South Fast Asian J. of Mathematics and Mathematical Sciences
Vol. 19, No. 2 (2023), pp. 403-416

DOI: 10.56827/SEAJMMS.2023.1902.30 ISSN (Online): 2582-0850
ISSN (Print): 0972-7752

FUZZY PRE -COMPACT SPACE

Anjana Bhattacharyya

Department of Mathematics,
Victoria Institution (College),
78 B, A.P.C. Road, Kolkata - 700009, INDIA

E-mail : anjanabhattacharyya@hotmail.com
(Received: Feb. 08, 2023 Accepted: Aug. 18, 2023 Published: Aug. 30, 2023)

Abstract: This paper deals with a new type of compactness, viz., fuzzy pre (-
compactness by using fuzzy pre S-open set [1] as a basic tool. We characterize this
newly defined compactness by fuzzy net and prefilterbase. It is shown that this
compactness implies fuzzy almost compactness [3] and the converse is true only
on fuzzy pre [-regular space [1]. Afterwards, it is shown that this compactness
remains invariant under fuzzy pre [S-irresolute function [1].
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1. Introduction

After introducing fuzzy compactness by Chang [2], many mathematicians have
engaged themselves to introduce different types of fuzzy compactness. In [3],
fuzzy almost compactness is introduced. In this paper we introduce fuzzy pre
[-compactness which is weaker than fuzzy almost compactness. Here we use fuzzy
net [8] and prefilterbase [6] to characterize fuzzy pre S-compactness.

2. Preliminaries
Throughout this paper, (X, 7) or simply by X we shall mean an fts. In 1965,
L.A. Zadeh introduced fuzzy set [9] A which is a function from a non-empty set X
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into the closed interval I = [0,1], i.e., A € I*. The support [9] of a fuzzy set A,
denoted by suppA and is defined by suppA = {x € X : A(x) # 0}. The fuzzy set
with the singleton support {x} C X and the value t (0 < ¢ < 1) will be denoted
by x;. Ox and 1x are the constant fuzzy sets taking values 0 and 1 respectively
in X. The complement [9] of a fuzzy set A in an fts X is denoted by 1x \ A and
is defined by (1x \ A)(z) = 1 — A(z), for each z € X. For any two fuzzy sets
A,Bin X, A < B means A(z) < B(z), for all z € X [9] while AgB means A is
quasi-coincident (q-coincident, for short) [8] with B, i.e., there exists € X such
that A(x) + B(z) > 1. The negation of these two statements will be denoted by
A KB and A /(B respectively. For a fuzzy set A, clA and int A will stand for fuzzy
closure [2] and fuzzy interior [2] of A respectively. A fuzzy set A in X is called a
fuzzy neighbourhood (fuzzy nbd, for short) [8] of a fuzzy point x; if there exists a
fuzzy open set G in X such that x; € G < A. If, in addition, A is fuzzy open, then
A is called fuzzy open nbd of x;. A fuzzy set A is said to be a fuzzy ¢-nbd of a
fuzzy point z; in an fts X if there is a fuzzy open set U in X such that z,qU < A.
If, in addition, A is fuzzy open, then A is called a fuzzy open ¢-nbd [8] of z;.

A fuzzy set A in an fts (X, 7) is called fuzzy S-open [4] if A < cl(int(clA)).
The complement of a fuzzy [-open set is called fuzzy [-closed [4]. The union
(intersection) of all fuzzy [B-open (resp., fuzzy (-closed) sets contained in (resp.,
containing) a fuzzy set A is called fuzzy [-interior [4] (resp., fuzzy [-closure [4]) of
A, denoted by pintA (resp., fclA).

Let (D,>) be a directed set and X be an ordinary set. Let J denote the
collection of all fuzzy points in X. A function S : D — J is called a fuzzy net in X
8]. It is denoted by {S, : n € (D,>)}. A non empty family F of fuzzy sets in X
is called a prefilterbase on X if (i) Ox ¢ F and (ii) for any U,V € F, there exists
W e F such that W < UV [6].

3. Fuzzy Pre $-Open Sets : Some Results

In this section we recall some definitions and results from [1, 2, 3, 5, 7] for ready
references.

Definition 3.1. [1] A fuzzy set A in an fts (X, 1) is called fuzzy pre 5-open if
A < Bint(clA). The complement of this set is called fuzzy pre B-closed set.

The union (resp., intersection) of all fuzzy pre S-open (resp., fuzzy pre [-closed)
sets contained in (containing) a fuzzy set A is called fuzzy pre [-interior (resp.,
fuzzy pre [-closure) of A, denoted by pfBintA (resp., pSclA).

Definition 3.2. [1] A fuzzy set A in an fts (X, 1) is called fuzzy pre B-nbd of a fuzzy
point xo in X if there exists a fuzzy pre B-open set U in X such that x, € U < A.
If, in addition, A is fuzzy pre 5-open, then A is called fuzzy pre B-open nbd of x.
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Definition 3.3. [1] A fuzzy set A in an fts (X,7) is called fuzzy pre B-q-nbd
of a fuzzy point x, in X if there exists a fuzzy pre S-open set U in X such that
roqU < A. If, in addition, A is fuzzy pre B-open, then A is called fuzzy pre 5-open
q-nbd of z.,.

Result 3.4. [1] Union (resp., intersection) of any two fuzzy pre B-open (resp.,
fuzzy pre B-closed) sets is also so.

Result 3.5. [1] 2, € pSclA if and only if every fuzzy pre B-open q-nbd U of z,,
UqA.

Result 3.6. [1] pBcl(pBclA) = pBelA for any fuzzy set A in an fts (X, 7).

Result 3.7. pBcl(A\ B) = pBclA\ pBelB, for any two fuzzy sets A, B in X.
Proof. It is clear that

pBclA\/ pBelB C pBcl(A\/ B)...(1)

Conversely, let x, € pBcl(A\/ B). Then for any fuzzy pre $-open ¢g-nbd U of z,,
Uq(A\ B) = there exists y € X such that U(y) + maz{A(y), B(y)} > 1 = either
U(y) + A(y) > 1 = UgqA or U(y) + B(y) > 1 = UqB = either z, € pfclA or
To € pBelB = x, € pBclA\ ppelB.

Result 3.8. For any fuzzy set A in an fts (X, 1),

(1) pBel(1x \ A) = 1x \ pBintA,

(i1) pPint(1x \ A) = 1x \ pBclA.

Proof. (i). Let x; € pBcl(1x\ A) for any A € IX. If possible, let x; & 1x \ pBintA.
Then xiqpBintA. Then there exists a fuzzy pre [-open set B in X with B < A
such that z,gB. Then B is a fuzzy pre f-open ¢-nbd of z;. By assumption,
Bq(1x \ A) = Aq(1x \ A), which is absurd.

Conversely, let z; € 1x \ pBintA for any A € IX. Then z; 4pBintA and so x; 4U
for any fuzzy pre -open set U in X with U < A = z; € 1x \ U which is fuzzy pre
B-closed set in X with 1x \ A < 1x \ U. So z; € pBcl(1x \ A).

(ii) Writing 1x \ A for A in (i), we get the result.

Definition 3.9. Let A be a fuzzy set in an fts (X, 7). A collection U of fuzzy sets
in X s called a fuzzy cover of A if sup{U(z) : U € U} =1, for each x € suppA
[5]. If each member of U is fuzzy open (resp., fuzzy pre 5-open), we callU is fuzzy
open [5] (resp., fuzzy pre S-open) cover of A. In particular, if A = 1x, we get the
definition of fuzzy cover of X [2].

Definition 3.10. A fuzzy cover U of a fuzzy set A in an fts (X, 7) is said to have
a finite (resp., finite proximate) subcover Uy if Uy is a finite subcollection of U such
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that \/ Uy > A [5] (resp., V{clU : U € Up} > A [7]). In particular, if A= 1x, we
get \ Uy = 1x [2] (resp., \{clU : U € Uy} = 1x [3]).

Definition 3.11. [3] An fts (X, 7) is called fuzzy almost compact space if every
fuzzy open cover has a finite prorimate subcover.

4. Fuzzy Pre S-compact Space : Some Characterizations

In this section fuzzy pre [S-compactness is introduced and studied by fuzzy pre
[B-open and fuzzy regularly pre S-open sets and characterize this space via fuzzy
net and prefilterbase.

Definition 4.1. A fuzzy set A in an fts (X, ) is said to be a fuzzy pre B-compact
set if every fuzzy pre B-open cover U of A has a finite pB-proximate subcover, i.e.,
there exists a finite subcollection Uy of U such that \/{ppclU : U € Uy} > A. If, in
addition, A = 1x, we say that the fts X is fuzzy pre 5-compact space.

Definition 4.2. Let x, be a fuzzy point in an fts (X, 7). A prefilterbase F on X
18 called

(a) pB-adhere at x,,, written as x, € pB-adF, if for each fuzzy pre 5-open q-nbd U
of xo and each F € F, FqppBclU, i.e., xo € pBclF, for each F € F;

(b) pB-converge to x,, written as FpPx,, if to each fuzzy pre S-open q-nbd U of
Zo, there corresponds some F' € F such that F < pfSclU.

Definition 4.3. Let z, be a fuzzy point in an fts (X, 7). A fuzzy net {S, : n €
(D,>)} is said to

(a) pB-adhere at x,, denoted by x, € pB-ad(S,), if for each fuzzy pre B-open q-nbd
U of x, and each n € D, there exists m € D with m > n such that S,,qpBclU;

(b) pB-converge to x,, denoted by Snﬁxa, if for each fuzzy pre B-open q-nbd U of
Tq, there exists m € D such that S,qpBclU, for alln > m(n € D).

Theorem 4.4. For a fuzzy set A in an fts X, the following statements are equiv-
alent:

(a) A is a fuzzy pre B-compact set,

(b) for every prefilterbase B in X, [\N{pBclB : B € B} N\ A= 0x = there exists a
finite subcollection By of B such that N{pfintB : B € By} 4A,

(c) for any family F of fuzzy pre 5-closed sets in X with N{F : F € F} N A =0y,
there exists a finite subcollection Fo of F such that AN{pBintF : F € Fo} f4A,

(d) every prefilterbase on X, each member of which is q-coincident with A, p[-
adheres at some fuzzy point in A.

Proof. (a) = (b). Let B be a prefilterbase in X such that [A{pBclB : B €
B} ANA = 0x. Then for any = € suppA, [A{pBc!B : B € B}|(z) =0 = 1-—
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IA{pBclB(z) : Be€ B} =1= V|[(1x \ pBcIB)(z) : B € Bl =1 = sup{pfint(1x \
B)(z) : Be B} =1= {pfint(lx \ B) : B € B} is a fuzzy pre -open cover of A.
By (a), there exists a finite pS-proximate subcover {pfBint(1x \ By),pfint(1x \

By),....pBint(1x \ B,)} (say) of it for A. Thus A < \/pBcl(pBint(1x \ B;))

i=1

= \/[1X \ pBint(ppclB;)] = lx\/\pﬂint(pﬂclBi) = /\pﬁint(pﬁclBi) <lxy\A=
i=1

A ,éAp/Bmt ppclB;) = A gApﬂzntB

=1
(b) :> (a). Let the condition (b) hold, and suppose that there exists a fuzzy pre

[-open cover U of A having no finite pS-proximate subcover for A. Then for ev-
ery finite subcollection Uy of U, there exists x € suppA such that sup{pBclU(z) :
Uel} < Az), ie., 1 —sup{(ppclU)(z) : U € Up} > 1 — A(x) > 0=inf{(1x \
ppcU)(z) : U € Uy} > 0. Thus { /\ (1x\ppBclU) : Uy is a finite subcollection of U }

Uely
(=B, say) is a prefilterbase in X. If there exists a finite subcollection {Uy, Uy, ..., U, }

(say) of U such that /\pﬁint(lx \ pBclU;) /qA, then A < 1x\ /\pﬂint(lx\

i=1 =1
n

pBcll;) = \/[1X \ pBint(1x \ pBclU;)] \/pﬁcl pBell;) \/pﬁclU (by Result

3.6). Thus L{ has a finite pS-proximate subcover for A, contradlcts our hypothesis.
Hence for every finite subcollection { /\ 1x \ ppcl), ..., /\ (1x \ ppclU)} of B,

Ueth =
where Uy, ...,U,, are finite subset of U, we have | /\ pBint(1x \ pBclU)]qA
vet \ ...\ Uy
By(b), [/\pﬁcl(lx \ pBclU)] /\A # 0x. Then there exists x € suppA, such

that [ijrelgU[;LB{cl(lX \ pBcl)](x) > 0 = 1 — Uirelg[pﬁcl(lx \ pBcl)](z) < 1 =

sup[lx \ pBel(lx \ pBelU)](z) < 1 = supU(z) < suppfint(pfclU)(x) < 1 which
Ueu Ueu Ueu

contradicts that U/ is a fuzzy pre S-open cover of A.

(a) = (c). Let F be a family of fuzzy pre f-closed sets in X such that A{F :
F e F} NA = 0x. Then for each x € suppA and for each positive integer n,

there exists some F,, € F such that F,(z) < 1/n = 1 - F,(z) > 1—-1/n =
sup[(1x \ F)(z)] =1 and so {1x \ F' : F' € F} is a fuzzy pre S-open cover of A. By
FeF
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(a), there exists a finite subcollection Fy of F such that A < \/ pBel(lx \ F) =

FeFy
Ix \A>1x\ \/ pBel(lx \ F) = A\ (1x \pBel(lx \ F)) = /\ pBintF. Hence
FeFo FeFy FeFy
A 4( /\ pBintF'), where Fy is a finite subcollection of F.
FeFo

(¢) = (b). Let B be a prefilterbase in X such that [A{pScIB: B € B} N\ A= 0x.
Then the family F = {pBclB : B € B} is a family of fuzzy pre [-closed sets in
X with (A F) AN A = 0x. By (c), there is a finite subcollection By of B such that
[A{pBint(pBelB) : B € B} 4A = ( )\ pBintB) 4A.

BeBy
(a) = (d). Let F be a prefilterbase in X, each member of which is g-coincident

with A. If possible, let F do not pS-adhere at any fuzzy point in A. Then for

each © € suppA, there exists n, € N (the set of all natural numbers) such that

T1/n, € A. Then there are a fuzzy pre S-open set U; and a member F7 of

F such that xy,,,qU; and pBclU;  /qF; . Thus Uj (z) > 1 — 1/n, so that

sup{U*(z) :n € N,n > n,} = 1. Thus {U* : n € N,n > n,,x € suppA}

forms a fuzzy pre f-open cover of A. By (a), there exist finitely many points
k

T1,To, ..., T € suppA and ni,na,...,n, € N such that A < \/pﬂclUﬁ;. Choose
=1

F € F such that F' < /\F”” Then F' 4 \/pﬁclU"“ ], i.e, F 4A, a contradiction.

(d) = (a). If posmble let there exist a fuzzy pre [-open cover U of A such
that for every finite subset Uy of U, \/{pBclU : U € Uy} #» A. Then F =

{1x\ \/ pBelU : Uy is a finite subset of U} is a prefilterbase on X such that FgA,

Uely
for each F' € F. By (d), F pB-adheres at some fuzzy point x, € A. AsU is a fuzzy

cover of A, supU(z) = 1 = there exists Uy € U such that Uy(z) > 1 — a = z,qU.
Ueu
As z,, € pB-adF and 1x \ pBclUy € F, we have pBclUyq(1x \ pBclUy), a contradic-

tion.

Theorem 4.5. For a fuzzy set A in an fts X, the following implications hold :
(a) every fuzzy net in A pB-adheres at some fuzzy point in A,

& (b) every fuzzy net in A has a pB-convergent fuzzy subnet,

& (c) every prefilterbase in A pB-adheres at some fuzzy point in A,

= (d) for every family { B, : @ € A} of non-null fuzzy sets with [/\pﬂclBa] /\ A=

a€el
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Ox, there is a finite subset Ao of A such that ( /\ B,) /\A =0y,
aElNg

= (e) A is fuzzy pre -compact set.
Proof. (a) = (b). Let a fuzzy net {S, : n € (D,>)} in A where (D,>) is a
directed set, pf-adhere at a fuzzy point z, € A. Let ()., denote the set of the
fuzzy pp-closures of all fuzzy pre S-open ¢-nbds of z,. For any B € @),_, we can
choose some n € D such that S,qB. Let E denote the set of all ordered pairs
(n, B) with the property that n € D, B € Q,, and S,¢B. Then (E,>) is a di-
rected set where (m,C) > (n,B) if and only if m > n in D and C' < B. Then
T:(E,>)— (X,7) given by T'(n, B) = S, is a fuzzy subnet of {S,, : n € (D, >)}.
Let V be any fuzzy pre ([-open ¢-nbd of x,. Then there is n € D such that
that (n,pBclV) € E and hence S,qpBclV. Now, for any (m,U) > (n,pBclV),
T(m,U) = SpqU < pBclV = T(m,U)qpBclV. Hence Tﬁxa.
(b) = (a). If a fuzzy net {S,, : n € (D,>)} does not pp-adhere at a fuzzy point z,,
then there is a fuzzy pre f-open ¢-nbd U of z, and an n € D such that S,, 4pBclU,
for all m > n. Then obviously no fuzzy subnet of the fuzzy net can pg-converge to
Ty
(a) = (c). Let F = {F, : @ € A} be a prefilterbase in A. For each a € A,
choose a fuzzy point xp, € F, and construct the fuzzy net S = {zp, : F, € F}
in A with (F,>) as domain, where for two members F,, Fs € F, F, > Fp if
and only if F, < Fjs. By (a), the fuzzy net S pf-adheres at some fuzzy point z;
(0 <t <1)€ A. Then for any fuzzy pre -open ¢g-nbd U of z; and any F, € F,
there exists Fg € F such that Fg > F,, and xp,qpSclU. Then FpqpSclU and hence
FogppBclU. Thus F pB-adheres at x;.
(c) = (a). Let {S, : n € (D,>)} be a fuzzy net in A. Consider the prefilterbase
F = {T, : n € D} generated by the net, where 7,, = {S,, : m € D,m > n}. By
(c), there exists a fuzzy point a, € A such that F pp-adheres at a,. Then for each
fuzzy pre S-open ¢-nbd U of a, and each F' € F, FqppBclU, i.e., pBclUqT,, for all
n € D. Hence the given fuzzy net pg-adheres at a,.
(¢c) = (d). Let B = {B, : a € A} be a family of fuzzy sets in X such that for
every finite subset Ay of A, ( /\ Ba)/\A # 0x. Then F = {( /\ Ba)/\A - Ao

aElNg a€lp

is a finite subset of A} is a prefilterbase in A. By (c), F pB-adheres at some
fuzzy point a; € A (0 < t < 1). Then for each « € A and each fuzzy pre f-
open ¢g-nbd U of a;, BogppBclU, i.e., a; € pBclB,, for each a € A. Consequently,
(/\pﬁdBa) /\A 7é 0X-

a€el
(d) = (e). Let U = {U, : @ € A} be a fuzzy pre S-open cover of a fuzzy set A.
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Then by (d), A/\[/\(lX \ Uy)] = A/\[lx\ \/Ua] = 0x. If for some a € A,
a€gl agl

1x \ pBclU, = 0x, then we are done. If 1x \ pfclU, (=B,, say) # Ox, then for
each a € A, B = {B, : @ € A} is a family of non-null fuzzy sets. We show that

/\pﬂclBa < /\ (1x\U,). Infact, let 2; (0 < ¢t < 1) be a fuzzy point such that z; €
ach aEA

pBel B, = ppel(1x \ppelly,). If xqU,, then pSclU,q(1x \ pBclU,), which is absurd.
Hence z; 4Ua = 2 € 1x \Us. Then [ \ pBciBa] \ A < A N\[/\ (1x \U.)] = 0x.

acl acN
By (d), there exists a finite subset Ay of A such that [/\ B, /\A = Oy, i.e.,
a€lg
A<1x\ A\ Ba=\/ (1x\ Ba) = \/ pBcllU, and (e) follows.
a€lg a€lg aElg

Definition 4.6. A fuzzy set A in an fts (X, 1) is said to be fuzzy reqularly pre [3-
open if A = pBint(pBclA). The complement of such a set is called fuzzy regularly
pre B-closed.

Definition 4.7. A fuzzy point x, in X is said to be a fuzzy pB-cluster point of a
prefilterbase B if x, € pBclB, for all B € B. If, in addition, x, € A, for a fuzzy
set A, then B is said to have a fuzzy pB-cluster point in A.

Theorem 4.8. A fuzzy set A in an fts (X, T) is fuzzy pre 5-compact if and only if
for each prefilterbase F in X which is such that for each set of finitely many mem-
bers Iy, Fs, ..., F,, from F and for any fuzzy reqularly pre B-closed set C' containing
A, one has (Fy \ ... \ F.)qC, F has a fuzzy pB-cluster point in A.

Proof. Let A be fuzzy pre [-compact set and suppose F be a prefilterbase in
X such that [A{pBclF : FF € F}J\NA = 0x...(1). Let z € suppA. Consider any
n € N (the set of all natural numbers) such that 1/n < A(z), i.e., 1/, € A. By
(1), z1/n & pBclF}}, for some F' € F. Then there exists a fuzzy pre S-open g-nbd
U? of z1, such that pBclU} 4F). Now Ulz) > 1—1/n = sup{U}(z) : 1/n <
Alx),n e N} =1=U = {U" : z € suppA,n € N} forms a fuzzy pre S-open
cover of A such that for U}, there exists F)' € F with U} 4F). Since A is fuzzy
pre (-compact, there exist finitely many members U U,k of U such that

199999 Y

1)

A< \/pﬁclU"" = ppcl \/U”i ) (by Result 3.7) (=U, say). Now F*, .. F'% € F

such that Uyt 4F for 2 . k. Now U is a fuzzy regularly pre p-closed set
containing A such that pﬂclU /j(F:fll N-NFF)=U 4(F7 N\ N\NETF).
Conversely, let B be a prefilterbase in X having no fuzzy pS-cluster point in A.
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Then by hypothesis, there is a fuzzy regularly pre [-closed set C' containing A
such that for some finite subcollection By of B, (A By) 4C. Then (A By) 4A. By
Theorem 4.4 (b) = (a), A is fuzzy pre f-compact set.

From Theorem 4.4, Theorem 4.5 and Theorem 4.8, we have the characteriza-
tions of fuzzy pre f-compact space as follows.

Theorem 4.9. For an fts X, the following statements are equivalent :

(a) X is fuzzy pre f-compact,

(b) every fuzzy net in X pB-adheres at some fuzzy point in X,

(c) every fuzzy net in X has a pB-convergent fuzzy subnet,

(d) every prefilterbase in X pB-adheres at some fuzzy point in X,

(e) for every family {B, : o € A} of non-null fuzzy sets with [/\pﬁclBa] = 0y,
aEA

there is a finite subset Ao of A such that ( /\ B,) = 0x,

aclNg

(f) for every prefilterbase B in X with N{pBclB : B € B} = 0x, there is a finite
subcollection By of B such that N{pBintB : B € By} = Ox,

(g) for any family F of fuzzy pre 5-closed sets in X with \ F = Ox, there exists a
finite subcollection Fo of F such that N{pBintF : F € Fy} = 0x.

Theorem 4.10. An fts X is fuzzy pre B-compact if and only if for any collection
{F, : o € A} of fuzzy pre [-open sets in X having finite intersection property
N{pBclF, : o € A} # 0x.

Proof. Let X be fuzzy pre -compact space and F = {F, : « € A} be a col-
lection of fuzzy pre [-open sets in X with finite intersection property. Suppose
NpBclF, : o € A} = 0x. Then {1x \ pSclF, : a € A} is a fuzzy pre [-
open cover of X. By hypothesis, there exists a finite subset Ag of A such that
1x = V{pBcl(lx \ pBclF,) : a € Ao} = {lx \ pBint(pBclF,) : a € A} <
V{lx \ F, : a € A} = 1x\ /\ F, = /\ F, = Ox which contradicts the fact

aElg aENg
that F has finite intersection property.

Conversely, suppose that X is not fuzzy pre f-compact space. Then there is a
fuzzy pre -open cover F = {F, : @ € A} of X such that for every finite sub-
set Ag of A, \/{pBclF, : o € Ao} # 1x. Then 1x \ V{pBclF, : a € Ag} # 0x =
/\ (1x \pBclF,) # 0x, for every finite subset Ay of A. Thus {1x\pSclF, : a € A}

aENg
is a collection of fuzzy pre [-open sets with finite intersection property. By

hypothesis, /\pﬂcl(lx \ pBclFy,) # Ox, ie., 1x \ \/pﬁmt(pﬁcha) #+ 0x =

aEA a€el
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\/pﬂint(pﬁcha) # 1x. Hence \/Fa # 1y, a contradiction as F is a fuzzy

a€A acA
pre (-open cover of X.

Definition 4.11. Let {S, : n € (D,>)} be a fuzzy net of fuzzy pre B-open sets in
X, i.e., for each member n of a directed set (D,>), S, is a fuzzy pre S-open set
in X. A fuzzy point x, in X is said to be a fuzzy pB-cluster point of the fuzzy net
iof for every n € D and every fuzzy pre B-open q-nbd V' of z,, there exists m € D
with m > n such that S,,qV .

Theorem 4.12. An fts X is fuzzy pre 5-compact if and only if every fuzzy net of
fuzzy pre B-open sets in X has a fuzzy pB-cluster point in X.

Proof. Let U = {S,, : n € (D,>)} be a fuzzy net of fuzzy pre S-open sets in a
fuzzy pre B-compact space X. For each n € D, let us put F,, = pScl[\/{S,, : m € D
and m > n}]. Then F = {F, : n € D} is a family of fuzzy pre S-closed sets in
X with the condition that for every finite subcollection Fy of F, A{pBintF : F €
Fo} # Ox. By Theorem 4.9 (a)= (g), /\ F # Ox. Let 2, € /\ F,. Then

neD neD
To € F,, for all n € D. Thus for any fuzzy pre -open ¢-nbd A of z, and any

n € D, Aq[\/{Sn : m > n}]| and so there exists some m € D with m > n and
AqS,, = x, is a fuzzy pp-cluster point of U.

Conversely, let F be a collection of fuzzy pre [-closed sets in X with the con-
dition that for every finite subcollection Fy of F, A{pfintF : F € Fy} # Ox.
Let F* denote the family of all finite intersections of members of F directed by
the relation >’ such that for Fy, Fy, € F*, F; > F, if and only if F} < F5.
Let F* = pBintF, for each F' € F*. Then F* # 0x. Consider the fuzzy net
U = {F* : F € (F*,>)} of non-null fuzzy pre f-open sets of X. By hy-
pothesis, U has a fuzzy pS-cluster point, say z,. We claim that xz, € AF. In
fact, let F' € F be arbitrary and A be any fuzzy pre p-open ¢-nbd of x,. Since
F € F* and =z, is a fuzzy ppB-cluster point of U, there exists G € F* such that
G > F (e, G < F) and G*'qA = GqA = FqA = z, € pBclF = F, for each
FeF=ux,e A\NF=NA\F#0x. By Theorem 4.9 (g) = (a), X is fuzzy pre
[-compact space.

Definition 4.13. A fuzzy cover U by fuzzy pre -closed sets of an fts (X, ) will
be called a fuzzy pB-cover of X if for each fuzzy point x, (0 < a < 1) in X, there
exits U € U such that U s a fuzzy pre B-open nbd of ..

Theorem 4.14. An fts (X, 1) is fuzzy pre f-compact if and only if every fuzzy
pB-cover of X has a finite subcover.
Proof. Let X be fuzzy pre [-compact space and U be any fuzzy pS-cover of X.
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Then for each n € N (the set of all natural numbers) with n > 1, there exist
U} € U and a fuzzy pre S-open set V" in X such that x,_,,, <V < U;. Then
Vi) >1—=1/n= sup{VI'(z) :neN}=1=V={V':2e X,ne N,n> 1}
is a fuzzy pre [-open cover of X. As X is fuzzy pre [-compact, there exist
ﬁmtely many points xl,xQ,.. ,Tm € X and ny,ng,...,n, € N\ {1} such that

1x = \/pﬁclV"k < \/pﬁclU"k = \/U”’“
k=1
Conversely, let U be fuzzy pre S-open cover of X. For any fuzzy point z, (0 < a <

1) in X, as supU(z) = 1, there exists U,, € U such that U, () > o (0 < a < 1).
Ueu

Then V = {pBclU : U € U} is a fuzzy pp-cover of X and the rest is clear.
The following theorem gives a necessary condition for an fts to be fuzzy pre
[-compact.

Theorem 4.15. If an fts X is fuzzy pre B-compact, then every prefilterbase on X
with at most one pB-adherent point is pfB-convergent.
Proof. Let F be a prefilterbase with at most one pg-adherent point in a fuzzy pre
[-compact fts X. Then by Theorem 4.9, F has at least one pS-adherent point in
X. Let x, be the unique pS-adherent point of F and if possible, let F do not pS-
converge to x,. Then for some fuzzy pre f-open g-nbd U of z, and for each F' € F,
F L pBclU, so that F AN{1x\pBclU} # 0x. Then G = {F A(1x \pBclU) : F € F}
is a prefilterbase in X and hence has a pf-adherent point y; (say) in X. Now
pBclU 4G, for all G € G so that x, # y;. Again, for each fuzzy pre -open ¢-nbd
V of y; and each F € F, pBclVq(F N(1x \ ppclU)) = pBcVqF =y, is a fuzzy
pB-adherent point of F, where x, # y,. This contradicts the fact that z, is the
only fuzzy pp-adherent point of F.

Some results on fuzzy pre S-compactness of an fts are given by the following
theorem.

Theorem 4.16. Let (X, 7) be an fts and A € I’X. Then the following statements
are true :

(a) If A is fuzzy pre B-compact, then so is pPclA,

(b) Union of two fuzzy pre B-compact sets is also so,

(c) If X is fuzzy pre S-compact, then every fuzzy reqularly pre 5-closed set A in X
18 fuzzy pre B-compact.

Proof. (a). Let U be a fuzzy pre S-open cover of pSclA. Then U is also a fuzzy pre
[-open cover of A. As A is fuzzy pre S-compact, there exists a finite subcollection
Uy of U such that A < \/{pBclU : U € Uy} = pBcl{\VU : U € Uy} = pPclA <

pBel{ppc\J{U : U € Up}]} = pB{\/ U : U € Uy} = \/{pBclU : U € Uy}. Hence
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the proof.

(b). Obvious.

(¢). Let U = {U, : a € A} be a fuzzy pre p-open cover of a fuzzy regularly
pre f-closed set A in X. Then for each = ¢ suppA, A(z) =0 = (1x \ A)(x) =
1 = U\{(1x \ A)} is a fuzzy pre S-open cover of X. Since X is fuzzy pre
B-compact, there are finitely many members Uy, Us, ...,U, in U such that 1x =
(pBclUy \/ ... \| pBclU,) \ pBcl(1x\A). We claim that pfintA < pBclUy \/ ... \/ pBclU,.
If not, there exists a fuzzy point z; € pfintA, but z, & (ppclUy ...\ pBcllU,), i.e.,
t > maz{(pBcllUy)(x), ..., (pBclUy,)(x)}. Aslx = (pBclUy ) ...\ pBclU,) \ pBel(1x\
A), [pBel(1x \ A)|(x) =1 =1—ppintA(z) = 1 = pPfintA(x) =0 = x; & pfintA,
a contradiction. Hence A = ppecl(ppintA) < pBcl(pBclUi\ .... \ pBellU,) =
pBclUy \/ ...\ pBeclU, (by Result 3.6 and Result 3.7) = A is fuzzy pre [-compact
set.

5. Mutual Relationship

Here we establish the mutual relationship between fuzzy almost compactness
[3] and fuzzy pre S-compactness. Then it is shown that fuzzy pre S-compactness
implies fuzzy almost compactness, but converse is true in fuzzy pre S-regular space
[1]. Tt is also established that fuzzy pre [-compactness remains invariant under
fuzzy pre [-irresolute function [1].

Since for any fuzzy set A in an fts X, pBclA < clA (as every fuzzy closed set is
fuzzy pre [-closed [1]), we can state the following theorem easily.

Theorem 5.1. Fvery fuzzy pre B-compact space is fuzzy almost compact.

To get the converse we have to recall the following definition and theorem for
ready references.

Definition 5.2. [1] An fts (X, 7) is said to be fuzzy pre B-regular if for each fuzzy
pre $-closed set F'in X and each fuzzy point z, in X with xoq(1x \ F), there exists
a fuzzy open set U in X and a fuzzy pre B-open set V in X such that zo,qU, F <V

and U 4V .

Theorem 5.3. [1] An fts (X, 7T) is fuzzy pre B-reqular iff every fuzzy pre [5-closed
set is fuzzy closed.

Theorem 5.4. A fuzzy pre 5-reqular, fuzzy almost compact space X is fuzzy pre
B-compact.

Proof. Let U be a fuzzy pre S-open cover of a fuzzy pre p-regular, fuzzy almost
compact space X. Then by Theorem 5.3, U is a fuzzy open cover of X. As X is
fuzzy almost compact, there is a finite subcollection Uy of U such that \/{clU : U €
U} = \/{pBclU : U € Uy} (by Theorem 5.3 ) = 1x = X is fuzzy pre [-compact.
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Next we recall the following definition and theorem for ready references.

Definition 5.5. [1] A function f : X — Y is said to be fuzzy pre B-irresolute if
the 1nverse image of every fuzzy pre B-open set in'Y s fuzzy pre B-open in X.

Theorem 5.6. [1] For a function f : X — Y, the following statements are
equivalent :

(i) f is fuzzy pre B-irresolute,

(ii) f(pBel A) < pBel(f(A)), for all A € IX,

(1) for each fuzzy point x, in X and each fuzzy pre 5-open q-nbd V' of f(x,) in
Y, there exists a fuzzy pre -open qg-nbd U of z, in X such that f(U) < V.

Theorem 5.7. Fuzzy pre [-irresolute image of a fuzzy pre [B-compact space is
fuzzy pre B-compact.

Proof. Let f: X — Y be fuzzy pre (-irresolute surjection from a fuzzy pre (-
compact space X to an fts Y, and let V be a fuzzy pre S-open cover of Y. Let z € X
and f(x) =y. Since sup{V (y) : V € V} = 1, for each n € N (the set of all natural
numbers), there exists some V* € V with V*(y) > 1—1/n and so y1/,qV;". By fuzzy
pre fS-irresoluteness of f, by Theorem 5.6 (i)= (iii), f(U}) < V., for some fuzzy
pre -open set U in X g-coincident with x4 ,,. Since U (z) > 1—1/n, sup{U; (z) :
ne€N}=1 ThenUd = {Ur :n € N,z € X} is a fuzzy pre S-open cover of X.

k

By fuzzy pre S-compactness of X, \/pﬁclU "i = 1y, for some finite subcollection
i=1

k k
(U, ..U} of U. Then 1y = f(\/pBelUy) = \/ f(pBclU) < \/ Bel(f(UM))
i= =1 =1

k
(by Theorem 5.6 (i) = (ii)) < \/pﬁclvg_" =Y is fuzzy pre [S-compact space.
i=1
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