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Abstract: Some investigation of general multiple series identities which extend
and generalize the theorems of Bailey [1] and Pathan [2] is done. Its special cases
yield various new transformations and reduction formulae involving quadruple hy-
pergeometric function F;S4), and Srivastava’s quadruple hypergeometric functions
F® and triple hypergeometric function F'®).
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1. Introduction

Let (a4) denote the sequences of A parameters given by ay, as, ..., a4 and [(aa)]n
denote the product of A Pochhamer symbols defined by

o) CT(b+n) [ 1, ifn=0

T b+ (b+n—1), if n=1,23,..
In 1969, Srivastava and Daoust ([7, page 454], see also [8, page 37 (21,22)]) gave
the following multivariable hypergeometric function,
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where for convenience,
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The coefﬁcients HJ(-k),j =1,..., A, @ék),j = 1,...,B(k);\lf§,j = 1,...,D;5§-k),j =
1,..,B® for all k € {1,...n} are zero and real constants (positive, negative)
8] and <b§9<k>) abbreviate the array of B®) parameters bgk),j =1,...,B% for all
k € {1,...,n} with similar interpretations for others.

The present paper is devoted to the investigation of general multiple series
identities which extend and generalize the theorems of Bailey [1], Pathan [2]. The
theorem given in section 2 will be seen extremely useful as it provides connections
with various classes of well-known hypergeometric functions and even new repre-
sentations of these functions. Some applications of this theorem are given in section
3. Also we deduce special cases in section 4.

2. General multiple series identities

We will establish the following theorems for multiple series which is more gen-
eralized than multiple Gaussian hypergeometric functions F®), F() and F 1(34)
Theorems: Let S(i,7j,k,p) be the generalized coefficient of arbitrary complex
numbers, where x, y, z be complex variables and ¢, f be arbitrary independent
complex parameters (where 2f # 0,2,3,...) and any values of numerator and de-
nominator parameters and variables x, y, z leading to the results which do not
make sense are tacitly excluded, then

[e.e]
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provided that each multiple series involved converges absolutely.

Proof of theorems (2.1)-(2.3):
Let L denote the LHS of equation (2.1), then using the series identity [4] defined
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we may write,
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Using Dixon’s theorem [4] in equation (2.6) we may write,
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Now applying the following identity [9, page 214, 217] in equation (2.7) and using
the series rearrangement technique we get,
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Again applying the following identities [9, page 214, 217]
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in equation (2.6), then using the series rearrangement technique we get the RHS
of equation (2.2)-(2.3).
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3. Applications of theorems (2.1)-(2.3)
3.1. In theorem (2.1) and (2.2) setting

S - [(aa)]i+j+nl(dp)]ivil(9c)];
S TR = (B les sxlem el Chn)ls

and z=0 and using series rearrangment technique, we get
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provided the denominator parameters are neither zero nor negative integers and
for convenience, the symbol A(m;b) abbreviates the array of m parameters given
by
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where m =1,2,3, ....

The asterisk in A*(V;j 4 1) represents the fact that the (denominator) parameter
N/N is always omitted for 0 < j < (N — 1) so the set A*(N;j + 1) contains only
N — 1 parameters [13 page 214].

3.2. In the theorem (2.3) setting
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3.3. In the theorem (2.3), setting
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we get
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The double hypergeometric function F B‘f‘fﬁﬁ is given by Kampe de Feriet, see [8,
page 27], the triple hypergeometric function is given by F'® is given by Srivastava
[6, page 428] and quadruple hypergeometric functions F“) and F 1(34) are given by
Pathan [3, page 172].

4. Special Cases

(1). Setting A=M=N=@Q=R=1land B=D=F=G=H=0in (3.2),
we get
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A2ja+t+u+w] = —A2m4u);— H+ f—c, - fe, - f
F®

A2t +u+w] o — Al2yn+ul;— 3 — f 3 4+ fLA%(2;1+¢), Al ]

A2 (dp) + t + w; Al2; (9a) + ¢+ ul; Al2; (QQ) +wlyy?, 2?22
A[2;t 4 ul; A (2,1 + w)A[2;r + w);

2). In (2.1) setting S(i, j, k :Mandzzo,we et
(2) g S(i, ] ) g
J

Lot
Xgsla, (1 —¢),2f —e:b,2 = 2f, 2f; ¢, y, —y] :Zy S:)t

t=0

ARja+t): B4 f—c B+ f—c B — f,55 5552 1 /4

—oie L e L LAY(2, 1+ t);b;
Acknowledgment

Author is grateful to Prof. M.A. Pathan for his expert guidance and kind
cooperation in completing this paper.

References

[1] Bailey W.N., On the sum of a terminating 3Fs(1), Quart J. Math. (ozford)
Series (2) 4 (1953) 237-240.

[2] Pathan M.A., On some transformation of triple hypergeometric series F®)
~I1II, Indian J. Pure and Appl. Math. 9 (1978) 1113- 1117.

[3] Pathan M.A., On some transformation of a general hypergeometric series of
four variables, Nederl. Akad. Wetensch. Proc. Ser. A, 82=Indag.Math.41
(1979) 171-175.

[4] Rainville E.D., Special functions (Macmillan, New York, 1960; Reprinted by
Chelsea, Bronx, New York, 1971).

[5] Srivastava H.M., A formal extension of certain generating functions-II, Glas-
nik Mat. Ser. IIT 26 (1971) 35-44.

[6] Srivastava H.M., Generalized Neumann expansions involving hypergeometric
functions, Proc. Cambridge Philos. Soc 63 (1976) 445-429.



Some Eztensions of Multiple Gaussian Hypergeometric Series 105

[7] Srivastava H.M. and Daoust M.C., Certain generalized Neumann expansions
associated with Kampe de Feriet function, Nederl. Akad. Wetensch. Proc.
Ser. A, 72 =Indag.Math.31 (1969) 449-457.

[8] Srivastava H.M. and Karlsson P.W., Multiple Gaussian Hypergeometric Series
(Halsted Press Ellis Horwood, Chichester, UK), John Wiley and Sons, New
York, Chichester, Brisbane and Toronto, 1985.

[9] Srivastava H.M. and Manocha H.L., A Treatise on Generating Functions
(Halsted Press (Ellis Horwood, Chichester, UK) John Wiley and Sons, New
York, Chichester, Brisbane and Toronto, 1984.



