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1. Introduction

In 2015, Khojasteh, Shukla and Radenovié¢ [11] introduced the concept of sim-
ulation function ¢, and the notion of Z-contraction with respect to {, which gener-
alizes the Banach contraction principle and unifies several known types of contrac-
tions in complete metric spaces. The technique of using a simulation function in
establishing the existence of fixed points became famous by the works of Karapinar
9], Olgun, Bicer and Alyildiz [13], Doli¢anin-Deki¢ [6], Karapinar and Agarwal [10],
Algahtani and Karapmar [1], Aydi, Karapinar and Rakoc¢evié¢ [3], Roldan Lépez de
Hierro, Karapiar, Rolddn Lépez de Hierro and Martinez-Moreno [16].

In this paper, we denote Rt = [0, +00) and N= the set of all natural numbers.
U ={¢ | ¢ :RT - RT is continuous, monotonically increasing and ¥ (t) = 0 if
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and only if ¢ = 0}.

Definition 1.1. A function n: R™ x R™ — R is called a U — simulation function
if there exists 1 € U such that

(m) n(0,0) = 0;

(m2) n(t,s) < (s) —(t) for all s,t > 0;

(n3) If {tn}, {sn} are sequences in (0,4+00) such that lim t, = lim s, >0,

n—-+4o0o n—-4o00

then lim sup n(t,, s,) < 0.

n——+00
Here we note that if ¢ is the identity map in (72), then we call 7 is a simulation

function (see [9, Definition 2.1]).

Example 1.1. Define  : Rt x R* — R by n(t,s) = 35> —t*,5 > 0,¢ > 0, and

Y :RT — RY by ¢(t) =t*,t > 0. Then

n(t,s) = 3¥(s) — ¥(t) < ¥(s) — (t) so that () holds.

Further (7;) and (n3) hold trivially. Therefore n is a ¥—simulation function.

But it is not a simulation function, since

n(10,2) = % —22=50—4 # 8 and so (1) fails to hold when % is the identity
map.

For more examples on simulation functions, we refer [11].

The following are examples of W—simulation functions.

Example 1.2. [2, Example 2] Define n : R* x R™ — R by
(i) n(t,s) = arp(s)—(t), for all s > 0,t > 0, where o € [0, 1), for some ¢ € V.
(i) n(t,s) = o(w(s)) — (t), for all s > 0,¢ > 0, where ¢ : R - RT is a
function such that ¢(0) = 0,0 < ¢(s) < s for each s > 0 and
limsup ¢(t) < s. (for instance, ¢(s) = as where 0 < a < 1), for some
¢

—s
e v,
(iil) n(t, s) = d(s)w(s) — (t), for all s > 0,t > 0, where ¢ : RT — R* is a
function such that limsup ¢(t) < 1 for each s > 0 and for some ¢ € V.

t—s
(iv) n(t,s) = ¥(s) — ¢(s) — (t), for all s > 0,¢ > 0, where ¢ : RT — R" is a
function such that ¢(0) = 0 and lirtn inf ¢(t) > 0 for each s > 0 and for
—s

some ¢ € V.
Notation. We denote Zy for the set of all ¥—simulation functions.

Theorem 1.1. [2, Theorem 2| Let (X,d) be a complete metric space and let
A, B: X — X be two maps such that

%min{d(w, Ax),d(y, By)} < d(z,y) implies n(d(Azx, By),m(z,y)) >0, (1)
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where n € Zy and

() = L maxld(zy) SR i 3 Ay
i d(Ax, Bx) if ©=y

forall z,y € X. If A and B are continuous then A and B have a unique common
fized point in X (that is, there is a unique u € X such that Au = Bu = u).

A pair of maps that satisfy (1) is known as Suzuki type Z-contraction pair
of selfmaps. For more works in the direction of finding the existence of fixed
points/common fixed points, we refer [4], [12] and [14].

Definition 1.2. (Jungck [7]) A pair (f,g) of selfmaps of a metric space (X,d) is
said to be compatible if lim d(fgx,,gfx,) =0 whenever {x,} is a sequence in X
n—00

such that lim fx, = hm gr, = z for some z € X.
n—oo

Definition 1.3. (Jungck and Rhoades [8]) Let f and g be selfmaps of a metric
space (X,d). The pair (f,q) is said to be weakly compatible if they commute at
their coincidence points i.e., fgxr = gfx whenever fr = gr,xz € X.

Every compatible pair of maps is weakly compatible, but its converse is not
true (see [8, Example 5.1]).

Definition 1.4. (Pant [15]) Two selfmaps f and g of a metric space (X,d) are
called reciprocally continuous if lim fgx, = fz and lim gfr, = gz whenever

{z,} is a sequence in X such that hm fx, = hm gr, = 2 for some z in X.
n—00

Motivated by the works of Alsubaie, Alqahtam, Karapinar, and Roldan Lépez
de Hierro [2], in Section 2 of this paper, we extend Theorem 1.1 to two pairs
of selfmaps by using reciprocal continuity and weakly compatible property. For
this purpose, we define a Suzuki type Z—contraction of two pairs of selfmaps
with a rational expression via W—simulation function and prove the existence and
uniqueness of common fixed points. In Section 3, we draw some corollaries to our
main result and give an example in support of our main result.

2. Main result

In the following, we introduce Suzuki type Z—contraction with a rational
expression via W—simulation function for two pairs of selfmaps.

Definition 2.1. Let (X,d) be a metric space. Let A, B,S and T be selfmaps of
X which satisfy the following condition: if there exists a W-simulation function n
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such that

%min{d(SQ:, Ax),d(Ty, By)} < max{d(Sz,Ty),d(Ax, By)}
implies (d(Ax, By), m(z,y)) >0

(2)

where
d(Sz,Ty)
d(Az, By) it Soe =Ty

forallz,y € X. Then we say that the pairs (A, S) and (B,T) satisfy Suzuki type Z—
contraction with a rational expression with respect to a V—simulation function 7.
Let A, B,S and T be maps from a metric space (X, d) into itself and satisfying

max{d(Sxz, Ty), 25zA00dTv.BY Y i Go £ T
(z,y) :{ {d( Y), } # Ty (3)

A(X) € T(X) and B(X) C S(X).

Thus, for any xq € X, there exists 1 € X such that yo = Axqg = Tx,. Similarly,
for 1 € X, we choose a point x5 € X such that y; = Bx; = Sxy and so on.
In general, we define a sequence {y,} in X such that

Yon = Axy, = T$2n+1 and Yon+1 = Bl’2n+1 = S$2n+2 (4)

forn=20,1,2,....
The following lemma is useful to prove that the sequence {y,} is Cauchy in X.

Lemma 2.1. (Babu and Sailaja [5]) Suppose (X,d) is a metric space. Let {x,} be
a sequence in X such that d(x,, x,11) — 0 as n — +oo. If {x,} is not a Cauchy
sequence then there exist ¢ > 0 and sequences of positive integers {my} and {n;}
with my, > ng > k such that d(z,,, Ty, ) > €, d(Tmy—1,Tn, ) < € and

i) lm d(xm,,, T, ) =€ i) lim d(xp,—1,Tn,) =€
k—4o00 k—4o00
i) Hm d(Tpmy—1, Tngt1) =€ i) lim d(xpm,—1,Tn,—1) = €.

k—+o0 k—+o00
We initiate this paper with the following two propositions which we apply to

prove our main result.

Proposition 2.1. Let (X,d) be a metric space. Let A, B,S and T be selfmaps

of X and the pairs (A,S) and (B,T) satisfy Suzuki type Z—contraction with a

rational expression with respect to a V—simulation function n. Then we have the

following:

(i) If A(X) C T(X) and the pair (B, T) is weakly compatible, and if z is a common
fized point of A and S then z is a common fized point of A, B, S and T and it
1S UNIqUe.
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(ii) If B(X) C S(X) and the pair (A, S) is weakly compatible, and if z is a common
fized point of B and T then z is a common fixed point of A, B, S and T and it
1S UNiquUe.

Proof. First we prove (i).

Let z be a common fixed point of A and S.

Then Az = Sz = 2.

Since A(X) C T'(X), there exists u € X such that Tu = Az.

Therefore Az = Sz =Tu = z.

We now prove that Az = Bu.

Suppose that Az # Bu.

Now, since Az = Sz, we have

tmin{d(Sz, Az),d(Tu, Bu)} = 0 < max{d(T'u, Sz),d(Az, Bu)}, and hence

n(d(Az, Bu),m(z,u)) > 0,

where m(z,u) = d(Az, Bu), since Sz = Tu = z.

Therefore 0 < n( (Az, Bu),d(Az, Bu))

U(d(Az, Bu)) — ¢ (d(Az, Bu)) = 0,

a contradictlon

Therefore Az = Bu.

Hence Bu = Az = Sz=Tu = z.

Since the pair (B, T) is weakly compatible and T'u = Bu, we have

BTu =TBu,ie., Bz=Tz.

We now prove that Bz = z.

Suppose that Bz # z. So Bz # Az. Since Az = Sz, clearly

tmin{d(Sz, Az),d(Tz,Bz)} = 0 < max{d(T'z, Sz),d(Az, Bz)}, and hence

n(d(Az, Bz),m(z,z)) >0,

where m(z, z) = d(Az, Bz), since Sz =Tz = z.

Therefore 0 < 77( (Az, Bz),d(Az, Bz))

W(d(Az, B2)) — p(d(Az, B2)) =0,

a contradictlon

Therefore Bz = z.

Hence Bz =Tz = z.

Therefore Az = Bz =Sz=Tz = z.

Therefore z is a common fixed point of A, B, S and T

Suppose 2’ is also a common fixed point of A, B, S, and T, with z # 2/, then

A =Bz =82 =T7 =2 and d(z,2') > 0.

Now, we have

smin{d(Sz, Az),d(Tz', BZ')} = 0 < max{d(T'%', Sz),d(Az, Bz')}, and hence

n(d(Az, Bz"),m(z,2')) > 0, which implies that n(d(z, '), m(z,z")) > 0
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where m(z, /) = max{d(Sz, T%'), 25 Agz TTZZ) By
= d(Sz,Tz) d(z,2").
Therefore 0 < n(d(z, '), d(z z’))
< Y(d(z, 7)) —¥(d(z, 7)) =

a contradiction.
Therefore z = 2’. Hence z is the unique common fixed point of A, B, S and T
Let us now prove (ii).
Let z be a common fixed point of B and T
Then Bz =Tz = z. Since B(X) C S(X), there exists v € X such that Sv = z.
Therefore Bz =Tz = Sv = z.
We now prove that Bz = Av.
Suppose that Bz # Av.
Now, since Tz = Bz, we have
tmin{d(Sv, Av),d(Tz, Bz)} = 0 < max{d(T'z, Sv), d(Av, Bz)}, and hence
n(d(Av, Bz), m(v, z)) > 0,
where m(v, z) = d(Av, Bz), since Sv =Tz = z.
Therefore n(d(Av, Bz),d(Av, Bz)) > 0, i.e.,
0 < n(d(Av, Bz),d(Av, Bz))

< Y(d(Av, Bz)) — ¢ (d(Av, Bz)) = 0,
a contradiction.
Therefore Av = Bz.
Hence Av =Bz=Sv=Tz = z.
Since the pair (A, S) is weakly compatible and Av = Sv, we have
ASv = SAv, ie., Az = Sz.
We now prove that Az = z.
Suppose that Az # z. Since Az = Sz, clearly
smin{d(Sz, Az),d(Tz,Bz)} = 0 < max{d(T'z,5z),d(Az, Bz)}, and hence
n(d(Az, Bz),m(z,z)) >0,
where m(z, z) = d(Az, Bz), since Sz =Tz = z.
Therefore 0 < 77( (Az, Bz),d(Az, Bz))

U(d(Az, B2)) — t(d(Az, B2)) = 0,

a contradictlon
Therefore Az = z.
Hence Az = Sz = z.
Therefore Az = Bz=Sz=Tz = z.
Therefore z is a common fixed point of A, B, S and T
Suppose 2’ is also a common fixed point of A, B, S, and T, with z # 2/, then
A = B2 =852 =T%2 =2 and d(z,2') > 0.
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Now, we have
tmin{d(Sz, Az),d(Tz', BZ)} = 0 < max{d(T'%', Sz),d(Az, Bz')}, and hence
n(d(Az, Bz"),m(z,z")) > 0, which implies that n(d(z,2’),m(z,2")) >0
where m(z, 2’) = max{d(Sz, T%'), d(SZ’(ﬁ?j(ﬁz,l)’le)}
=d(Sz,TZ)=d(z, 7).

Therefore 0 < n(d(z, '), d(z, 2"))

<1p(d(z,2")) —(d(z,2)) = 0,
a contradiction.
Therefore z = 2/.

Hence z is the unique common fixed point of A, B, S and T

Proposition 2.2. Let (X, d) be a metric space. Let A, B, S and T be selfmaps of
X such that A(X) C T(X) and B(X) C S(X). If the pairs (A,S) and (B,T)
satisfy Suzuki type Z—contraction with a rational expression with respect to a
U —simulation function n, then for any xo € X, the sequence {y,} defined by (4)
forn=0,1,2,..., is Cauchy in X.

Proof. Let zp € X be arbitrary. Let {y,} be a sequence defined by (4).

Assume that y,, = y,.1 for some n.

First we suppose that n is even.

We write n = 2m for some m € N.

Clearly, we have

%miﬂ{d(y2m+17 Yom+2)s A(Y2m, Yoms1)} = 0 < max{d(Yom+1, Yom ), A(Y2m+2, Yom+1) }
i.e., s min{d(Szomi2, ATomia), d(TTomi1, Bromi1)}

< maX{d(SSB2m+2, Til72m+1)7 d(Al"szrz, B$2m+1)}-

Therefore 7(d(Az2mi2, Bromi1), M(Tam+2, Tame1)) > 0,
d(Szom+2,Az2m+2)d(TT2m+1,BT2m+1) }
o )d(d(5x2m+2,7)1x2m+1)
= max{d(Yam+1, Yom), y2m+lc’;@;";ihyg:§’y2m“
= max{d(yzm-+1, Y2m), A(Y2m-+1, Y2m+2)}-
= max{(), d(y2m+la y2m+2)} - d(y2m+17 y2m+2)-
0 S n(d(y2m+27 y2m+l)7 d(y2m+27 y2m+1))

< w(d(yzmw, y2m+1)) - w(d(y2m+2, y2m+1)) = 0 provided d(?/2m+2, y2m+1) > 0,
a contradiction.

Therefore d(Yomi2, Yom+1) = 0 so that Yoo = yYams1, and hence

where m(Zop 42, Tomy1) = max{d(Sxom o, TTom+1),

Yom+2 = Yom+1 = Yom- (5)

We now suppose that n is odd.
We write n = 2m + 1 for some m € N.
Clearly, we have
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%miﬂ{d(ymﬂ, y2m+2)7 d(y2m+2, ?J2m+3)} =0< max{d(me-I—lu y2m+2), d(y2m+27 y2m+3>}7

Le., % min{d(STam+2, Avom2), d(TTomi3, Broamya)}
< max{d(Sram+2, TTom+3), d(ATomi2, BToms)}
Therefore 1(d(Azm+2, BTomis), m(Tami2, Tamss)) > 0
d(Szom+2,Az2m+2)d(TT2m+3,BT2m+3) }
p l;fin?IQmﬁ-QyTme-ﬁ)—S)
= max{d(Yam+1, Yom+2), ”’"“j@;ﬁjﬁl,yi’fﬁj’”m” }
= maX{d(me-Ha Yom+2)> A(Yom2, y2m+3)}-
If maximum of {d(Y2m+1, Yom+2), A(Yom+2, Yom+3)} = d(Yom+2, Y2m+s) then
0 < n(d(Yom+2, Yom+3)s A(Y2m+2, Yom+3))
< w(d(y2m+2, y2m+3)) - w(d(y2m+27 y2m+3)) =0,
a contradiction.
Therefore m($2m+2, $2m+3) = d(y2m+1, y2m+2)-
Hence d(yam+2: Y2m+3) < d(Yam+1, Yom2) = 0.
Therefore d(yom+2, Yomis) = 0.
Hence Y12 = Yom+3-
Therefore

where m(Zom 12, Tomys) = max{d(Sxem o, TToms3),

Yom+3 = Yom+2 = Yom+1- (6)

Therefore from (5) and (6), we have y,,1x =y, for all k =1,2,3, ... .

Hence {y,} is a constant sequence so that {y,} is Cauchy.

We now show that {y,} is Cauchy when y,, # y,1 for all n = 1,2,... . Assume
that v, # y,1 for all n € N.

Case (i): n is odd.
We write n = 2m + 1 for some m € N.
Clearly, we have
%miﬂ{d(?ﬂmﬂ, Yom+2), A(Y2ms Yam+1)} < max{d(Yam+1, Yam)s d(Yam+2, Yom+1) },
i.e., % min{d(5x2m+2, A$2m+2), d(Tl’Qm_H, Bl’2m+1)}
< max{d(Sxom+2, TTom+1), d(ATom12, BTami1)} and

hence n(Azami2, Bram+1), m(Tamt2, Tamy1) > 0

where m(zop 12, Tomy1) = max{d(Sxomio, TToms1),
Y2m+1,Y2m+2)d(Y2m,Y2m+1) }

= max{d(Yom-+1, Y2m), . d(yY2m+1,Y2m)
= max{d(Y2m+1, Yam), d(Yam+1, Yam+2) }-
If maximum of {d(y2m+1,Yom), AY2m+1, Yom+2) } = d(Y2m+1, Yoms2), then
0 < n(d(Y2m+2, Yom+1), A(Y2m+2, Yomt1))
< P(d(Yam+2; Yom+1)) — V(d(Yom+2, Yom+1)) = 0,
a contradiction.
Therefore d(Yom+1, Yom+2) < d(Y2m, Yom+1)-

d(Sw27IL+2 7Ax27n+2)d(Tx27n+l 7Bx27n+l) }
d(Szam42,TT2m+1)
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Case (ii): n is even.
We write n = 2m for m € N.

Clearly, we have

%min{d(yzm 1 Yom) s Ad(Y2m—2, Yom—1) } < max{d(yam—1,Yom—-2): d(Y2m, Y2m—1) }»

1.e. s % mlH{d(SlEgm, Axgm) d(TSUQm,l, B.%Qm,l)}
< max{d(Sxom, TTom—1), d(Axay, Brom-1)}
implies n(d(Axapm, BTam—1), m(Tom, Tam—-1)) > 0
where m(zopm, Tom—1) = max{d(Szam, TTom-1), d(smm71?(%22)1(5?2::1{)]3@%1)}
= max{d(yom 1, Yom2), Wentemldlon_saen 1)}
= max{d(yzmA, yszz), d(@/Qm—la yzm)}-
If maximum of {d(me—l, y2m—2); d(y2m_1, yzm)} = d(y2m—1, y2m), then
0 S n(d(y%nu y2m—1)7 d(y2m7 y2m—1))

< Y(d(Yam» Yom-1)) — Y(d(Y2m, Yom-1)) = 0,

a contradiction.
Therefore m(xom, Tom—1) = d(Yam—1, Yom—2)-

Therefore d(Yam, Yom—1) < d(Yom—1, Yom—2)-
Therefore from Cases (i) and (ii), we have

d(ym yn—i—l) < d(yn—la yn) for all n = 17 27 e (7)

Therefore {d(yn,yn+1)} is @ nonnegative monotone decreasing sequence of reals.
Let lim d(yn,Yni1) =r,7 > 0.
n—-+oo

We now show that r = 0.
Suppose r > 0. Since lim  d(yon, Yont1) =7 and  lim d(yan—1, Yon) = 7-

n—-+o0o n—-+00
We have
%min{d(yznﬂ, y2n+2), d(yzn, yan) < maX{d(yzm y2n+1)7 d(y2n+1, y2n+2)}7
and hence 7(d(Yan+2, Y2nt1), M(@2n+2, Tant1) > 0

_ d(Y2n+1,Y2n+2)d(Y2n,Y2n+1)
where m(Ton 12, Tony1) = max{d(Yoni1, Yon ), —22 T y%’)l LY

= max{d(Y2n+1, Y2n ), A(Y2n+1, Y2nt2) }-
If maximum of {d(y2n+1> y2n)7 d(y2n+17 y2n+2)} = d(y2n+1, y2n+2), then
0 < n(d(Yan+2, Yon+1), Ad(Y2nt2, Yons1))
< P(d(Yant2s Yon+1)) — Y(A(Yont2, Yont1)) = 0,
a contradiction.
Therefore m(xon12, Tontr1) = d(Yont1, Yon)-

Therefore 0 < n(d(yan+2, Yont1), d(Y2nt1, Y2n))-
On letting lim sup, and by using (73) we get

n—-+o0o

0 < lim sup n(d(y2n+2; Y2n+1)s A(Y2n+1, Y2n)) < 0,

n—-+o0o
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a contradiction.
Therefore r = 0, i.e., lir+n d(Yn, Yns1) = 0.
n—-+0oo

We now show that {y,} is Cauchy.
It is sufficient to show that {ys,} is Cauchy.

Suppose that {ya,} is not Cauchy. Then, by Lemma 2.1, it follows that there
exist € > 0 and subsequences {ya,, } and {yam, } such that ng > my > k and

d(Yon, , Y2m,,) = € and d(Yam,—1, Yon,,) < € and

(l) RETOO d(y2nk7 mek> =€ (11) kll)l—l-noo d(anku y2mk—1) =€
(iﬁ) kgffoo d(ank+17 y2mk) =€ (iV) kglfm d(ank—la mek—2) = €.

d(Swan, ,Azon, )A(TT2m, —1,BT2m; —1) }

Therefore, m(xap, , Tom, —1) = max{d(Szan, , TTom,—1), Ao Taam 1)

On letting k£ — +00, we have

. ETOO M(Lon,,, Tamy—1) = kggloo max{d(Yon,—1, Yomy—2);

d(y2ny, —1,Y2n; )d(Y2m ), —2,Y2m, —1) }
d(ank—hmek—Q)
= max{¢, 0} =e.
Also k1—1>r—Poo d(Yan, » Y2my—1) = €.
Therefore from (n3), we have

lim sup n(d(yan,, , Yom,—1), M(Tan, , Tam,—1)) < 0. (8)

n—-+00

We now show that if n, > my > k,

1.
2 min{d(Sxan, , ATan, ), d(T T2, 1, BLom, 1)}
S maX{d(Sl'an, T.I‘ka_l), d(AIan, BIgmk_l)}.

(9)

Since ng > my, and {d(yn, yn11)} is decreasing, we have
d(5$2nk7 A$2nk) = d(yznk—h yznk)
< d(Yomy Y2me—1)
< d(Yomp—15 Y2my—2)
= d(Bl’szl,T%mk*l)-
Therefore § min{d(Sxan,, Aon, ), d(TTom, -1, Bxom,-1)} < 3d(TTom, 1, BZop,—1).
Therefore for sufficiently large &k, ny > my > k, we show that
%d(Tl'ka_h BIka_l) S maX{d(SZL‘an, ngmk_l), d(AI’an, BZL‘ka_l)}.
Suppose max{d(Sza, , TTom, 1), d(Axop, , BTom,—1)} = d(Sxapn,, TZom,—1). Then
%d(TI’ka,b Bl’gmk,l) § d(Sl’an,T.Tka,l), i.e.,

1
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Let € > 0 be given. Since lim d(yon, , Y2n,+1) = 0, there exists N; € N such

n——+oo
that for k& > Nl,d(ygnk_l,ygnk) < §
Also there exists No € N such that for & > Ny, d(y2m, 2, Yom,—1) < g and
d(Yamy—15 Yom,,) < 5
Therefore k& > max{Ny, No} and for ny > my > k,
€ < d(Yony> Yomi) < A(Yony> Yone—1) + A(Y2ne—1, Yome—2) + A(Y2my—2, Yomp—1)
+d<y2mk*17 y2mk>
< g T d(Yon, -1, Yom,—2) + g + §, and hence

% < d(y2nk—1a y2mk_2)'
Therefore for k£ > max{Ny, No} and ny > my > k,
d(Yomy—2, Yomp—1) < § < % < d(Yony—1, Y2mp—2)

< max{d(@ﬂnk*lv y2mk*2>7 d<y2nk7 y2mk*1)}

= max{d(Szon,, TTom, 1), d(Ax2pn,, Bxom, 1)}
Therefore (10) holds, which in turn (9) holds.
Consequently, for sufficiently large £ € N and n; > m; > k, we have
ﬁ(d(AfL’ana BQOk*1)7 m(x%k? mekfl)) > 0.
i.e., n(d(Yon,, Y2my—1)s M ZTon, s Tam,—1)) > 0, and hence
lim sup n(d(Yany, , Yomp—1)s M(Tony,, Tame—1)) > 0,

k—4o00
a contradiction to (8).

Therefore {z,} is Cauchy.
The following theorem is the main result of this paper.

Theorem 2.1. Let (X,d) be a complete metric space. Let A, B,S and T be

selfmaps of X and satisfy A(X) C T'(X) and B(X) C S(X) and the pairs (A,S)

and (B, T) satisfy Suzuki type Z — contraction with a rational expression with respect

to a V—simulation function n. Further, assume that either

(i) (A,S) is a reciprocally continuous and compatible pair of maps and (B, T) is
a pair of weakly compatible maps (or)

(ii) (B,T) is a reciprocally continuous and compatible pair of maps and (A, S) is
a pair of weakly compatible maps.

Then A, B,S and T have a unique common fized point in X.

Proof. Let zyp € X be arbitrary. We define the sequence {y,} by (4) for n =

0,1,2,....

By Proposition 2.2, it follows that {y,} is Cauchy in X.

Since X is complete, there exists z € X such that lim v, = z.
n—-+4o0o

Consequently, the subsequences {y2,} and {ys,11} are also convergent to z € X,
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we have
lim 4o, = lim Axg, = lim Tag,.1 = 2, (11)
n—-+4+o0o n—-+oo n—-+4+o0o
and
lim 40,11 = lim Bxg,y1 = lim Szo,0 = 2. (12)
n—-+oo n—-+4o0o n—-+o0o

Case (i): First, we assume that (i) holds.
Since (A, S) is reciprocally continuous, by using (11) and (12) it follows that

lim ASx9,,9 = Az and lim SAxy,. o = Sz.
n—-+oo n—-+o0o

Since (A, S) is compatible, we have
lim d(ASwzani2, SATo,12) = 0, which implies that lim d(Az,Sz) = 0.

n—-+00 n—-+00

Therefore Az = Sz.
We now show that Az = z.
Since Sz = Az, if we suppose that Az # z, then
smin{d(Sz, Az), d(Txon 11, Brani1)} = 0 < max{d(Txsp41,5%),d(Az, Broyy1)}
and hence
n(d(Az, Bxani1), m(z, x2p41)) 2 0 (13)

d(Sz,Az)d(Tx2n+1,Bxan+1) }

where m(z, £9,41) = max{d(Sz, Tra,11), ST

On letting n — +o00, we get

. d(Sz,Az)d(z,z
Jim m(z, o041) = max{d(Sz, 2), )

=d(Sz,z) =d(Az,z) > 0.
Also, since liI+Il d(Az, Bxa,.1) = d(Az, z), by applying (n3) to (13), we have
n—-+0oo
0 < limsupn(d(Az, Bxopi1), m(z, Tan41)) <0,
n—+oo
a contradiction.
Therefore Az = z, so that z is a common fixed point of A and S.

Now, by Proposition 2.1, it follows that Az = Bz =Sz =Tz = z.

Case (ii): We now assume that (ii) holds.
Since (B, T) is reciprocally continuous, by using (11) and (12), it follows that
lim BTz, = Bz and lim T Bzg, 1 =Tz.

n—-+oo n—-+oo
Since (B,T) is compatible, we have
lim d(BTz2,41,TBxony1) = 0, which implies that lim d(Bz,Tz) = 0.

n—-+oo n——+oo

Therefore Bz = Tz.
We now show that Tz = z.

Since Tz = Bz, if we suppose that Tz # z, then
s min{d(Szoni2, ATopia),d(Tz, Bz)} = 0 < max{d(Szani2, Tz2), d(Ax2ni2, Bz)}
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which implies that
N(d(Avopi2, Bz), m(T2,42,2)) >0 (14)

d(sx2n+2 »A$2n+2)d(TZ’BZ) }

where m(xop 12, 2) = max{d(Sxa,i2, T2), WD)

On letting n — 400, we get
W 1 (Zon e, 2) = max{d(z, Tz), 42204T=52)y

n—s-to0 d(z,Tz)
=d(z,Tz) > 0.
Also, since lir+n d(Azxoyio, Bz) = d(z, Bz), by applying (n3), to (14) we have
n—-+0o0
0 < limsup n(d(Azon12, Bz), m(xoni2,2)) <0,
n——+o0o

a contradiction.

Therefore Tz = z, and hence z is a common fixed point of B and 7.

Now by applying Proposition 2.1, it follows that Az = Bz = Sz =Tz = 2.
Hence, it follows that z is a common fixed point of A, B, S and T

3. Corollaries and an example

Corollary 3.1. Suppose that {A,}123,S and T be selfmaps of a complete metric
space (X, d) and satisfy A1(X) C S(X) and A1(X) CT(X) and the inequality

1
3 min{d(Sz,Ax),d(Ty, A;y) < maxd(Sz,Ty),d(Az, Ajy)}
implies n(d(Aiz, Ajy), m(x,y)) >0

(15)

where

max{d(Sz, Ty), “CEREEHAY if Se ATy ok
d(Ax, Ajy) if Se="Ty

Further, assume that either

(i) (A1,S) is a reciprocally continuous and compatible pair of maps and (A1, T) is
a pair of weakly compatible maps (or)

(i) (A1, T) is a reciprocally continuous and compatible pair of maps and (Ay, S) is
a pair of weakly compatible maps.

Then {A,})25,S and T have a unique common fived point in X .

Proof. Under the assumptions of Ay, S and T, the existence of unique common

fixed point z of A, .S and T follows by choosing A = B = A; in Theorem 2.1.

Therefore A1z = Sz=Tz = z.

Now, let j € N with j # 1.

Since

smin{d(Sz, A12),d(Tz, A;z)} = 0 < max{d(Sz,Tz),d(Aiz, 4;2)},

we have

m(z,y) =
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n(d(Aiz, Ajz),m(z,2)) >0

max{d(Sz,Tz), d(sz”;‘(lg)jg;’fljz)} if Sz#Tx
d(Aiz,Ajz) if Sz="T-xz.
Since Sz =Tz = z, we have
m(z,z) = d(A;z, Ajz). Therefore
0 <n(d(Aiz,Ajz),d(A12, A;2))
< w(d<A127 AjZ)) — ¢<d<A12, AjZ)) =0,
a contradiction.
Therefore A1z = 2z = A,z for j = 1,2,3,... and uniqueness of common fixed point
follows from the inequality (15).

Hence {A,,}125,S and T have a unique common fixed point in X.

Corollary 3.2. Let (X,d) be a complete metric space and let A, B,S and T be
selfmaps of X and A(X) CT(X) and B(X) C S(X) and for every x,y € X,

where m(z, z) =

1
5 min{d(Sxz, Az),d(Ty, By)} < max{d(Sz,Ty),d(Az, By)} (16)
which tmplies that

W(d(Az, By)) < (m(z,y)) — ¢(m(z,y)) (17)
where m(x,y) is as defined in Definition 2.1, ¢ € ¥ and ¢ : Rt — RT is a function
such that lim itnf @(s) > 0 for each t > 0 and ¢(t) = 0 if and only if t = 0. Further,

5=

assume that either (1) or (ii) of Theorem 2.1 holds. Then A, B,S and T have a
unique common fized point in X.

Proof. By defining 7(t,s) = ¥(s) — ¢(s) — ¢(t) for all ¢, s > 0 as in Example 1.2
(iv), we can easily see that 7 is a W—simulation function.

Therefore the inequality (16) implies n(d(Ax, By), m(z,y)) > 0, so that (17) holds.
Hence, by applying Theorem 2.1, the conclusion of the corollary follows.

Corollary 3.3. Let (X,d) be a complete metric space and let A, B,S and T be
selfmaps of X and A(X) CT(X) and B(X) C S(X) and for every x,y € X,

%min{d(Sm, Azx),d(Ty, By)} < max{d(Sx,Ty),d(Ax, By)}

which tmplies that

P(d(Az, By)) < d(m(z,y)) — o(m(z,y))

where 1 € ¥ and ¢ is lower semi-continuous with ¢(t) = 0 if and only if t = 0,
and m(z,y) is as defined in Definition 2.1. Further, assume that either (i) or (ii)
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of Theorem 2.1 holds. Then A, B,S and T have a unique common fixed point in
X.
Proof. Since ¢ is lower semi-continuous, if

lim s, =1>0,

n—-+o0o

then, we have

lim inf ¢(s,) > ¢(1) > 0.

n—-+o0o
Hence, by Corollary 3.2, the conclusion of this corollary follows.

Corollary 3.4. Let (X,d) be a complete metric space and let A, B,S and T be
selfmaps of X and A(X) CT(X) and B(X) C S(X) and for every z,y € X,

%min{d(Saz, Azx),d(Ty, By)} < max{d(Sxz,Ty),d(Ax, By)}

which implies that

P(d(Az, By)) < p(m(z, y))d(m(z,y))

where 1 € VU, and m(x,y) is as defined in Definition 2.1 and p : Rt — [0,1) is a
function such that p(t) = 0 if and only if t = 0 and limsup p(t) < 1 for each s > 0.
t—s

Further, assume that either (1) or (ii) of Theorem 2.1 holds. Then A, B,S and T
have a unique common fized point in X.

Proof. By defining n(t,s) = p(s)y(s) — ¢ (t) for all t,s > 0, we can easily see
that n is a W—simulation function. Now by applying Theorem 2.1, the conclusion
follows.

Corollary 3.5. Let (X,d) be a complete metric space and let A, B,S and T be
selfmaps of X and A(X) CT(X) and B(X) C S(X) and for every x,y € X,

%min{d(Sw, Azx),d(Ty, By)} < max{d(Sxz,Ty),d(Ax, By)}
implies 1(d(Az, By)) < ¢(¢(m(z,y)))

where ¥ € W and m(z,y) is as defined in Definition 2.1 and 1) : R™ — R is a
function such that for each t > 0 and ¢(t) < t, and limsup ¢(s) < t and ¢(t) =0
¢

—

if and only if t = 0. Further, assume that either (i) or (ii) of Theorem 2.1 holds.
Then A, B,S and T have a unique common fized point in X .

(18)



176 South FEast Asian J. of Mathematics and Mathematical Sciences

Proof. Define n(t,s) = ¢(¢(s)) — (t) for all t,s > 0 as in Example 1.2 (ii).
Then 7 is a W—simulation function. Therefore, from the inequality (18) we have

1
3 min{d(Sz, Az),d(Ty, By)} < max{d(Sz,Ty),d(Az, By)}
implies

n(d(Az, By),m(z,y)) = ¢(v(m(z,y))) — ¢¥(d(Ax, By)) > 0 for all 7,y € X.

Therefore A, B, S and T satisfy the inequality (2). Hence, by Theorem 2.1, the
conclusion holds.

Remark 3.1. Suppose that ¢ € U and ¢ : RT — RT is an upper semi-continuous
function such that ¢(t) < t for each t > 0 and ¢(t) = 0 if and only t = 0. Then
for any sequence {s,} in (0,4+00) with lim s, = [ > 0, one can obtain that

lim sup $((s,)) < (0). R

n—-+o0o

Corollary 3.6. Let (X,d) be a complete metric space and let A, B, S and T be
selfmaps of X and A(X) CT(X) and B(X) C S(X) and for every x,y € X,

%min{d(S:c, Azx),d(Ty, By)} < max{d(Sx,Ty),d(Ax, By)}

which implies that
Y(d(Az, By)) < ¢(d(m(z,y)))

where ¢ € VU and m(x,y) is as defined in Definition 2.1 and ¢ is defined as in
Remark 3.1. Further, assume that either (i) or (ii) of Theorem 2.1 holds. Then
A, B,S and T have a unique common fixed point in X .

Proof. By choosing 7(t, s) as in Corollary 3.5, and by applying Theorem 2.1, the
conclusion follows.

Example 3.1. Let X = [0, 1] with the usual metric. We define selfmaps A, B, S
and

BESETIE [ Zifzel0))
TonbeA("”)_{ 0if z € [1,1] ’B(x)_{Oifxe[é,l]
[ 2 ze0)) it ze0,3)
st ={ i, it ma e ={ S
Then A(X) = [0, %), B(X) = [0, £),S(X) = [0, ) U{1},T(X) = [0, 1) so that

) =
A(X) CT(X) and B(X) C S(X). We define n : Rt x RT — R by
n(t,s) = 5s? — . We define ¢ : R* — R* by ¢(¢) = t?,¢ > 0. Then clearly
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v € W and n(t, s) = §ib(s) — (1) = arp(s) — ¥(t) < P(s) — P(t) where o = .
In the following we show that the pairs (A, S) and (B, T) satisfy the hypotheses of

Theorem 2.1.
Since lim Ax, =0and lim Sz, =0, we have
n—-+o00 n—-+00
4
lim ASz, = lim Az? = lim % =0 = A0 and
n—-+oo n—+too " notoo 4
4
lim SAz, = lim S— = lim 2 =0=50.
n—-+o0o n—-+o0o n—-+o0o 16
Therefore lim ASz, = lim SAx,.
n—-+o0o n—-+00

Therefore (A, S) is reciprocally continuous and compatible.
Since Bx = Tz = 0 for z € [3,1], we have TBx = T0 =0 = B0 = BTx.
Hence the pair (B, S) is weakly compatible.
We now verify the inequality (2).
Case (i): First, we suppose that z > y.
Subcase (i): Let z,y € [0, 1)
ZEZ ./.C 2
d(Az,Sx) = ’TQ —x22| = 2%, d(Az, By) = |5 — G L
d(Ty, By) = % — %] = 33%, d(Sz,Ty) = |2° — %]
T min{d(Sz, Az),d(Ty, By)} < max{d(S:z:,Ty),d( x, By)}, e,

l\?I

12 2
-mln{3 597 < maX{IJC — 215 - L}
If 2 minimum of {322, 3y} is x2, then
g 3 < ly implies %wQ <y? Which fails to hold because
§ 2<|x —%hmplies §332<””—2—%implies vo<=3 24z T“ﬁ'322<0.2
3 1 x2 _z
Therefore 5 minimum of {322, 33} is ¢¢?, and §y? < \ - %] = -%
so that 5
y* < 1552 (19)
Therefore $min{3y?, 222} < = %| < max{|Z — %\, 2% — %]}
Then 5(d(Ar, By), m(z,y)) = 3m(z,y)? - d(Az, By)?
8142 — ¥212 _ |22 _ 22
5l 22| | T 62|
o G I C S
.Z'4 X
=St o) - (5 + - 5
— <1§7_41_16)3;4 —4F 3%35_ A
_ 2.2
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Subcase (ii): z,y € [3,1].
d(Sz, Ax) = 1,d(Azx, By) = 0,d(Ty, By) = 0,d(Sz,Ty) = 1.
tmin{d(Az, Sz),d(Ty, By)} = 3 min{1,0}
= 0 < max{0, 1} = max{d(Sz,Ty),d(Az, By)}
and hence n(d(As, By), m(z.y)) = sm(z.y)* - d(Az, By} = $m(z,y)? > 0
Subcase (iii): Let z € [0, 1) y € [3,1].
d(Sxz, Ar) = |2% — £| = 322, d(Ty, By) = 0, d(Az, By) = &, d(Sz, Ty) = a?
tmin{d(Sz, Az),d(Ty, By)} = 1{32%,0} = 0 < max{z? ,%}
= max{d(Sz,Ty),d(Az, By)}
and so n(d(Az, By), m(z,)) = m(z, y)? > d(Az, By)?
8

22

Subcase (iv): Let z € [3,1],y € [0, 3).
d(Sw, Av) = 1,d(Ty, By) = |% — | = 397, d(Sz, Ty) = [1 - |,
d(Ax By) = |£| = y .

s min{d(Sz, Az), d(Ty, By) = i min{l, 3y°}} = 34> <1 - y2—2 = d(Sz,Ty)

and hence n(d(Az, By), m(z,y)) = 3m(z,y)* — d(Az, By)?
2

= 30 -7 - (32

_ 8 1
Oty
S
=gt 3Y —y =3y =0

Therefore in this case the inequality (2) holds

Similarly, we can see that A, B,S and T satisfy the inequality (2) for the case
z < y.

Therefore A, B, S and T satisfy all the hypotheses of Theorem 2.1, and ‘0’ is the
unique common fixed point of A, B, S and T

Remark 3.2. Theorem 1.1 follows as a corollary to Theorem 2.1 by choosing
S=1andT =1 in Theorem 2.1.

4. Conclusion

We defined Suzuki type Z—contraction with a rational expression via ¥ —simulation
function and proved the existence and uniqueness of common fixed points of two
pairs of selfmaps in complete metric spaces by using reciprocal continuity and
weakly compatible property (Theorem 2.1). Here we note that the class of all
W —simulation functions is more general than the class of all simulation functions
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(Example 1.1). Our result (Theorem 2.1) extends Theorem 1.1 [2, Theorem 2] to
two pairs of selfmaps. We provided an example in support of our main result.
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