If (A, Bs : « € A) is a family of members of M, then
(UaeAAom UaEABa) € M

Definition 2.2. [6] Let X and Y be any two nonempty sets and let (A, B) and
(C,D) e P(X)x P(Y). If ACC and B C D, then (A,B) C (C, D).

Definition 2.3. [6] Let (X,Y, M) be a binary topological space and (A, B) C
(X,Y). The ordered pair ((A, B)Y", (A, B)?") is called the binary interior of (A, B)
where (A, B)Y" = U{A, : (A4, B,) is binary open and (Ay, Bo) C (A, B) and

(A, B)Y = U{B, : (A4, Ba) is binary open and (A, Bs) C (A, B).

The binary interior of (A, B) is denoted by b-int(A, B).

Definition 2.4. [6] Let (X,Y, M) be a binary topological space and (A, B) C
(X,Y). The ordered pair (A, B)'", (A, B)*) is called the binary closure of (A, B)
where (A, B)'" = N{A, : (Aa, Ba) is binary closed and (A, B) C (A4, B)a and
(A, B)? = N{By : (Aq, B,) is binary closed and (A B) C (Aq, Ba).

The binary closure of (A, B) is denoted by b-cl(A, B).

Definition 2.5. A subset (A, B) of a binary topological space (X,Y, M) is called
(i) binary o open [3] if (A, B) C b-int(b-cl(b-int(A, B))).

(i1) binary semi open set [7] if (A, B) C b-int(b-cl(A, B)).
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Definition 2.6. [5] In a topological space (X, T), the subset A of X is said to be
semi-a-open if there exists a a-open set U in X such that U C A C cl(U). The
family of all semi-a-open sets of X is denoted by S, (X).

Definition 2.7. [2] Let (X,Y, M) be a binary topological space and (A, B) C
(X,Y). The subset (A,B) is said to be binary semi o -open (,5,0)if there ezists
an binary a-open set (U, V) in X such that (U, V) C (A, B) C cl(U, V).
Definition 2.8. [10] A subset A of a space (X, 7, 72) is called (11, T2)-b-locally
open (in short (11, 73) — bLO) if A = GUF, where G is 7y — b-closed and F is
Ty — b-open in (X, 1, 7T2).

Definition 2.9. [1] A subset A of a topological space (X,T) is called b-open if
A Ccl(int(A)) Uint(cl(A)). The complement of b-open set is a b-closed set.
Definition 2.10. [11] Let (X, 7, 7) and (Y, 01,02) be two bitopological spaces. A
function f: (X, 11,72) — (Y, 01,09) is called pairwise b-locally open (in short, pair-
wise bLO) mapping if the image of each (71, T9)-b-locally open set in X is o;-open
set in Y , where 1 = 1,2.

Definition 2.11. [12] A function [ : (X, 7,72) — (Y,01,02) is said to be (i,7)-
weakly b-continuous if for each x € X and each o; -open set V' of Y containing
f(x), there exists an (i, j)-b-open set U containing = such that f(U) C jCU(V).

Definition 2.12. [13] Let (X, 71,79, 1) be an ideal bitopological space. A subset
A of X is said to be (i,7) I-generalized b-closed (in short,(i,j) Igbclosed) set if
(7,i) — bcl(A) — B € I whenever A C B and B is 1;-open in X, fori,j = 1,2 and
i6 =7

3. S, closure and interior operators

Definition 3.1. Let (X,Y, M) be a binary topological space and (A, B) C (X,Y, M).
The subset (A, B) is said to be binary semi o open set (,5,) if there exists an binary
a open set (U, V) in (X,Y, M) such that (U, V) C (A, B) G, cl(U, V).

Definition 3.2. The union of all binary semi a-open sets in a binary topological
space (X, Y, M) contained in (A, B) is called binary semi « interior of (A, B) and
it is denoted by pSyint(A, B).

(i) (A, B)5>=1" = U{A, : (A4, Ba) s 4Sa-open and (Ay, Ba) C (A, B)}
(ii) (A, B)%=% = U{B, : (A4, Ba) s 4Sa-open and (Ay, Ba) C (A, B)}

The ordered pair ((A, B)%>~Y° (A, B)5>=%") is called the binary S,-interior of (A,B)
where (A, B) C (X,Y).
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Definition 3.3. The intersection of all binary semi a-open sets in a binary topolog-
ical space (X,Y, M) containing in (A, B) is called binary semi o closure of (A, B)
and it is denoted by ,S,cl(A, B).

(i) (A, B)% Y =n{A, : (Aa, Ba) is pSq-closed and (A, B) C (Aq, Ba)}
(i) (A, B)5=% =N{By : (A4, Ba) is 4Sa-closed and (A, B) C (Aq, Bo)}

The ordered pair ((A, B)5«=1", (A, B)%~%") is called the binary S,-closure of (A,B)
where (A, B) C (X,Y).

Example 3.4. Let X = {z1,22}; Y = {y1,y2, ys; M = {(0,0), (X, Y), ({z1}, {y2}),
(Xv {927 y3})7 ({xl}ﬂ @), (X7 {Y3})> ({*1'2}7 {yl})a (X7 {yh 92})7 <{$2}7 ®)> (X7 {y2}>7

(X, {vi D)}, (X,0), (X, {y1,Y3}) be binary topology from X to Y; binary S, open

set = {<®7 @), (X7 Y)7 ({x1}7 {y2})7 (Xv {y27 y3})7 ({1’1}, Q))v (X7 {}/3}>7 ({1‘2}, {yl})7

(Xv {yh yQ}): ({xQ}w ®)7 (Xv {yQ})’ (X> {yl})}7 (X’ @), (Xa {yh }/3})7 ({ml}v {y27 y3})7

({z2}, {y1,y3}), ({z1},Y); binary S, closed set={(0,0), (X,Y), ({z2}, {y1,ys}),

(®> {yl})> ({x2}7 Y), (07 {yhyQ})’ ({xl}v {y% y3})? (®> {y3})> ({wl}a Y), (Qja {y1>y3})>

(Q)v {y27y3})}7 ((Z),Y), ((2)7 {y2}>7 ({1’2}, {yl})7 ({xl}a {y2}>7 ({.’132}, (D) Let ({xQ}v

}ys}) 1;(; a set, then pSpint({z2}, {ys}) = ({22}, 0) and ,So cl({22}, {ys}) = ({22},

Y1, Y35)-

Theorem 3.5. In a binary topological space (X,Y, M), arbitrary union of ,S,
open set is S, open set.

Proof. Let {(A;, B;)}iea be a family of ,S, open set, To prove that U;ea(A;, B;)
is a S, open set. Since (A4;, B;) is a ,S, open set there exist a ,a open set
(U;, V;) such that (U;, Vi) C (A;, B;) C cl(U;, V;) for all i € A which implies that
Uiea(Us, Vi) € Uiea(As, Bi) € Uien ocl(Us, Vi) Sy el(Uiea(Us, V;)) by property arbi-
trary union of @ Open set is a Open set. hence U;ea (U;, V;) is pa open set. hence
Uiea(A;, B;) €, S, open set. Hence arbitrary union of ,S, open set is ;,S, open set.

Remark 3.6. In a binary topological space (X,Y, M), intersection of two ,S, open
set need not be S, open set which is illustrated in the following example.

Example 3.7. Let X = {z,, 29,23} and Y = {y1,52}. Let M = {(0,0),(X,Y),
({1‘1, xQ}’ { y2})> ({I?»}’ {yl})a ({1‘2}, {yl})v ({X}v {yQ})’ ({xla :132}, {Y})’ ({x3}7 @),
({x2},0) }be binary topology from X to Y; 4,5, = {(0,0), (X,Y), {z1, 22}, { 2}),
({1,221, Y), sk { v h)s ot { i D), (X { w2}), ({2}, 0), ({223, 0), ({2}, { w2}),

(X, { 1)), ({2}, V) Let (A, B) = ({1, 22}, { 4p}) and (C, D) = ({X},{y1})
be two S, open set but their intersection (A, B) N (C, D) = ({z1,z2},{ y2}) N

({X}, {wi}) = ({21, 22}, 0) which is not a ,S, open set.
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Proposition 3.8. Let (A, B) be any binary set in a binary topological space
(X,Y, M), the following properties hold:

(i) ySaint(A, B) = (A, B) iff (A, B) is a yS,08.
(ii) 4Sacl(A, B) = (A, B) iff (A, B) is a ,S.CS.
(iii) »Saint(A, B) C (A, B) Cy Sacl(A, B)

These properties is proved in the following example.

Example 3.9. Let X = {1, 22};Y = {y1, y2, 431 M = {(0,0), (X, Y), ({z1},{y2}),
(X, {y27y3})7 ({Il}a Q))v (Xa {Y},}), ({xQ}’ {yl})7 (X7 {ylv yQ})v ({1‘2},@), (X7 {yQ})v
(X, {yi D)}, (X,0), (X, {y1,Y3}) be binary topology from X to Y; binary S, open set
= {((D,Q)),(X, Y), ({1}, {y2}), (X, {y2,93}), ({1'1}’@)7 (X, {Y3}), ({2}, {m1}), (X,
{yh y2})7 ({1‘2}, Q))? (Xa {yQ})v (X7 {yl})}7 (Xv (Z))? <X7 {ylv 1/3}>7 ({1’1}, {y27 y3}>7 ({132},
{y1, y3})7 ({1’1}, Y); binary Sa closed set = {(Q)a ®)7 (Xv Y)v ({1’2}, {yh y3})7 ((D’ {y1}>7
({x2}7 Y)? (@7 {yla yQ})v ({1‘1}, {yz, y3})? (®7 {y3})7 ({x1}7 Y)? (@a {ylv 3/3})’ (®7 {y27 y3})}7
(0.Y), (0,{y2}), ({22}, {vn}), {21}, {v2}), ({22}, 0). Which implies ,Sqint({z1},
{y2,y3}) = ({1}, {y2,y3}) where ({1}, {yo,y3}) is a 5,05 and ,S,cl(D,{y1}) =
(0, {31 }) where (0, {y1}) isa,S.CS. Let ({x2}, {y3}) be aset, then ,S,int({x2}, {y3})
= ({22},0) and S, cl({x2}, {ys}) = ({22}, {v1,93}). Thus S, int({z2}, {ys})
C ({w2},{ys}) o Sa cl({w2}, {ys})-

Proposition 3.10. Let (A, B) be any binary set in a binary topological space
(X,Y, M), the following properties hold:

(Z) bSaintKX? Y) - (A7 B)] = (Xv Y) - [bSaCl(A7 B)]
(i) vSacl[(X,Y) — (A, B)] = (X,Y) — [,Saint(A, B)]

Proof. By definition, ,S,cl(A, B) = N{(Aa, Ba) : (A4, Ba) i8 55,CS and (A, B) C
(Aa, B)a- Now, (X,Y) — Sacl(A, B) = (X,Y) — [N{(Aqa, Ba) : (Aa, Ba) is $5,CS
and (A, B) C (Aa, B)o] = U[(X,Y) — {(Aa, Ba) : (A, B) C (A,, B,) and (A,, B,)
is bSaCS = U[{(Aﬁ, Bﬁ) . (A, B) - [(X, Y) — (Aﬁ, Bﬂ)] and (Aﬁ, Bg) is bSaOS =p
Saint[(X,Y) — (A, B)].

The proof for (ii) is similar.

Theorem 3.11. Let (A, B) and (C, D) be two binary sets in a binary topological
space (X,Y, M), the following properties hold:

(i) 5Sa-int(D,0) = (0,0)
»Sa-int(X,Y) = (X,Y)
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(i) 4Sa-int(A, B) C (A, B)
(iii) (A, B) C (C,D) = ySaint(A, B) Cy Saint(C, D)
(iv) Saint[(A, B) N (C, D)] Cy Saint(A, B) Ny Saint(C, D)
(v) 4Saint(A, B) Uy Saint(C, D) Cy Swint|(A, B) U (C, D)]
(v) pSa-int(ySa-int(A, B)) =, Sa-int(A, B)
Proof. (i), (ii), (iii), (iv), (v) and (vi) are obvious.

Theorem 3.12. Let (A, B) and (C, D) be two binary sets in a binary topological
space (X, Y, M), the following properties hold:

(i) bSa'Cl((Z)a Q) ( )
ySa-cl(X,Y) = (X,Y)
C

(ii) (A, B) Cp Sa-cl(A, B)

(iii) (A, B) C (C,D) = 4Sacl(A, B) Cy Sacl(C, D)
(iv) Sacl[(A, B) N (C,D)] Cp Sucl(A, B) My Sacl(C, D)
(0) 4Sucl(A, B) Uy Sacl(C, D) Cy Sacl(A, B) U (C, D)]
(vi) 4Su-cl(ySa-cl(A, B)) =y Sa-cl(A, B)

Proof. (i) and (ii) is easy, so omitted.

(iii) By part (ii) , (C, D) Cp Sacl(C, D). Since (A, B) C (C, D), we have (A, B) C,
Sacl(C; D) but ,S,cl(C, D) is a ,S,CS. Thus ,S,cl(C, D) is a ,S,C'S contain-
ing (A, B). Since ,S,cl(A, B) is the smallest ,5,CS containing (A, B), we have
p9aCl(A, B) Cp Socl(C, D). Hence, (A, B) C (C, D) = ,S.cl(A, B) Cp Socl(C, D).
(iv) We know that, (A, B) N (C,D) C (A,B) and (A,B)N (C,D) C (C D). By
(iii), pSacl[(A, B)N(C, D)] Cp Sucl(A, B) and ,S.cl[(A, B)N(C, D)] Cp, Sucl(C, D).
Hence, ,S,cl[(A, B) N (C, D)] Cp Sacl(A, B) Ny Sacl(C, D).

(v) Since (A, B) € (A,B)U (C,D) and (C,D) C (A, B) U (C, D).

By (iii), ,Sacl(A, B) Cp Sacl[(A, B) U (C,D)] and ,S,cl(C, D) Cp Sacl[(A, B) U
(C, D)]. Hence, ,S,cl(A, B) Uy Socl(C, D) Cp Syel|(A, B) U (C, D)].

(vi) Since pS,cl(A, B) is a ,5,C'S, by proposition 3.3, ,S.cl(A, B) = (A, B).
Hence, ,Sy-cl(pSa-cl(A, B)) = Sa-cl(A, B).

Proposition 3.13. For any binary subset (A, B) of a binary topological space
(X, Y, M)
then
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(1) Saint(A, B) Cp aint(A, B) Cp Syint(A, B) Cp, Sucl(A, B) Cpy acl(A, B)
Qb CZ(A, B)

(ii) yint(ySaint(A, B)) = ySaint(yint(A, B)) =y int(A, B)
(iii) yoint(Saint(A, B)) = ySaint(paint(A, B)) =pavint(A, B)
(iv) 4el(3Sacl(A, B)) = ySacl(pcl(A, B))=ycl(A, B)

(v) vacl (1Sacl(A, B)) = pSacl(yacl(A, B))= yacl(A, B)

(vi) 4Sacl(A, B) = (A, B) Uy int(ycl (sint (sl (A, B))))
(vii) ySaint(A, B) = (A, B) Ny cl(yint(yel(yint(A, B))))
(viii) yint(,cl(A, B)) Cp Saint(yint(A, B))

Proof. (i) is easy, so omitted. (ii) T.P yint(,Saint(A, B)) = pSaint(yint(A, B)) =
int(A, B)
Since yint(A, B) is a binary open set, then ,int(A, B) ,S, U S.
Hence ,int(A, B) = pSqint(yint(A, B)) by proposition 1.
Therefore
pint(A, B) =, Syint(yint(A, B)). (1)

Since yint(A, B) C, Sqint(A, B)
= yint(yint(A, B)) Cp int(,S4int(A, B))
= pint(A, B) Cp int(pSaint(A, B)) also ,Sint(A, B) C (A, B)
= pint(pSaint(A, B)) Cp int(A, B)
Hence,
bint(A, B) =p mt(bSaz'nt(A, B)) (2)

By 1 and 2, we get

bint(bSaint(A, B)) = bSaz'nt(bmt(A, B)) = bint(A, B)

(iii) Since paint(A, B) is binary semi « open set by (1) paint(A, B) is binary semi
« open set.

Therefore by proposition 1

paint(A, B) =y, Syint(a)yint(A, B) (3)

Now to prove paint(A, B) = paint(,Saint(A, B))
Since paint(A, B) C ,Syint(A, B)
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= paint(paint(A, B)) Cp, aint(pSyint(A, B))
= yaint(A, B) Cp, aint(pSaint(A, B)). Also, ,Syint(A, B) C (A, B)

pavint (pSaint(A, B)) =, aint(,S,int(A, B)) (4)

From 3 and 4, yaint(,Syint(A, B)) = Saint(yaint(A, B)) =, aint(A, B)
(iv) We know that, ,cl(A, B) is a binary closed set, So it is ,5,CS. Hence by
proposition, we have

bvCl(A, B) =3, Sacl(vcl(A, B)) (5)
To prove: ycl(A, B) = cl(pSacl(A, B)). Since ,S,cl(A, B) Cp, cl(A, B) by (i). Then
bcl(bS Cl( B)) gb Cl(bCl(A B)) =p CZ(A, B) — bCl(bSaCl(A,B)) g Z(A )
Since, (A, B) Cp Sacl(A, B) Cyp cl(554¢l(A, B)). Then (A, B) Cp cl(pSacl(A, B)).
Hence bcl(A B) C l(bcl( Sacl(A, B))) and therefore

bCl(A, B) =p Cl(bSaCl(A, B)) (6)

Now from 5 and 6 , we get, ,cl(,S.cl(A, B)) = Sacl(pcl(A, B)).
Hence, ,cl(5S4cl(A, B)) =5, Sacl(pcl(A, B)) = cl(A, B).
(vii) Since ,S,int(A, B) €, S,OS

— bSamt(A, B) gb Cl(ﬂ’l’Lt(bcl(bi?’Lt(bSaint(A, B))))) =b cl(bmt(bcl(bmt(A, B))))
Hence ,S,int(A, B) Cp cl(pint(pcl(yint(A, B)))). Also ,Suint(A,B) C (A, B).
Then

bSaint(A, B) g (A, B) Mp cl(bint(bcl(bz’nt(A B)))) (7)

To prove: (A, B) Ny cl(pint(pcl(pint(A, B)))) is a 5,085 contained in (A, B). It is
clear that (A, B) Ny cl(pint(pcl(pint(A, B)))) Cp cl(pint(pcl(yint(A, B)))) an
pint(A, B) Cp cl(yint(A, B)) = pint(yint(A, B)) G int(ycl(yint(A, B))) =
pint(A, B) Cp int(pcl(yint(A, B))) = pcl(pint(A, B)) Gy cl(pint(pcl(pint(A, B))))
and pint(A, B) Cy, cl(yint(A, B)) = pint(A, B) G, cl(yint(pycl(pint(A, B))))
pint(A, B) C (A, B) = yint(A, B) C (A, B) Ny cl(pint(ycl(yint(A, B)))).
Therefore, we get
pint(A, B) C (A, B) Ny cl(pyint(pcl(pint(A, B)))) Cp cl(pyint(pcl(pint(A, B)))).
Hence (A, B) Ny cl(pint(pcl(pint(A, B)))) is a ,S,0S by 1.
Also, (A, B) My cl(pint(pcl(pint(A, B)))) is contained in (A, B).
Then

(A, B) Ny cl(pint(pcl(yint(A, B)))) Cp Sqint(A, B) (8)

(
By 7 and 8, bS Z’I’Lt(A B) (A ) Mp cl(bmt(bcl(b t( ))))

(viii) To prove yint(ycl(A, B)) Cp Spint(pSacl(A, B)). Smce pSacl(A, B)is a,S,CS.
Therefore (yint(pcl(pyint(p,cl(559cl(A, B)))) Cp Sacl(A, B).



Some Properties of Binary S, Open and Closed Sets ... 283

Hence, pint(ycl(A, B)) Cp int(pcl(pint(pcl(A, B)))) Cp Sacl(A, B) by (iv).
Therefore, ,Syint(yint(,cl(A, B))) Cp Saint(s5.¢l(A, B)).
Hence, yint(ycl(A, B)) Cp Sqint(pSacl(A, B)) by (i).

4. Novelty of this paper

The Binary topological space is a recent new emerging concept in the field of
topology. A new set is been introduced in this new topological space called the
Binary semi « set (,S,). The interior and closure operators of the Binary semi «
set (5,) are been defined which forms the base for the set in binary topological
space. This operators further helps to study and have a detailed examination of
the Binary semi a set (,S,) in binary topological space.

5. Conclusion

The interior and closure operators of the Binary semi « set (,5,) is formed and
its properties have been discussed in the form of propositions and remarks with
suitable examples. Further this can be used in detailed study of the Binary semi
a set (,9,) in Binary topological space.
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