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Abstract: Two distinct theorems are presented in this manuscript. The first one
establishes the existence of coincidence points and the g-weakness of M? metric
space. The Reich contraction principle produces a unique common fixed point for
two maps, as illustrated in various examples. Second, same concept is used to
identify common fixed point for four self maps. The Kannan and Banach contrac-
tion principles were applied in conjunction with extra requirements to get the fixed
points as corollaries. This theorem’s approach was used to solve several examples.
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1. Introduction and Preliminaries

Many academics have tried to generalize and enlarge metric spaces. Take a
non-empty set M and distance function d : M x M — R*. Pick any z,v,z in
M. The pair (M,d) is a metric space if it satisfies d(z,y) = 0 & = = y;d(z,y) =
d(y,z);d(x,y) < d(z,z)+d(z,y). For example Mitrovic’ and Radenovic’ [7], Kara-
han and Isik [4], and Asim et al. [1] suggested the b,(s)- metric, p’- metric, and M,
- metric spaces. The generalization of b,(s)—- metric, p2- metric, and M, - metric
spaces is M?- metric space, introduced by Joshi et al. [3] in 2021. M?- metric
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space’s definition and theorems that aid in understanding the proof are provided
below. One of the most common real-world applications of metric spaces is dis-
tributed similarity queries [10]. However, as the internet grows, data is getting more
complex. Thus it is challenging to use traditional metric similarity searches due to
the data’s richness, and diversity in both space and time. One of the most crucial
aspects of deep metric learning is to find the correct distance metric [5] based on
the data. Distributed data processing is now seeing tremendous growth in both
the data management sector and academia due to the widespread use of mobile
devices. Scalable metric space is necessary to provide successful query services or
accurate distance metric. The structure of this work is as follows. The idea is to
explain the presence of coincidence points for self-maps in this M?’- metric space.
If the self-maps are weakly compatible pairs, then these maps have a unique com-
mon fixed point. This claim is ascertained through resolving issues. The examples
are written in such a way that distance function between the identical locations
have a non-zero value. Inspired by Rangamma’s et al. [8] theorem, the common
fixed point for four self-maps is determined in a cone rectangular metric space, by
substituting the cone rectangular metric space with the excellent metric space in-
troduced by Joshi et al. The literature has comprehensive information[1-10]. This
theorem is shown using instances.

The following information would help to understand the theorems.

Definition 1.1. [6] Let (M, d) be a metric space and A, B : M — M be two single
valued functions. The functions A and B have coincidence point x if Ax = Bx = w
forw € M, and w is called a point of coincidence of A and B. The point x is
called a common fized point of A and B if w = x.

In 2017, Mitrovic’ and Radenovic’ initiated the b,(s) metric space.

Definition 1.2. [7] For a non-empty set M with a real number s > 1, v € N and
a distance functionf : M x M — RT satisfying

1) f(z,y) =0z =y

2) f(z,y) =0

3) f(z,y) = f(y,z)

1) Fry) < S[F, 21) + F(21,2) + o+ Fz0 1)

where x,z1, za, .2,y are distinct and belong to M, the pair (M, f) is the b,(s)
-metric space.

In 2018, Karahan and Isik created the p? partial metric space.

Definition 1.3. [4] For a non-empty set M with a real number s > 1, v € N and
a function h : M x M — R" satisfying
1) h(z,y) = Wz, x) = h(y,y) & =y
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2) h(z,x) < h(z,y)

3) h(z,y) = h(y, x)

4) h(:v,y) < S[h(l‘, Zl) +o Tt h(zv,y)] o Z;:l h(’zja Zj)

where {x, 21, 22, .24,y } € M, the pair (M, h) is a p° - partial metric space.
In 2019, Asim et al. introduced the M,- metric space.

Definition 1.4. [1] For a non-empty set M, v € N and a map g : M x M — R
satisfying
1) g(z,y) =g(z,2) =g(y,y) Sz =y
2) 9oy = min{g(z, v),9(y,y)} and g., < g(z,y)
3) g(x,y) = g(y, x)
4) l9(2,y) — goy) < {lo(z,21) = Goa] + o+ [9(20, ) — G200}
where ., 21, 29, ...2y, Yy are distinct and belong to M, the pair (M, g) is a M, -metric
space.
In 2021, Joshi et al. proposed the M? - metric space.

Definition 1.5. [3] For a non-empty set M with a real number s > 1,v € N and
a distance function fo: M x M — R satisfying.

1) f)(zy) = fi(z,2) = fily.y) &z =1y,

2) oy < fol2,y)

where le)]x,y = mm{fé’(m, LU), f1l)7<y7 y)}7 and ng,y = maX{ff(‘ru Zﬂ), f'zl))(y7 y)}

3) folz,y) = fi(y,x)

4 1F2(@,9) = fray) < sU (@ 20) = fop ] (£ (o ) = f, 1 = 2000 (25, %)
where T, 21, %2, .24,y are terms of M, the pair (M, f°) is an M? - metric space.

Definition 1.6. [3] i) A sequence {y,} in (M, f°) is fo-convergent to y € M if
and only if lim as p tends to +infinity (f2(yp,y) — Sypvy) tends to zero.

i) A sequence {y,} in (M, f2) is fl- Cauchy Sequence if and only if lim as p, q
tends to +infinity (f°(yp, y,) — fypqu) and (quypqu - f}’ymyq) exists and are finite.

iii) BEvery f° - Cauchy sequence {y,} in (M, f2) converges to y € M such that lim

as p,q tends to +infinity (f(Yp, Yq) = fiy, 4,) and (Fp, = fi,,.) tends to zero.

Definition 1.7. [3] Let (M, f) be an M? - metric space with coefficient s > 1,
v € N and self map B : M — M satisfies f2(Bx, By) < pufl(x,y) with 0 < p < QLS
and x,y € M. Construct a sequence {y,} such that y,1 = By, q € Ny € M. If
{y,} converges to y then {By,} converges to By, when limit ¢ — oo is applied.

Definition 1.8. [3] Let (M, f°) be an M? - metric space with coefficient s > 1,
v € N and self map B : M — M satisfies f2(Bx, By) < u[f°(x, Bx)+ f(y, By)] with
< % and z,y € M. Then, B has a unique fived point y* such that f2(y*,y*) = 0.
Select yo € M, the sequence of iterates {B"yo} C M converges to y* € M.



334 South FEast Asian J. of Mathematics and Mathematical Sciences

Definition 1.9. [6] Let (M, d) be a metric space and A, B : M — M be two single
valued maps. If the maps A and B are weakly compatible then they commute at
their coincidence point x, i.e. Av = Bx = ABx = BAx.

Definition 1.10. [6] Let f, g : X — X be two self-mappings and (X, d) be a metric
space. The mapping f is called g-weak contraction for any x,y in X and o, 5,7 €

0,1);a + B+ v < 1 satisfies d(fx, fy) < ad(gz, gy) + fd(gz, fz) + vd(gy, fy).

Definition 1.11. [9] Let (X,d) be a metric space and «, 3,y € [0,1). For any
r,y € X, kx,ky € X Since k : X — X be a self-map. For a < 1, if k satisfies
d(kz, ky) < ad(z,y) then k is known as Banach-type contraction. For 4+ v < 1,
if k satisfies d(kz, ky) < Bd(z, kz) + vd(y, ky) then k is known as Kannan-type
contraction. For o+ p + v < 1, if k satisfies d(kz, ky) < ad(z,y) + Bd(z, kx) +
~vd(y, ky) then k is known as Reich-type contraction.

Example 1.12. i) If W = [0, 1], and distance function d(z,y) = |z — y|?, then we
can see that (W, d) is a metric space.

ii) Let W = [0, 1], and a map is defined as n’(z, y) = |z—y|?. By simple calculation,
it can be shown that (W, n?) is an M’-metric space for any v and s. And it is also
a metric space.

iii) If W = [0,1] and nb(x,y) = min{|z|, |y|}, then it is clear that (W,n?) is an
Mp?-metric space for any v and s. But (W, n?) fails to be a metric space because
nb(x,x) = |z| and nb(x,z) # 0.

iv) Every metric space is an M’-metric space, but not every M?’-metric space is a
metric space.

v) If W = [0,1] and a map is defined as n’(z,y) = |z — y| + |z|, then (W, nl) is
neither an M?-metric space nor a metric space. Symmetry condition fails n%(z, y) =

|z —y| + |z # nb(y, ) = |y — | + [y]-
2. Main First Result

In this section we have formulated the theorem given by Malhotra et al. [6]
within an M? -complete metric space, a generalized metric space.

Theorem 2.1. Let (D,mb) be an M? - complete metric space with coefficients
s> 1 and v € N. Let two self maps 4, B : D — D satisfy

my(Bz, By) < almy(Az, ay)] + Blmg(Bz, Az)] + v[mg(By, Ay)].

Assume that B satisfies A -weak contraction with a+p+v < %; a>0,>0,v>0
and for all x,y € D.

If (D) C 4(D) and B(D) or A(D) is a complete subspace of D then the mapping
B, 4 have a unique coincidence point in D. Moreover, if B and 4 are weakly
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compatible pairs, then B and A4 have a unique common fixed point in D.

Proof. Let z( represent any random point of D. Because B(D) C 4(D), we may
select a point x1 € D at which Bry = Az;. In this manner, a sequence may be
gathered. For x,, € D we can locate x,.1 € D such that Bz, = 4x,.,1. Let’s say
that the sequence be {y,} C D and that y,, = Bz, = 4x,.; where n =0,1,2,3....

M2 (Y Ynt1) = Miy(BEn, Brni1) < a[mb(Azy, ATnir)]
+ BImP(Bx,, Ay) + Y[ (Bs1, Api1)]
< a[my (Yn—1: Yn)] + B (Y Yo1)] + VM3 (Yns1, Y)]
(1= )M (Y Y1) < almg (Y1, yn)] + Bl (Yns 1))

a+pf
Y (Yns Ynt1) < 1) [0 (Y Yn—1)] = [y (Y1, Y]
a+p a+p
< ()" [ (yo, y1); <l p= :
()l T
For any m,n as limn,m — oo lim  m’(ynym) — 0; lim mgyn g 03
n,1M—00 7,M—00 I
n}:Lr—I}oo e (YnYm) — mzymym — 0 and n?l’rlzr—I}oo Mfymym — mf}ymym = 0.

From the definition 1.6, we see that {y,} as the Cauchy sequence in the set D.
Because M? is a complete metric space, all Cauchy sequences are convergent. As
a result {y,} is m2-convergent sequence in the set D and there exists z € D such
that y, — 2.

If B(D) is a complete subspace of D, then z exists in B(D) C A4(D) such that
Yn — z and Bx,, — z. In order to prove that z = Bx, we can identify x € D such
that z = 4z. As inferred from the definition m%(z, Bx) = m?(z, z) or m’(z, Bx) =
mb(Bx, Bx) is implied when m?(z, Bx) — m}, 5, = 0. Hence, we arrive at z = Bx
and z = Bxr = 4z. x is the coincidence point in P as a result. Similarly, if 42(D)
is a complete subspace of D, then there exists 2z’ € 4(D) such that y, — 2’ and
Ar,.1 — Z. we may locate ' € D such that 2/ = 42’ to get 2/ = Ba’. So,
2 = B2’ = 42’. As a result 2’ is the coincidence point in D. In both situations,
coincidence points z, 2’ in D exist. The points of coincidence are z, 2’.

To demonstrate that z = 2/, and the point of coincidence z, 2z’ are distinct. z =
Br = Az and 2’ = B’ = Ax'. mb(z,2) < [mi(z,2)] and mb(2,2") < [mb(z,2')]
taken from the definition 1.5.

my(z,2") < almy(2,2)] + Blmy(z, 2)] +v[my(',2)] < {a+ B+ y}Hmi(z,2)] <
[m8(z,2")]. Due to a+ 3+~ < 1/s < 1, an inconsistency exists here. So 2z = 2/
and 2/ = Bx' = Ar' = z = Br = Ax are true. Therefore z = 2’ is the point of
coincidence in D and the point of coincidence in D is unique.
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If B and 4 are weakly compatible, then Bz = Bar = 4Bxr = 42 = Bz = 4z = w.
w is another point of coincidence, however because of the uniqueness point of
coincidence w = z. There is only one point z € D so that Bz = 4z = z.z is the
singular common fixed point of the self-mappings B and 4. Hence the theory is
established.

Example 2.2. To show the distance function between same points is not
zero. The definition of d : W xW — W is d(z,y) = max{z,y} for every =,y in the
nonempty set W = R*. d satisfies all the characteristics of definition 1.5. (W, d) is
an M?- metric space for any s > 1 and v. Metric space means d(z,y) =0 < z = .
Due to the fact that d(x,y) # 0 when = = y{d(2,2) = 2 # 0}, this example is not
a metric space.

Example 2.3. Let Q = {a,b,c,d} and the map m? : Q x Q — R* be defined as
) o(2,y) = (0,0) for & = y and mj(z,y) = m}(y, v).

(a> b) = (3,9).

) =mg(b,c) = (1,3).
) (a,d) = my(b,d) = my(c,d) = (4,12).
If BA:Q — Q are self maps given by B(a) = B(b) = B(c) = ¢, B(d) = a and
A(a) =0, A(b) = a,A(c) = ¢, A(d) = d, then find the common fixed point for A
and B. Apply Theorem 2.1.
Solution. The map m? is expressed in Table 1.

\_/
@@‘C @‘@

—

S

o

m? a b c d
a | (0,0) | (3,9 | (1,3) | (4,12)
b | (39 | (0,0) | (1,3) | (4,12)
c | (1,3) | (1,3) | (0,0) | (4,12)
d | (4,12) | (4,12) | (4,12) | (0,0)

Table 1: The Map m?

With values of s = 1 and v = 2, the pair (Q,m®) is an M’-metric space. There
are several potential values for a, 5,y with a + 0+ v < %; a>0,8>0~y2>0.
Specifically, pick @« > 1/8 and a + f + 7 = 3a < %, if a = = 7. Select
o =L s = 1. mb(Ba, By) < almb(Av, Ay)] + B[mb(Br, Az)] + 5[m!(By, Ay)).
(1,3) < 1/4[(4,12) + (0,0) + (4,12)]. For various combinations listed in Table
2, the conditions of theorem may be confirmed. This pair (Q,m%) fulfils all of
Theorem 2.1’s inequalities and is an M? -metric space for v € N; a = 8 = v = 71
and s = 1. So the unique common fixed point is “c”.
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z,y | Bx,By | Azx,Ay | Az, Bz | Ay, By | mY(Bz, By) b(Az, Ay) | mP(Ax, Bx) b (Ay, By)
a, a c, C b, b b, ¢ b, c (0, 0) (0, 0) (1, 3) (1, 3)

a, b c, C b, a b, c a, c (0, 0) (3,9) (1, 3) (1, 3)
a, c c, C b, ¢ b, ¢ ¢, C (0, 0) (1, 3) (1, 3) (0, 0)
a, d c, a b, d b, ¢ d, a (1, 3) (4, 12) (1, 3) (4, 12)
b, b c, c a, a a, c a, c (0, 0) (0, 0) (1, 3) (1, 3)
b, c c, c a, c a, c c, ¢ (0, 0) (1, 3) (1, 3) (0, 0)
b, d C,a a, d a, ¢ d, a (1, 3) (4, 12) (1, 3) (4, 12)
c, c c,c c, c c, c c, c (0, 0) (0, 0) (0, 0) (0, 0)
c, d c, a c, d c, C d, a (1, 3) (4, 12) (0, 0) (4, 12)
d, d a, a d, d d, a d, a (0, 0) (4, 12) (4, 12) (4, 12)

Table 2: Different values of z,y

Example 2.4. Validate Theorem 2.1. The map m® : M x M — R*, where M =
0,1] be defined by m?(z,y) = |x — y|. Let the self maps be B, A : [0,1] — [0,1],
where

Br=7/8 x€l0,1/2]
=5/6 z€(1/2,1]

Ar=1  z€0,1/2]
=5/6 ze(1/2,1)
=7/8 z=1

Solution. The map m? : M x M — R is an M?- metric space. There are a wide
range of options for o, 8,y with a+f+7< 3 a>0,8>0,7>0. fa=5=1~

then%<o¢anda+ﬁ+7:3a<%. Takeoz:%;s:l. When z =1,y € [0,1/2]

my(Bz, By) < a[m;(Azx, Ay)] + B[m; (B, Ax)] + y[m}(By, Ay)].
15/6 —7/8] < (|7/8 — 1] +|5/6 — 7/8| +|7/8 —1])a
1/24 < (1/8+1/24 4+ 1/8)1/5

Note: mb(x,z) = 0.
All of Theorem 2.1’s inequalities are satisfied by this pair (M, m%), which is an M?-
metric space forv e Nya==v= % and s = 1. As a result, the unique common
fixed point is 5/6.(5/6 = A5/6 = B5/6). All probable instances are shown in Table

3 below for verification.
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S.N. Case Bz — By| < Az — Ay] Bx — Ax| By — Ay|

1 =,y € [0,1/2] 7/8 — 7/8] = 0 S i-1=0 7/8 — 1] = 1/8 7/8 — 1] = 1/8

3 ze0,1/2L,y € (1/2,1) | [7/8—5/6]=1/24 | < | [1—5/6]=1/6 7/8 — 1] =1/8 5/6 —5/6] = 0

3 ze[0,1/2],y=1 7/8 —5/6] =1/24 < 1—-7/8=1/8 7/8 —1] =1/8 5/6 —7/8] =1/24
1 z € (1/2,1),y € [0,1/2] | [5/6 —7/8| =1/24 | < | [5/6 — 1] =1/6 5/6 —5/6] = 0 7/8 1] = 1/8

5 z,y € (1/2,1) 5/6 —5/6] = 0 < [ [5/6—5/6]=0 5/6 — 5/6] = 0 5/6 — 5/6] = 0

6 ze(1/2, 1),y =1 5/6 —5/6] =0 < [ 15/6 —7/3[=1/24 | |5/6 —5/6] =0 5/6 — 7/8] = 1/24
7 z =1,y €[0,1/2] 5/6 —7/8| =1/24 | < | [7/8— 1] =1/8 576 —7/8] = 1/24 | [7/8 — 1| =1/8

B z=1,y€ (1/2,1) 5/6 — 5/6] = 0 < [ [7/s—5/6[=1/24 | |5/6 —7/8| =1/24 | |5/6 —5/6] =0

9 T =1,y=1 5/6 —5/6] =0 < [ [7/5—7/8 =0 576 —7/8] = 1/24 | |5/6 — 7/8| = 1/24

Table 3: Various values of =,y

Example 2.5. Check Theorem 2.1 for map m? : M x M — R* and M = [0, 1]
satisfy the following

X . —
25 =0
0; T =

HERNEREN

m,(T,y) =4 _0
2 r=
Tty .
P else

And B, A:[0,1] — [0, 1] be such that

Bx =6/7T x€]0,1/2]

=5/6 xe€(1/2,1]
Az =4/5 z€]0,1/2]

=5/6 xe(1/2,1)

=6/7T x=1

Solution. Clearly, the pair (M, m?) is an M?- metric space for any v € N and any
s > 1. We cannot select values for a, 8,7 with a4+ 3+ v < %; a>0,8>0,v>0;
such that m®(Bz, By) < a[mb(Ax, Ay)] + B[mb(Bz, Az)] + v[mb(By, Ay)]. If z €
(0,1/2] and y € (1/2,1) then 71/113 < «(49/79) + 5(58/93). If = € (0,1/2] and
y = 1 then 71/113 < «(58/93) + £(58/93) + ~(71/113). The mapping B is not
A-weak contraction. Consequently, Theorem 2.1’s requirements are not confirmed.
Despite the fact that the unique common fixed point is 5/6, (5/6 = A5/6 = B5/6),
Theorem 2.1 does not apply to this situation.

3. Second Result
As the second result, motivated by Rangamma et al [8], we show the following
theorem.

Theorem 3.1. Let (W,mb) be an M?-complete metric space, and assume that
K, LM, and N : W — W be four self-mappings of W that satisfy either one of the
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following inequality conditions for any x,y € W and o, B,y > 0 with a+5+7v < %

mb(Kz, Ly) < am®(Mz, Ny) + 8mb(Mz, Kz) + ym’(Ny, Ly). (3.1)

mb(Kz, Ky) < am?(Mz, My) + m?(Mz, Kz) + ymb(My, Ky). (3.2)

m?(Lx, Ly) < am?(Nz, Ny) 4+ Bmb(Nz, Lz) + ym:(Ny, Ly). (3.3)

If K(W) C N(W),L(W) C M(W) and one of K(W),N(W), L(W), M(W) is a

complete subspace of W, then the pairs (K, M) and (L, N) have a unique point
of coincidence in W. Additionally, if the pairs (K, M) and (L, N) are weakly
compatible then K, L, M, N have a unique common fixzed point in W.

Proof. Let xy be any random point in W. Construct a sequence {y,} that is
applicable to every n > 0 and yo, = Kxo, = Nxg,y1 and yo,11 = Lxo,y1 =
Mzoy o {K(W) C N(W),L(IW) C M(W)}.

My (Yont1, Yant1) = M (K Ton 1, Lgn )
< osz,(Mx%H, Nzgyi1) + ﬁmZ<Mﬂf2n+1a Kxoni1) + WWZ(NCU%H, Lxon 1)
< amy (Yan, Yan) + Bm (Yo, Yans1) + 700 (Y2n, Yoni1)
MY (Yons1, Yont1) = M (Kon i1, Kapi)
< aml(Mzani1, MToni1) + Bml(Mzonir, Kaopir) + ymi(Maa i1, K Lto,i1)
< amy (Yan, Yan) + BmY (Yan, Yans1) + 105 (Y2n, Yoni1)
mi’,(yznﬂ, Yont1) = mg(L$2n+17 Lxani1)
< amy(Nagn i1, Nogn i) + Bm(Nagn i1, Lagn 1) + ymy(Nagn 1, Lgn 1)
< amZ(an, Yan) + 5m2(y2n; Yont1) + WTLZ(yzm Yont1)
We reached the same findings using the three inequalities presented in the theorem

for yon1 and yon41. Likewise, for o, and ys,11. So, we would just take into
account the first inequality (3.1).

mg(y2n7y2n+1) = mg(KxQna L$2n+1)
< amb (Mo, Nooy1) + Bmb(Mxa,, Kze,) + yml (Nxgy i1, Lo, 1)

< amZ(yzn_l, Yon) + 6m2(y2n—17 Yon) + WnZ(yzm Yon+1)

(1 — )M (Yan, Yant1) < (@ + B)mE(Yan—1, Yon)
+ 3

a
m (Yan, Yont1) < mmg(ym—h Yon)

a+p

mg(anaan-&—l) S Mmg(yZTL—l’y?n) where H = 1— v <L
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i - b b
Apply limit p,q — oo to any p,q to get pginoo[mv(yp,yq) — mvyp’yq] = 0 and
: b b . oy . b .
p}lqanOO[nypﬁyq — mvyp,yq] = 0. The definition 1.6 gives m?- Cauchy sequence {y,} in

(W, m?P). Given that W is an M?- complete metric space, every Cauchy sequence

must be convergent and have a finite limit. Assume g be the limit.

If M (W) is a complete subspace of W, then g € M (W) exists such that lim yo,11 =
n—oo

lim Mxo,,9 = g. There is always an z in W where ¢ = Mz be found. To establish
n—oo

Kx = g, which implies that mb(Kz,g) = mb(g,g) OR m’(Kw,g) = m’(Kz, Kz),
we can demonstrate mf(Kx,g) — mby, , = 0. So, Kz = g and g = Kz = Mu.
Consequently, x is the coincidence point in (M, K) and g is the point of coin-
cidence in W. Considering that K(W) C N(W), there must be some 2z’ in N
where N2’ = ¢g. It is evident that Laz’ = g and ¢ = Lz’ = Na' from definitions.
Then 2’ is the coincidence point in (L, N) and g is the point of coincidence in
W.g = Mx = Kx = Na' = La’. The pairings (M, K) and (L, N) be weakly com-
patible mappings. Take gl and g2 be two points of coincidence in W such that
Kg= KMz = MKx = Mg =gl and Lg = LN2' = NLx' = Ng = g2. Simple
math indicates that m®(g1,g2) < m’(g1,g2) if g1 # g2. A contradiction exists
here. g1 = g2 is therefore true, and the coincidence point is unique.

Furthermore, Kg = KMz = MKx = Mg=gl = Lg= LNx' = NLx' = Ng = g2
indicates that Kg = Mg=Lg=Ng=gl =¢g2and g = Kx = Mx = N2/ = Lx'.
The point of coincidence is unique. So, g = g1 = g2. As aresult, g = Kg = Mg =
Lg = Ng is obtained. The common fixed point of K, L, M, N is then g. If h is
another common fixed point of K, L, M, N, then h = Kh = Mh = Lh = Nh. Let
g # h. We can see from the definitions that it is a contradiction, hence g = h. The
unique common fixed point of K, L, M, and N is “g”.

If K(W), N(W), or L(W) is a complete subspace of W, then (K, M) and (L, N)
have a unique point of coincidence in W. If the pairs (K, M) and (L, N) are weakly
compatible, then K, L, M, N have a unique common fixed point in W. Therefore, g
is the unique common fixed point of K, L, M, N. Theorem’s proof is now complete.

Corollary 3.2. Banach contraction principle
Let (W, m?) be an M?-complete metric space, and assume that K, L, M, and N :
W — W be four self-mappings of W that satisfy either one of the following in-
equality conditions for any x,y € W and 0 < a < %; s>1.

my(Kz, Ly) < am;(Mz, Ny)

my(Kz, Ky) < am;(Mz, My)
If K(W) C N(W),L(W) C M(W) and one of K(W),N(W), L(W), M(W) is a
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complete subspace of W, then the pairs (K, M) and (L, N) have a unique point of
coincidence in W. Additionally, if the pairs (K, M) and (L,N) are weakly com-
patible then K, L, M, N have a unique common fized point in W.

Proof. The proof is obtained by inserting § = 0 and v = 0 in Theorem 3.1.

Corollary 3.3. Kannan contraction principle

Let (W,mP) be an M?-complete metric space, and assume that K, L, M, and N :
W — W be four self-mappings of W that satisfy either one of the following in-
equality conditions for any x,y € W and B,y > 0 with f+ v < %; s> 1.

mb(Kz, Ly) < Bmb(Mz, Kz) + ym’(Ny, Ly).
mb(Kz, Ky) < fmb(Mz, Kz) + ymb(My, Ky).

If K(W) € N(W),L(W) C M(W) and one of K(W),N(W), L(W), M(W) is a
complete subspace of W, then the pairs (K, M) and (L, N) have a unique point
of coincidence in W. Additionally, if the pairs (K, M) and (L, N) are weakly
compatible then K, L, M, N have a unique common fixed point in W.

Proof. We get the proof by changing a = 0 in Theorem 3.1.

Example 3.4. Find common fixed point (use Theorem 3.1). Let m? : Q x Q —
R*,Q = [0,1] is defined by m?(z,y) = |r — y|. Let the self-maps be K, L, M, N :
[0,1] — [0, 1], where

Ke=17/8 a€l0,1/2]
=5/6 z e (1/2,1]
Lx =67 x €[0,1/2]
=5/6  ze(1/21]
Mz=4/5  x€[0,1/2]
=5/6  we(1/21)

=6/7 r=1

N =1 v €[0,1/2]
—5/6  xe(1/2,1)
=7/8 r=1

Solution. The map m? : Q x Q@ — R* is a complete metric space for any s, v.

Pick s = 1 and v = 2. There are several alternative choices for «, 3,y with

a+pB+y<ia>08>0v>0; such as (« = 0.1,8 = 0.6,7 = 0.1) or
= 0.

(o =026 = 6.5,7 1). Especially if « = § = v then a + f+ v = 3a < %
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Select & = %, s = 1 and in the case where z € [0,1/2];y = 1;

mb(Kz, Ly) < a[mb(Mz, Ny)] + B[m}(M=z, Kz)] + y[m)(Ny, Ly)].
|7/8 =5/6] < (|4/5—"T7/8| 4+ 14/5—T7/8| 4+ |7/8 — 5/6|)«x
1/24 < (3/40 + 3/40 + 1/24)1/4

Note: m?(z,z) = 0.

v
Multiple cases of x and y are presented in Table 4, for reference.

z

Case Kz — Ly| Mz — Ny| Mz — Kz Ny — Ly]|

S. <
1 z,y € [0,1/2] 7/8 —6/7] =1/56 | < i/5—1]=1/5 1/5 — 7/8| = 3/40 T—6/7 =1/7
2 = €0,1/2],y € (1/2,1) 7/8 —5/6| = 1/24 | < 4/5 —5/6] = 1/30 | |4/5 — 7/8| = 3/40 | |5/6 —5/6] =0
3 z€0,1/2,y =1 7/8 —5/6| =1/24 | < 4/5 —7/8| = 3/40 | [4/5 —7/8| = 3/40 | [7/8 —5/6] = 1/24
1 z € (1/2,1),y € [0,1/2] 5/6 —6/7 =1/42 | < 5/6 — 1] =1/6 5/6 — 5/6] = T—6/7=1/7
5 z,y c (1/2,1) 5/6 —5/6] =0 < 5/6 —5/6] =0 5/6 — 5/6] = 5/6 —5/6] =0
6 ze (1/2,1),y=1 5/6 — 5/6] = 0 < 5/6 — 7/8| = 1/24 | |5/6 —5/6] =0 7/8 —5/6| = 1/24
7 z=1,y€[0,1/2] 5/6 —6/7 =1/42 | < 6/7 — 1| =1/7 6/7 —5/6] = 1/42 1—-6/7=1/7
3 z=1,y€ (1/2,1) 5/6 —5/6] =0 < 6/7 —5/6] = 1/42 | [6/7 —5/6| = 1/42 | |5/6 —5/6] =0
9 z=1,y=1 5/6 —5/6] = 0 < 6/7 —7/8| = 1/56 | [6/7 —5/6| = 1/42 | |7/8 —5/6] = 1/24

Table 4: Different cases of x,y

This pair (Q,m?) is an M? -metric space for v =2 € Nya = 8 = v = i and

s = 1. Simple calculations demonstrate that (K, M) and (L, N) are compatible.
r€[0,1/2]KMz = K4/5=5/6; MKx = M7/8 =5/6.

v € (1/2, 1) KMz = K5/6 = 5/6; MKz = M5/6 = 5/6.

v =1, KMz = K6/7=15/6; MKz = M5/6 = 5/6.

v €0,1/2); LNz = L1 = 5/6; NLz = N6,/7 = 5/6.

v € (1/2,1); LNz = L5/6 = 5/6; NLz = N5/6 = 5/6.

r=1,LNx=L7/8=5/6; NLr = N5/6 = 5/6.

(5/6 = K5/6 = L5/6 = M5/6 = N5/6)

All of Theorem’s 3.1 requirements are satisfied. As a result, the unique common
fixed point is “5/6”.

Example 3.5. The distance function m®(x,y) = max{|z|,|y|} for any x,y in
W =[0,1]. Let K,L,M,N : W — W be four self-mappings defined by Kz =
x/4; Lx = x/8; Nx = x/2; Mz = x. To find unique fixed point, apply Theorem
3.1.

Solution.

Note: Take notice that m®(x, z) = z and m®(x, z) # 0.

(W, mP) is an M?- complete metric space for v = 2 € N and s > 1 is obvious.
It is clear that K(W) C N(W) and L(W) C M(W). KMz = Kz = z/4 and
MKz = Mxz/4 = x/4(K, M) are compatible. LNx = Lx/2 = x/16, and NLx =
Nz/8 = x/16(L, N) are compatible. When o = 1; 8 = v = 0 the inequality below
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is correct. mb(Kx, Ly) < am?(Mxz, Ny) + fmb(Mz, Kx) + ym2(Ny, Ly).

All of Theorem’s properties are met, and there is a unique common fixed point for
K, L, M, N, which is x = 0. Theorem 3.1 has been proven, and a common point
exists and is unique.

Example 3.6. If W = [0,1], is defined as m’(z,y) = |v — y|. Let K,L, M, N :
W — W be four self mappings defined as Kz = (z/2)* Lz = (2/2)% Nz =
(x/2)% Mx = (2/2)*. Show that Theorem 3.1 is true.

Solution. Note: m®(x,z) = 0.

(W, m?) is an M?- complete metric space for any v € Nand s > 1. K(W) C N(W)
and L(W) C M(W). KMz = K(z/2) = (x/4)*, and MKz = M (x/2)* = (x/2)*/2
implies that (K, M) are NOT-compatible. LNz = L(z/2)? = (x/2)'%/28 and
NLz = N(z/2)® = (2/2)'/4 implies that (L, N) are NOT-compatible. When
a =1/2,8 = v = 0, the inequality is accurate. m®(Kx, Ly) < am®(Mz, Ny) +
pmb(Mz, Kx)+~ymb(Ny, Ly). Unique common fixed point for K, L, M, N is x = 0.
None of Theorem 3.1’s criteria are true. Despite the existence and uniqueness of
the common fixed point, Theorem 3.1 cannot be applied.

Example 3.7. If W = [0, 1] and a map defined as m®(x,y) = |z —y|, then (W, m?)
is a complete metric space for any v € N and s > 1. Assume K, L, M, N : W — W
be the four self-mappings defined as in the following:

Kr = 2*;Lx = 28, Nz = 2?, Mo = x'. Can we produce a singular fixed point
under Theorem 3.17.

Solution. Simple math indicates that K(W) C N(W) and L(W) C M(W).
KMz =Kz =2", MKz = Mx* = 2%, and (K, M) are compatible. LNx = Lz? =
2% NLx = Nz® = 2%; (L, N) are compatible. A specific sample point z = 1,y = 0
violates inequality m®(Kz, Ly) < amb(Mx, Ny) + Bm’(Mz, Kx) + ym®(Ny, Ly).
As a contradiction for the value of o, we arrive at 1 < a. Although Theorem 3.1

cannot be proved and the point is not unique, we can clearly detect two common
fixed points x =0 and x =1, for K, L, M, N.

Remark 3.8. Theorem 2.1 and Theorem 3.1 requirements are necessary, but not
sufficient. If the theorem’s prerequisites are fulfilled, a unique fixed point must
exists. A common fixed point may or may not exist if the prerequisites of the
theorem are not fulfilled.
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