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1. Introduction

The concept of semiring was first introduced by Vandiver [16] in 1934. Af-
ter that, various studies have been done and it plays a prominent role in various
branches of mathematics as well as in diverse areas of applied science. Several
authors have used this concept in various disciplines in many ways. The structure
of prime ideals in semiring theory has gained importance and many mathemati-
cians have exploited its usefulness in algebraic systems. Badawi [1] and Badawi
and Darani [2] introduced the concept of 2-absorbing and weakly 2-absorbing ide-
als of a commutative ring with non-zero unity, which are generalizations of prime
and weakly prime ideals in a commutative ring. Darani [4] has examined these
concepts in commutative semirings and characterized several results in terms of
2-absorbing and weakly 2-absorbing ideals in commutative semirings. The concept
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of subtractive extension of an ideal has been introduced by Chaudhary and Bonde
[3] to study the ideal theory in quotient semiring. Rao [10] introduced the notion
of I'— semirings in 1995 and also discussed some properties of ideals and k-ideals
in I'— semirings. The definition of prime ideals in I'— semirings was introduced by
Dutta and Sardar [5] and studied some of their properties. Sangjaer and Pianskool
[12] gave the definition of 2-absorbing and weakly 2-absorbing ideals of commuta-
tive I'— semirings and studied various properties of 2-absorbing primary ideals in
commutative ['— semirings.

As a continuation of the previous paper “On 2-absorbing Primary Ideals in
Commutative I'— semirings” [12], here we study the consequences of imposing the
results and their characterizations of 2-absorbing and weakly 2-absorbing ideals in
commutative I'— semirings that are extended from those in semirings.

2. Preliminaries

In this section, we examine some of the basic definitions and fundamental con-
cepts that are important to this paper. R represents a I'— semiring throughout
this paper.

Definition 2.1. [10] Let R and T" be two additive commutative semi-group. Then
R is called a I'— semiring if there exists a mapping R x I' X R — R denoted by
xay for all z,y € R and o € T' satisfying the following conditions:

(1) (z+y)az = zaz + yaz.
(i) z(a+ B)z = zaz + zPz.
(111) za(y + z) = zay + zaz.
(iv) (zoy)Bz = xa(yBz) for all z,y,z € R and o, B € T.

The set R = Z;, which represent the set of non-negative integers.

Example 2.2. [12] For each n € N, let nZ; = {nz|zr € Z;} is a commutative
semigroup under the usual addition of integers. Then nZ; is an mZ; — semiring
for all m,n € N where zay is the usual multiplication of integers for all x,y € nZ;
and o € mZg .

Example 2.3. Let R = Z; be the commutative semigroup of positive integers and
[' = 27§ be the commutative semigroup of positive integers. Then Z; is a 27 —
semiring with xay usual multiplication of integers for all x,y € Z§ and « € 27 .

Definition 2.4. [13] A I'— semiring R is said to have a zero element if Oy = 0 =
xy0 and x+0=x=0+x forallz € R and v €T
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Definition 2.5. [13] A I'— semiring R is said to have an identity element if for
all x € R there exists o € I' such that lax = x = xal.

Definition 2.6. [10] A T'— semiring R is said to be commutative if xyy = yvyx for
all x,y € R and for all v € T'.

Definition 2.7. [14] An element x in a I'— semiring R is said to be nilpotent if
there exists a positive integer n (depending on x) such that (za)" 'z =0, a € T.
The set of all nilpotent element of R is denoted by Nil(R).

Definition 2.8. [10] A T'— semiring R is said to be regular if for each x € R there
exists y € R and o, B € I" such that v = xayfx.

Definition 2.9. [6] A non empty subset I of R is said to be left (right) ideal of R
if I is sub semi-group of (R,+) and xay € I(yax € I) for ally € I,z € R and
a € I'. If I is both left and right ideal of R, then I is known to be an ideal of R.

If R is a I'— semiring with zero element then it is easy to verify that every ideal
of R has zero element.

Definition 2.10. [6] An ideal I of a I'— semiring R is called k-ideal if for xz,y €
R,x+y el andy € I implies that x € I.

An ideal (J : r) is defined as (J :r) = {x € R:raz € J,a € T'}. It is easy to
see that if J is a k- ideal of R, then (J : r) is a k-ideal of R.

Definition 2.11. [15] An ideal I of a T— semiring R is called a strong ideal if and
only if x +y € I implies that x € I and y € 1.

Definition 2.12. [6] Let R be a T'— semiring. An ideal P of R is prime ideal if
for any two ideals A and B of R such that AT'B C P implies that either A C P or
BCP.

Definition 2.13. [6] An ideal J of a I'— semiring R is said to be irreducible if for
tdeals K and L of R, J = K N L implies that J =K or J = L.

Definition 2.14. [12] Let R be a I'— semiring and J be an ideal in R. Then
VJ = {x € R| there exists n € N such that (xa)" 'z € J for all a € T'} is an ideal
in R containing J. The ideal \/J is called the radical ideal of J and is denoted by
Rad(J).

Remark 2.15. All through here, R will signify with “0” and “1” as zero and
wdentity element except if in any case expressed.

3. 2- absorbing ideals in commutative ['— semirings
In this section, the properties of 2- absorbing ideals and weakly 2- absorbing
ideals in commutative I'— semirings are examined and various results are proved.
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Definition 3.1. [12] Let R be a commutative I'— semiring. A proper ideal J is
said to be 2- absorbing ideal in R if whenever x,y,z € R, a, 5 € I' with xayBz € J
implies xay € J or xfz € J oryfBz € J.

Definition 3.2. Let R be a I'— semiring. A proper ideal J is said to be weakly 2-
absorbing ideal in R if whenever x,y,z € R, a, 3 € I and 0 # xayBz € J implies
xay € J orxfz e J oryBz e J.

Every 2— absorbing ideal of a I'— semiring R is a weakly 2— absorbing ideal
of R but the converse need not be true. To learn more about the characteristics of
2-absorbing ideals in commutative I'— semirings, refer [12].

Theorem 3.3. Let R be a I'— semiring and J be a 2—absorbing ideal of R. Then
(J :x) is a 2— absorbing ideal of R for all x € R\ J.

Proof. Let x € R\ J and y,z,w € R, o, 3 € T be such that yazfw € (J : x).
Then zyyazfw € J, v € I'. Since J is a 2— absorbing ideal of R, either xyy € J
or xyzpfw € J or yazpw € J. If either xyy € J or xyzfw € J, we are done. If
yazBw € J, then yaz € J or ypfw € J or zfw € J, which implies zyyaz € J or
zyypw € J or xyzPfw € J. Hence, (J : x) is a 2— absorbing ideal of R.

Theorem 3.4. Let R be a I'— semiring and J be a 2— absorbing k-ideal of R with
VJ =K and KTK C J. If J # K, then (J : z) is a prime ideal of R containing
Jwith K C (J:x) forallz e K\ J.

Proof. Let y,z € R, f € ' such that y3z € (J : ). Then zaypz € J. Soxzay € J
orzfz € JoryBz € J, since J is a 2— absorbing ideal of R. If zay € Jor 28z € J,
then y € (J : z) or z € (J : ), hence there is no necessity to prove. If y5z € J
and xyz € KI'K C J, v € I". For a particular z € R, this gives 28z € (J : x).
We have (z + y)Bz € (J : x), which implies that zv(z + y)Bz € J. Since J is a
2— absorbing ideal of R, so either x5z € J or (v +y)Bz € J or ay(z +y) € J. If
xfz € Jthen z € (J:x). If (x+y)Bz € Jand yBz € J, then 26z € J (as Jis a
k-ideal). This gives z € (J : x), hence (J : ) is prime. And finally, if zy(z+y) € J
and zyx € KI'K C J. This gives xyy € J implies y € (J : z). Hence, (J : x) is a
prime ideal of R.

Converse of the above theorem need not be true in general.

Example 3.5. By Example 2.3, Zf is a 27 — semiring. Let J = 12Z; and
K = 3Z be ideals of Zf with KI'K C J. Then (J : ) = (1275 : 3) = 27, as
(2)(2)(3) € 12Z;, where 2 € Z;,3 € K/J and 2 € 2Z; . Hence, (J : x) is a prime
ideal. While J = 12Z is not 2-absorbing ideal, since 1,3 € ZJ and 2 € 2Z; such
that (1)(2)(3)(2)(1) € 12ZF but neither (1)(2)(3) € 122 nor (1)(2)(1) € 1275
nor (3)(2)(1) € 1275 .
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Corollary 3.6. Let R be a I'— semuring and J be a 2— absorbing k-ideal of R with
VJ =K and KTK C J. If J # K and for all z € K\ J, then (J : z) is a 2—
absorbing ideal of R with K C (J : z).

The converse of Theorem 3.4 is true in the case of v/J is a prime ideal of R.

Theorem 3.7. Let R be a I'— semiring, J be a k-ideal of R such that J # Vi
and \/J is a prime ideal of R with /JT\/J C J. Then J is a 2-absorbing ideal of
R if and only if (J :x) ={y € R:zay € J, a € T'} is a prime ideal of R for all
eI\ J.

Proof. By Theorem 3.4, if J is a 2-absorbing ideal of R, then (J : z) is a prime
ideal of R. Conversely, let uavfw € J for some u,v,w € R and o, € I'. Since
J C v/ J and V/J is a prime ideal of R, we can assume that v € v/J. If u € J, then
uav € J, a € I, which gives J is a 2-absorbing ideal of R. Let vfw € (J : u) for
all u € VJ\ J, B €T and by assumption (J : u) is a prime ideal of R, therefore
either v € (J : u) or w € (J : u). This implies that either uav € J or ufw € J.
Hence, J is a 2-absorbing ideal of R.

Lemma 3.8. Let R be a I'— semiring. If J and K are two k-ideals in R. Then
JU K s a k-ideal of R if and only if JUK =J or JUK = K.

Theorem 3.9. Let R be a I'— semiring and J be a 2-absorbing k-ideal of R with
VJ =K. If J # K, K is a prime ideal of R and for all © € R\ K. Then
T ={(J:x):x € R} is a totally ordered set.

Proof. Since K is a prime ideal of R, therefore zay € R\ K for all z,y € R\ K
and a € I'. Clearly, zay ¢ J and (J : z) C (J : zay) and (J : y) C (J : zay)
implies that (J : ) U (J : y) C (J : zay). Let z € (J : zay) then zayfz € J
implies that either x5z € J or yfz € J as xay ¢ J, a,f € I'. Thus, (J : zay) C
(J :2)U (J : y). Therefore, either (J : zay) = (J : z) or (J : zay) = (J : y),
by Lemma 3.8. This implies that either (J : z) C (J : y) or (J : y) C (J : x).
Hence T'= {(J : ) : x € R\ K} is a totally ordered set. Moreover, we show that
(J:y) C(J:x) for some z,y € K\ J. Let z,y € K\ J. Since K C (J : y), then
for all w € (J : x)\ (J : y), we may assume that u € (J : z) \ K. Similarly, for
all v e (J:y)\ (J:z), we may assume that v € (J : y) \ K. As a result, since
ué¢ K, vé¢ K and § € T such that ufv ¢ K. Furthermore, ua(z + y)pv € J and
upv ¢ J, a, 5 € T, therefore we have ua(x + y) € J or (x + y)Sv € J, which gives
either uay € J or xfv € J implies that either v € (J : y) or v € (J : x). We get a
contradiction in each case. Therefore, either (J:z) C (J:y)or (J:y) C(J:x)
for x,y € K\ J. Hence T'={(J : z) : « € R} is a totally ordered set.

Theorem 3.10. Let R be a I'— semiring, J be an irreducible k-ideal of R and K
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be an ideal of R such that v/J = K and KTK C J. Then J is 2-absorbing if and
only if (J :z) = (J :zax) forallz € R\ K and a € T.

Proof. Let J be a 2-absorbing ideal of R. For x € R\ K, o € T, zax ¢ J if
zox € J then 2 € v/J = K, which is a contradiction and (J : z) C (J : zaz)
is clear. Thus, for any y € (J : zax), we have zazfy € J, o, € I'. Therefore,
either xfy € J or zax € J, since J is a 2- absorbing ideal of R. So zfy € J such
that y € (J : x) because zax ¢ J. Hence, (J : ) = (J : zax). Conversely, let
zayPz € J for some z,y,z € R, o, € I and zay ¢ J. We prove that either
xfz € J or yBz € J. Since zay ¢ J, we have x ¢ K ory ¢ K. If x € K and
y € K, then zay € KI'K C J, a € I', which is a contradiction. By assumption, we
have either (J : z) = (J : zaz) or (J 1 y) = (J 1 yay). If (J: z) = (J : zax) and we
also assume that x8z ¢ J and yfBz ¢ J, then we prove this result by contradiction.
Let u € (J + (B82)) N (J + (yBz)). Then u = uy + x10282 = us + x20yBz for
some uy,us € J, x1,x9 € R and o, 8 € I'. Thus, uyr = wyyr + ryyrarfz =
Uy + Toyraypfz, v € I'. Since xayfz € J, therefore xyyraxfz € J (as Jis a
k- ideal of R). This implies z;yz8z € J since (J : z) = (J : zax). As a result,
u = uj + xryaxfz. This shows that (J + (z82)) N (J + (yBz)) € J and thus
(J + (zp2)) N (J + (yBz)) = J, a contradiction, since J is irreducible. So, we have
xfBz € Jor yBz € J. Hence, J is a 2— absorbing ideal of R.

Theorem 3.11. Let R be a regular I'— semiring. Then every irreducible ideal J
of R is 2-absorbing ideal of R.

Proof. Let R be a regular I'— semiring and J be an irreducible ideal of R. If
zayfz € J for some z,y,z € R, a,f € T" and zay ¢ J, then we have to show
that =8z € J or yBz € J. On the other hand, we assume that zfz ¢ J or
yBz ¢ J. Then A = J + (zfz) and B = J + (yfBz) are two ideals of R that
properly contain J. Since J is irreducible, therefore J # A N B. Thus, there exists
v € R such that v € (J + (z62)) N (J + (yBz)) \ J. Since R is regular, we have
AN B = AI'B, therefore v € (J + (xf2))['(J + (yBz)) \ J. Then, there are
v1,v2 € J, 21,29 € R and f,7,6 € ' such that v = (v +x17262)d(vy + 227y S2) =
v10Vg + v10x9VY Bz + x1yrL20vs + Y LSr10x9y2B2. This implies that v € J, which
is a contradiction. Hence, J is a 2-absorbing ideal of R.

Theorem 3.12. Let R be a I'— semuring, r € R and J be an ideal of R. Then the
following holds:

(i) If RU'r is a k- ideal of R and (0 : r) C RI'r, then the ideal RT'r is 2-absorbing
if and only if it is weakly 2-absorbing.

(ii) If Jis a k-ideal of R and (0 : r) C JI'r, then the ideal JI'r is 2-absorbing if
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and only if it is weakly 2-absorbing.
Proof.

(i) Let RI'r be weakly 2-absorbing ideal of R and zayfz € J for some z,y,z € R
and o, € I'. If xayBz # 0, then xay € RI'r or x5z € RI'r or yBz € RI'r.
Then we are done. Let zayfz = 0. Clearly, za(y+1)5z = zayfz +xarfz €
RUr. If za(y+1r)Bz # 0, then za(y+r) € RI'r or 8z € RI'r or (y+7r)pz €
RT'r, as RI'r is a weakly 2-absorbing ideal of R. Since RI'r is a k- ideal of
R, so zay € RI'r or yBz € RI'r or x8z € RI'r. Thus, we may assume that
za(y 4+ r)fz = 0 then zarfz = 0, since zayfz =0. So xfz € (0:r) C RIr.
Consequently, x5z € RI'r. Hence, RI'r is a 2-absorbing ideal of R.

(ii) The proof is similar to (i).

Theorem 3.13. Let R be a commutative I'— semiring. If J is a weakly 2-absorbing
k-ideal of R, then either JU'JI'J =0 or J is 2-absorbing.

Proof. Let us assume that JI'JI'J # 0. We show that J is 2-absorbing. Let
rayBz € J for some z,y,z € R and o, € I'. If xayBz # 0, then J is weakly
2-absorbing gives either zay € J or xfz € J or yBfz € J. So we assume that
xayfz = 0. First, suppose that zayl'J # 0, such that xayBj # 0 for some j € J
then 0 # xayfj = xayf(z+j) € J. Since J is weakly 2-absorbing, either zay € J
or 8(z +j) € J or yB(z +j) € J. Hence, zay € J or xz € J or yBz € J.
So we can assume that rayl'J = 0. Similarly, we can assume that z8zI'J = 0
and yBzI'J = 0. Since JI'JI'J # 0, there exist x1,y1,21 € J and o, € I' with
riay1 8z # 0. If zay; Bz # 0, then 0 # zayfz; = xaly +y1)B(z + z1) € J
implies that za(y +y1) € J or 25(z + 21) € J or (y +y1)B(2 + z1) € J. Hence,
xay € J or xfz € J or yBz € J. So we can assume that zay;5z; = 0. Similarly,
we can assume that ziay8z = 0 and xiayfz; = 0. Then 0 # ziay1821 =
(x4+x1)o(y+1y1)B(2+21) € J we get (x+x1)a(y+y1) € Jor (x4+21)B(2+2) € J
or (y+y1)8(z + 2z1) € J. Therefore, zay € J or z3z € J or yBz € J, and so J is
2-absorbing.

Theorem 3.14. Let R be a I'— semiring and J be a weakly 2-absorbing k- ideal of
R but not a 2-absorbing ideal of R. Then

(i) if v € Nil(R) and o € T, then either xax € J or zaxl'J = z['JT'J = {0}.
(ii) Nil(R)TNil(R)TJTJ = {0}.
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Proof.

(i)

Let z € Nil(R) and o € I'. We assert that if zaz['J # {0}, then zaz € J.
Assume that xzaxI'J # {0}. Let n be the least positive integer such that
(za)" 'z = 0, then for n > 3, we have 0 # zazay = raza(y+ (xa)"3z) € J
for some y € J and o € I'. Since J is a weakly 2-absorbing ideal of R, so either
rax € J or zay + (za)" 2z € J. If zax € J, we have nothing to prove. Let
rax ¢ J. Then zay+(ra)" 2z € J, gives that (za)" 2z € J and (za)" 2z #
0, and thus zaz € J. Thus, we have either zax € J or zazl'J = {0} for
all x € Nil(R). If yay ¢ J for some y € Nil(R) and a € I', then by using
the previous argument, we have yayl'J = {0}. We claim that yI"JT'J = {0}.
Assume that, for some j, k € J and o € ' we have yajak # 0. Let m > 3 be
the least positive integer such that (ya)™ 'y = 0. Since yay ¢ J, for m > 3
and yayl'J = {0}, thus we have ya(y + j)a((ya)™ 3y + k)) = yajak # 0.
Since 0 # ya(y + j)a((ya)™ 3y + k)) € J and J is a weakly 2-absorbing
ideal of R, so either yay € J or 0 # (ya)™ 2y € J (as J is a k- ideal of R).
Therefore, we have yay € J, a contradiction. Hence, yI'JI'J = {0}.

Let u,v € Nil(R). If either uau ¢ J or vav ¢ J, a € ', then from (i), we
have uawl'JI'J = {0} and hence the result. Let us assume that uau € J or
vav € J, then uava(u +v) € J. If 0 # uava(u +v) € J and since J is a
weakly 2-absorbing k-ideal of R, then uav € J. Therefore, uavl'JT'J = {0}
by Theorem 3.13. Furthermore, if 0 = uava(u+v) € J and 0 # uavai € J for
some i € J, then 0 # uava(u+v+1i) € J implies that either ua(u+v+1) € J
or va(u+v+i) € J or uawv € J. Since J is a weakly 2-absorbing ideal but not a
2-absorbing ideal of R, we have uav € J in each case, which is a contradiction.
Thus, we have uavI'J = {0}. Hence, uavl'JI'J = {0}.

Definition 3.15. [12] Let Ry and Ry be I'— semirings (not necessary commutative)
and f: Ry = Ry be a I'— homomorphism. Then fis called an I'— epimorphism if
f is surjective.

Theorem 3.16. Let f : R — Ry be a I'— epimorphism of I'— semirings R and R,
such that f(0) =0 and J be a strong k-ideal of R. Then the following holds:

(i) If J is a weakly 2-absorbing ideal of R such that kerf C J, then f(J) is a

weakly 2-absorbing ideal of Ry .

(11) If Jis a 2-absorbing ideal of R such that kerf C J, then f(J) is a 2-absorbing

vdeal of R;.
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Proof.

(i) Let 0 # xaypz € f(J) for some z,y,z € Ry and «, € I'. Then there exists
m € J such that 0 # zayfBz = f(m). Since f is an I'— epimorphism, then
f(u) =z, f(v) =y, f(w) = z for some u,v,w € R. Also, J is a strong ideal of
R and m € J, therefore there exists n € J such that m +mn = 0. This implies
f(m+n) =0 that is, f(uavfw+n) = 0 implies that uavfw+n € kerf C J,
a,B € T'. Since J is k-ideal so, 0 # wavpfw € J. If uavfw = 0, then
f(m) = 0, which is a contradiction. Since J is a weakly 2-absorbing ideal of
R, therefore either uav € J or vfw € J or ufw € J. Thus, xay € f(J) or
yBz € f(J) or zBz € f(J). Hence, f(J) is a weakly 2-absorbing ideal of R;.

(i) It follows form (i).

Theorem 3.17. [11] Let Ry and Ry be I'y and T'y semirings respectively. If we
define

(1) (z,y) + (z,w) = (x + 2,y + w)

(ii) (2,9)(@, B) (2, w) = (zaz, yBuw), for all (z,y), (z,w) € By x By and (a, B) €
I'y xT'y. Then Ry X Ry is a I'y x ['o— semirings.

Theorem 3.18. Let R = R; X Ry be a commutative I' = 'y X I'o— semirings.
If J is a proper ideal of a I'— semiring Ry. Then the following statements are
equivalent:

(1) J is a 2-absorbing ideal of R;.
(ii) J X Ry is a 2-absorbing ideal of R = Ry X Rs.
(111) J X Ry is a weakly 2-absorbing ideal of R = Ry X Rs.

Proof. (i) = (di). Let (x1,x2) (e, B)(y1,y2)(7,0)(21, 22) € J X Ry for some (x1, x2),
(y1,92), (21,22) € R and («, ), (7,d) € I'. Then (zy0y1721, x2fYy2029) € J X Ry.
Hence, x1ay;v2z, € J. Since J is a 2-absorbing ideal of Ry, x1ay; € J or y;v2z, € J
or r1yz1 € J. If may; € J, then (21, x2)(, 8)(y1,y2) € J X Ry. Similarly, we can
prove the other cases. Hence, J x Rs is a 2-absorbing ideal of R.

(17) = (i7i). It is obvious.

(i4i) = (7). Let x,y,z € Ry and («, 8) € I' be such that zayBz € J. Then,
we have (0,0) # (z,1)(«, B)(y,1)(7,6)(z,7) € J x Ry for all 0 # r € Ry. Since
J x Ry is a weakly 2-absorbing ideal of R, either (z,1)(a, f)(y,1) € J X Ry or
(y, 1)(7,0)(2,7) € J X Ry or (x,1)(7,0)(2,7) € J X Ry. This implies that, either
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xay € Jor yBz € J or Bz € J. Hence, J is a 2-absorbing ideal of R;.

Definition 3.19. [6] Let R be a I'— semiring. An ideal J of R is said to be
partitioning ideal (Q) — ideal) if there exists a subset Q) of R such that:

(i) R=U{g+J:q€Q}.
(i) If q1,q2 € Q, then (q1 + J) N (g2 + J) # & if and only if ¢ = ga.

Let J be a Q-ideal of I'— semiring R and let R/Jgy = {¢ + J : ¢ € Q}, then
R/Jg) form a I'— semiring under the binary operations @, ® defined as follows:
(n+J)® (g + J) = g3+ J, where g3 € @ is the unique element such that
a+e+J Ca+J (+J)0ad(g+J) =q+J, where g4 € @Q is the unique
element such that giaqe + J C g4 + J for all @ € I'. This I'— semiring R/.J(g)
is called the quotient I'— semiring of R by J and denoted by (R/Jq)),®,®) or
simply R/J(g). By definition of Q-ideal, there exists a unique gy € @ such that
0+ J C qq +J. Then gy + J is a zero element of R/Jg). Clearly, if R is
commutative, then so is R/J(g) [6].

Definition 3.20. Let R be a I'— semiring and J be an ideal of R. An ideal A of R
with J C A is said to be k- extension of Jifx € JJx+y € A,y € R, theny € A.

Further, we give some characterization of 2-absorbing and weakly 2-absorbing
ideals in terms of k- extension of an ideal of a I'— semiring R.

Theorem 3.21. Let R be a I'— semiring, J be a ()-ideal of R and S a k- extension
of J. Then S is 2-absorbing ideal of R if and only if S/Jons) is a 2-absorbing ideal
Proof. Let S be a 2-absorbing ideal of R. Assume that ¢1+J, g2+ J,q3+J € R/ J ()
and a, B € T such that (1 +J) ©a© (@2 +J) OO (g3 +J) =g+ J € S/Jgns)
where ¢4 € @ NS is a unique element such that qiagfgs C qu + J € S/ Jons).-
Thus q1aq:8q3 = q4 + j for some j € J. This gives either giaqs € S or ¢8q3 € S
or ¢18q3 € S, since S is a 2-absorbing ideal of R and qiaqs8qs € S. Let quags € S.
If(gpp+J)0a®(q+J) =q+ J, where ¢ € @ is a unique element such that
qag+J Cqg+J. Soq+k = qagy+1 for some k,l € J. Since S is a k-extension
of J, we get ¢ € S, therefore ¢ € @ N S. Hence S/Jgns) is a 2-absorbing ideal
of R/Jg). Conversely, let S/Jons) be a 2-absorbing ideal of R/.Jg). Assume
that xayfz € S for some z,y,z € R and o, € I'. There are q1,q2,q3,q4 € @
such that x € ¢ + J,y € o+ J, 2 € g3+ J and zayfz € (1 +J) © a © (g2 +
J)O B (gz+J) =q+ J, since J is a Q-ideal of R. Thus, zayfz =q,+i € S
for some ¢+ € J. Since S is a k- extension of J, we have ¢4 € S. Therefore,
(q1 + J) OXeRO) (QQ + J) ®© B ®© (Q3 + J) = qs+ J € S/J(ng), since S/J(ng) is
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a 2-absorbing ideal of R/J(q), gives either (¢ + J) © a ® (2 + J) € S/Jigns)
or (QQ + J) ON°XO) (Q3 + J) € S/J(Qms) or (QI + J) ON’NO) (Q3 + J) S S/J(Qms).
If (@ +J)©a®(g+J) <€ S/Jons), then there exists ¢ € @ NS such that
zay € (1 +J)©a® (g + J) = g5 + J. which gives zay = g5 + h for some h € J
implies that xay € S. Hence, S is a 2-absorbing ideal of R.
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