
South East Asian J. of Mathematics and Mathematical Sciences
Vol. 19, No. 3 (2023), pp. 75-80

DOI: 10.56827/SEAJMMS.2023.1903.7 ISSN (Online): 2582-0850

ISSN (Print): 0972-7752

ON TRANSFORMATION OF BASIC HYPERGEOMETRIC
FUNCTIONS APPLYING FRACTIONAL

q-DIFFERENTIAL OPERATOR

Jayprakash Yadav

Department of Mathematics,
Prahladrai Dalmia Lions College of Commerce and Economics,

Malad (West) - 401107, Mumbai, Maharashtra, INDIA

E-mail : jayp1975@gmail.com

(Received: Feb. 05, 2023 Accepted: Nov. 12, 2023 Published: Dec. 30, 2023)

Abstract: The object of this paper is to establish transformations in which a basic
hypergeometric functions can be expressed as an infinite sum of functions of higher
order by the application of fractional q-differential operator.Several well known
hypergeometric functions and basic Kampė de Fėriet function are expressed as an
infinite sum of basic hypergeometric functions.Some special cases can be deduced
as the application of the main results.
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1. Introduction
The theory of Fractional Calculus operators has been developed widely and

extensively by various mathematicians such as R. K. Yadav, S. D. Purohit [8]. In
the present context, we propose to derive several transformations of Basic hyperge-
ometric series by appropriately applying certain fractional q-operators in order to
achieve our goals. Recently the authors (see [1], [8], [6]) have investigated several
results on q-differential operator associated with basic hypergeometric functions.
These results are new contributions to the theory of q-differential operator.
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In the theory of q-calculus [2], for 0 < q < 1 and real or complex a, the q-shifted
factorial is defined by

(a, q)n =

{
1 if n = 0;
(1− a)(1− aq)(1− aq2) . . . (1− aqn−1) if n ∈ N.

(1.1)

The q-gamma function is given as

Γq(z) =
(q; q)∞
(qz; q)∞

(1− q)1−z (1.2)

In terms of gamma the equation (1.1) can be expressed as

(a; q)n =
Γq(a+ n)

Γq(a)
(1− q)n (1.3)

For arbitrary β, the q-binomial coefficient [2, I.42, p.235] is given by

[
β
n

]
q

=
(q−β; q)n
(q; q)n

(−qβ)nq
−

 n
2


(1.4)

The general basic hypergeometric Series [3, (3.2.1.11), p. 90] is defined as

rϕs

 a1, a2, . . . , ar
; q, z

b1, b2, . . . , bs

 =
∞∑
n=0

(a1; q)n(a2; q)n . . . (ar; q)n
(q; q)n(b1; q)n(b2; q)n . . . (bs; q)n

zn (1.5)

In which there are always r of the numerator parameters and s of the denominator
parameters. Recently authors ([6], [7], [9]) have derived several transformation
formulae in the case of basic hypergeometric series using some known results.
Let us consider a regular function f(z) defined in terms of a sequence {An} as

f(z) =
∞∑
n=0

Anz
n (1.6)

The q-series identity due to Yadav, Purohit and Vyas [8] is given as

∞∑
n=0

(αqβ; q)n
(α; q)n

Anz
n =

∞∑
n−0

[
β
n

]
n

qn
2+nα−n z

n(1− q)n

(α; q)n
Dn

z,q{f(z)} (1.7)



On Transformation of Basic Hypergeometric Functions ... 77

where Re(αqβ) > 0, the arbitrary sequence of real or complex number is bounded in
the domain |z| < R.The fractional q-derivative operator Dβ

z,q for arbitrary operator
β due to Agarwal [1] is given as

Dβ
z,q{f(z)} =

1

Γq(−β)

∫ z

0

(z − tq)−β−1f(t)d(t; q) (1.8)

The fractional q-derivative of generalized basic hypergeometric function due to
Yadav and Purohit [8] is given by

Dn
z,q

rϕs

 a1, a2, . . . , ar
; q, z

b1, b2, . . . , bs


=

(1− q)−n(a1; q)n(a2; q)n . . . (ar; q)n
(b1; q)n(b2; q)n . . . (bs; q)n r

ϕs

 a1q
n, a2q

n, . . . , arq
n

; q, z
b1q

n, b2q
n, . . . , bsq

n

 (1.9)

In order to prove the main result, we will be using the following transformation
formulae due to Srivastava and Jain [4].

4ϕ3

 ab,−ab, abq
1
2 ,−abq

1
2 ;
; q, z

a2b2,−a2,−b2q;

 = 2ϕ1

 a2, a2q;
; q2, z

a4;


2ϕ1

 b2, b2q;
; q2, z

b4;


(1.10)

4ϕ3

 a, b,
√
ab,−

√
ab;

; q, z

ab,
√
abq,−

√
abq;

 = 2ϕ1

 a, b;
; q2, z

abq;


2ϕ1

 a, b;
; q2, qz

abq;

 (1.11)

3ϕ2

 a, bc;
; q, z

d;

 = ϕ1;1;1
1;0;0;

 a; b; c;
q; bz, z

d;−;−;

 (1.12)

2. Main Results

8ϕ7

 λ, a, b, c,−c, q
√
λ,−q

√
λ, λq/c2;

; q, z

λq/a, λq/b, λq/c,−λq/c,
√
λ,−

√
λ, c2;


=

∞∑
n−0

[
β
n

]
n

qn
2+nα−n (λ, a, b, c,−c, q

√
λ,−q

√
λ, λq/c2; q)n

(λq/a, λq/b, λq/c,−λq/c,
√
λ,−

√
λ, αqβ; q)n
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× 9ϕ8

 λqn, aqn, bqn, cqn,−cqn, qn+1
√
λ,−qn+1

√
λ, λqn+1/c2, αqn;

; q, z

λqn+1/a, λqn+1/b, λqn+1/c,−λqn+1/c,
√
λqn,−

√
λqn, qnc2, αqβ+n;


(2.1)

2ϕ1

 a2, a2q;
; q2, z

a4;


2ϕ1

 b2, b2q;
; q2, z

b4;


=

∞∑
n−0

[
β
n

]
n

qn
2+nα−n z

n(1− q)n(ab,−ab, ab
√
q,−ab

√
q, α; q)n

(a2b2,−a2,−b2q, αqβ; q)n

×5ϕ4

 abqn,−abqn, abqn+
1
2 ,−abqn+

1
2 , αqn;

; q, z

a2b2qn,−a2qn,−b2qn+1, αqβ+n;

 (2.2)

2ϕ1

 a, b;
; q2, z

abq;


2ϕ1

 a, b;
; q2, qz

abq;


=

∞∑
n−0

[
β
n

]
n

qn
2+nα−n z

n(1− q)n(a, b,
√
ab,−

√
ab, α; q)n

(ab,
√
abq,−

√
abq, αqβ; q)n

×5ϕ4

 aqn, bqn,
√
abqn,−

√
abqn, αqn;

; q, z

abqn,
√
abqn+

1
2 ,−

√
abqn+

1
2 , αqβ+n;

 (2.3)

ϕ1;1;1
1;0;0;

 a; b; c;
q; bz, z

d;−;−;

 =
∞∑
n=0

[
β
n

]
n

qn
2+nα−n z

n(1− q)n(a, bc; q)n
(d, αqβ; q)n

× 3ϕ2

 aqn, bcqn, αqn;
; q, z

dqn, αqn+β;

 (2.4)

Proof of (2.1). Choosing An = (a,b,c,−c,λ,q
√
λ,−q

√
λ,λq/c2,α;q)n

(q,
√
λ,−

√
λ,λq/c,−λq/c,c2;q)n

in (1.6) we get,

f(z) = 9ϕ8

 λ, a, b, c,−c, q
√
λ,−q

√
λ, λq/c2, α;

; q, z

λq/a, λq/b, λq/c,−λ/c,
√
λ,−

√
λ, c2, αqβ;

 .
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Using this in equation (1.7) and after some simplification with the help of the
equation (1.9), finally we get (2.1).

Proof of (2.2). Choosing An =
(ab,−ab, ab

√
q,−ab

√
q, α; q)n

(q, a2b2,−a2,−b2q, αqβ; q)n
in (1.6) we get,

5ϕ4

 ab,−ab, ab
√
q,−ab

√
q, α;

; a, z
a2b2,−a2,−b2q, αqβ;


Using this in equation (1.7) and after simplification with the help of the equations
(1.9) and (1.10), finally we get (2.2).
In the similar way results (2.3) and (2.4) can be proved by choosing An.

3. Conclusion
The author concludes with the remark that one can deduce several results in-

volving fractional q-differential operators associate with Basic hypergeometric func-
tions. The findings of the present work can be referred by several researchers and
mathematicians in this field and encourages them to take up the further challenging
works in the same field.
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