South Fast Asian J. of Mathematics and Mathematical Sciences
Vol. 19, No. 2 (2023), pp. 321-330

DOI: 10.56827/SEAJMMS.2023.1902.24 ISSN (Online): 2582-0850
ISSN (Print): 0972-7752

LINEAR CANONICAL TRANSFORM AND SCHWARTZ TYPE
SPACES

B. B. Waphare and R. Z. Shaikh

MAEER’s MIT Arts, Commerce & Science College,
Alandi - 412105, Pune, Maharashtra, INDIA

E-mail : balasahebwaphare@gmail.com, shaikhrahilanaz@gmail.com
(Received: Jan. 04, 2023 Accepted: Aug. 27, 2023 Published: Aug. 30, 2023)

Abstract: In this paper we have defined the Schwartz type spaces Sa q.a, S&%5,

Sﬁ”i’f. We have studied the mapping properties of LCT between these spaces.

Keywords and Phrases: Schwartz type spaces, Linear canonical transform, Con-
volution.

2020 Mathematics Subject Classification: 44A35.

1. Introduction

The theory of Fourier transform has wide history and application in Engineer-
ing, Technology, Physics, Mathematics, etc. In recent past, linear canonical trans-
formation was being studied by many mathematicians. Motivated by Pankaj Jain
et al. [4], we define linear canonical transform, A, ,, A}, and obtain new results.
The Fourier transform and the related convolution respectively defined by

FO) = FLf N = / f(2) e du (11)
and
(F*g)(N) = / FOA = 2) g(z) de

are important tool for solving many practical problems. To give rise more general
transforms and convolutions such as fractional Fourier transform [3], [5], [6], [12],
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these notions have been generalized and extended due to their usefulness.
Linear canonical transform (LCT) is such generalization introduced by Quesne [10].
Let A be 2 x 2 matrix given by

A—[a b] with ad — bc = 1.
c d

The LCT is defined by

AMMZAN@KMMM%

where the kernal K4 is defined by

KA<.’E, )\) =

and related convolution is defined by

(f*ag)( / FA ) eli§2a=N] gy

The inverse LCT is defined by
Lalfial = [ FO) KOy,
R

where A~1 is the inverse of the matrix A, provided |A| # 0.

LCT has a range of applications in the study of wave propagation, electromagnetic,
Harmonic oscillators and acoustic problems. There are some classical approaches
already exist in [1], as LCT is a generalized form, it will be worthwhile to figure
out and discover the relationship between LCT and those notions.

Remark. Note that if we consider A = _01 (1)1 then the kernel reduces to
Ka(z,\) = \/% e~ which is kernel of Fourier transform. Also, one can ver-

cost  sint
—sint cost

ify iof A = {

transform.

} then Ka(x,\) reduces to kernel of Fractional Fourier
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2. Linear Canonical Transform based Convolution and Differential Op-
erators
We recall one result from [4] as the following:

Theorem 2.1. Let 1 < p < oo, f € L'(R) and g € LP(R). Then (f x4 g) € L*(R)
with

1f *a glle@y < I Fller @) l9llco@)- (2.1)
Now, we prove the following theorem:

Theorem 2.2. Let f be continuous and g be continuous with a compact support.

Then f x4 g is continuous.
Proof. If h € R then we have

frag)(@+h)—(f*ag)(2)]

glz+h—y)e [i §y(@+h—y)] 4 /f [i%y(z*y)] dy‘

sehogy o g@-y)) dvie) dy]
S/ ‘f(y) g(w+h—y)e[i%yh] - g(x—y))‘ dy
/‘f gla+h—y)elitvh] - g(x—y)e[i%yh]+g(x—y)e[i%yh]—g(fv—y))) dy

S/le(y)l Ig(x+h—y)—g(ﬂf—y)lder/R\f(y)\ lg(z —y)
=1 + I,

e[i%yh] — 1’dy

where [ and I, are respectively the first and second integral in the above inequality.
If K = supp(g) is compact then for any fixed z, t— K = {x — y : y € K} is compact
and thus f is uniformly continuous on = — K.

Therefore for each € > 0, there exist n > 0 such that if | A |< n then I; — 0 as
h — 0.

Note that as f, g are bounded on = — K,

B2 [ 17 lota =] 2 lsn(e/2) yhldy -0 as b0

Therefore
| (f*ag)(x+h)—=(f*a9)(x)|—0 as h—0

and hence proof is completed.
Now we state and prove the following strong version of Theorem 2.2.
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Theorem 2.3. If f € C°(R) and g is continuous with a compact support, then
fxag is C™.
Proof. Consider (f x4 g) (x +h) — (f x4 g) (2).

then
(7 #a.0) (1) — (F 9) (@)
= Lo [ n=p) 87— fla—y] By
1

:—/9(y> [f(w—l—h—y)ei%yh — flx—y)eiyh

h )
i —y) = flo—y)] SV dy

5 Lo U@t h=—y) = e —p] e gy
3 [0 =) [B 1] e gy

— (Df x4 9) (z) + (f * A (2%) ()g) (x), as h—0.

Therefore if f is differentiable then it follows that f x4 g is also differentiable.
Thus by induction it is not very difficult to prove that

a

DS #40) @)= 3 dus (D774 (140)) 4) ),

where A, , are appropriate constants.
Thus f x4 g € C*. Hence proof is completed.

Remark. If we consider value of A as shown in earlier remark , f xa g will be
ordinary convolution and the result is proved in [10, chapter 3]. Now we define the
following generalized differential operators based on LCT:

Dgpo=— (Dw — z%x)
AL, = (Dz + z%x) , where D, = %

Theorem 2.4. The following results are true.
(1) Ao Ka(z,N\) = (% )\) Ka(z,\)
(11) A>\7d KA(ZL‘, )\) = (% ZL') KA(Z', /\)



Linear Canonical Transform and Schwartz Type Spaces 325

(i) As, Kai(z,A) = (3 A) Kai(z,\)
(iv) A3 g Ka1(z,A) = (F2) Kp-a(x,N)
Proof. We shall prove result (i).

(i) We have
a 1 if(a 2 2 y.dy
Bua Kal ) = = (Dy i) A et (2 toaet)
o falend ( b ) V2rbi

1 7 a 2 a i(a, 2 2 d 2
= — 2 Lo — 2 ) +ita| ex (Frtiertin)
vV 2mbi {2 (b b ) b }

_ [_Ex+3“i2x] o (35 3rei )

v 2mbi b b b
- (% A) Kalz,\).

(ii), (iii) and (iv) can be proved similarly.

3. Schwartz type Spaces based on LCT
Let us recall the Schwartz space S(R) that consist of all functions ¢ € C* such
that
sup ’x’“ gb(q)(x){ <My, k,q=0,1,2,3...
z€eR
Following [6, 8], we define the space Sa as the space of all ¢ € C* for which

sup |2 A? ¢(z)| < 0o, k,q € Ng=NU{0}.
z€R

When A, , is the differential operator %, the space Sa coincides with the stan-
dard Schwartz space S. The sequence my, in the construction of Schwartz space S
depends on both £ and g. The Gelfand and Shilov type spaces are variants of the
space S in which the sequence my, depends only on k, or only on ¢ or on both.
Such spaces are respectively denoted by S, S?, and S?. These spaces have further
been generalized to give rise to the spaces S, 4, SPB and Si’f.

Further we define and study the generalizations of the spaces S, 4, S%?, and Sfj”f

in which the derivative % is replaced by more general operator A and A*.
In [2] various spaces of type S such as S, S”, and S? have been defined and stud-

ied.

Definition 3.1. Let § > 0. We define the space Sa a,a that consist of all p € C™
such that
2" A2 ()| < Cys (A+ )" K,
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where k,q € Ny and Cys depends on ¢.

Definition 3.2. Let p > 0. We define the space S®PB that consist of all ¢ € C™
such that
|28 AL o(2)| < Cr,p (B+p)q"7

where k,q € Ny and Cy,, depends on ¢.

Definition 3.3. Letd,p > 0. We define the space Sﬁﬁ:f that consist of all p € C*°
such that
2% AL ()] < Ci (A+0)" (B +p)Tk "7,

where k,q € Ny and Cy, depends on ¢.
Similarly we can define the spaces Sa«q.4, S2#P and S5. fﬁ where A be
replaced by A* in Definition 3.1, 3.2, 3.3.

Theorem 3.4. Let ¢ € Sa«qa. Then La[p; ] € S&B
Proof. Consider

A AS 4 Lalo; Al = \F Aq/\d/KA(:v,)\) o(x) dz

_/\’“/A KA:chb()d:c

so that

7 @k q! k—rp
A Aitch[w]\:‘(b) (ZA,W [ Katen) L vl (an) ¢<:c>dx) .
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where
_Jz ifq-r=0
Plz) = {0 otherwise.
Denote
|Ag| = sup | Ak, |.
Then
’/\k AL, Lald /\}‘
1 =k b k—r
— Ay, K A E N AN d.
< (4 (Z ool [ 1Kata, >|( L@l [(a2)" o) a:>

(850)" o()| d:c>

)
o0 |Ak|< [t L e
1|) el (Z/m e ) g @
)
)
)

(81,)"" 6(@) d:c>

(850" o()] dm>

(A" <>]dx>

A ]| a2, ) (Z,(q'_), [a+ep)@p

r=0 g

q—k
| Ak K! (Z/|KA z,A)| 7n),| P(@)|™"

|Ag| k! K oz, )] ( /Iz/) )

k—r

(@) <1+d$x|2>>

dx
(1+ [z[?)

(A1)

) o)

_ (;)H A ! K a2, )| (Zq:r,q'_r, U ()" (A
[ @ o] )

<()" st (Z Ty f, 2@ @) T o) fxxm)

r=0

1\77* q
S2(> |[Ag| kK a(z, N)] Zr' Ck vy (A4 8)TH2T (g 42— p)lar2=na

0

0]
fwtm)

1\97" K dx
<2 (= Ag| KK _— (A at2=r 2)(a+2)
= (|b> | k‘k | A(x7A)| <Z 7"' q—v" /Ck 7‘6 +6) (Q+ ) (1+ |£L’|2)

r=0

IN

(A%a)

=
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1 -t 2 q! dx
<2\ |A| kK a(z, A = Crs (A +0)772 " (g +2)late /
<| |> 2 M+ o)
q—k q+2
<2 () IR IR Cus |3 s (4 o) e [
o 2 =) e (L 7P)
1\"*" dx
=2 (— Ayl K [K a(z, )| C, 1+A+5q+2q+2(q+2)a/
(|b|) (AR KK 4, )] s e et
k—2 q+2
1 1+4 6 N
—on (1) s O (L 2T e
1+A 6\ .
— 27 [bF2 | Ay K K a2, V)| Gl (b| " |b|) (g + 2@+
— Dk,é (B + p)quZ (q + 2)(q+2)a
= Dy, (B + p)12 (¢ + 2)(q+2)a
= Ek, (B+p)"q". (3.1)

Thus proof is completed.

Theorem 3.5. Let ¢ € S8, Then La[¢;-] € Sap.a.
Proof. If ¢ € Sa-p.4 and p > 0 is arbitrary then by using (3.1), we can infer that

’/\’c A 4 Lalg; A]'

< (“1)') 4y (Z [ 1at@ ) et

(A5.)"" ()| dx>

q—k
< <|1b|> |Ak| ‘KA(%)‘”(]! ( / |¢ ‘q T A ) (x)‘ dm)
1\ < q! 2 q-r T d
< (H> A4l K, V)] g! (Zw / (L +Jaf?) @) |(A5,)" 7 o) <1+|>>
1 q—k q T * - d7$
_ (II) | Ag| | a(z, \)] ! ( 07"' U [ (@) o) ()] 1+ [z]?)

n /R\wx)\qﬂ—r (85.0)"" ol <1+d|>]>

1\*7* . q! a+2-r x Yk _dr
S (|b|> |Ak| ‘KA(.’E,)\”Q' (ZT'((]T’)'/R2|’(/)($>| + (Aw,a) (b(l')‘ (1+ |1’|2)>

r=0

- 1 q—k k! q! c—1 (k=) dz
—9 <|b|) ‘AkHKA(x’/\)‘q' (ZT!(q_T)!Cq-iﬂ—r,P(B‘f’p)k (k—?“)k B/R(l"‘w>

r=0
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=27

1\4* g q! dx
1\ S ks [ dr
|b,) Akl [EKa(z, V)] g! @0 (g iCor (B2 (8) /R 1+ [aP)
q—k dx
. k kB .
) | Ag| [Ka(z,\)| Cqp (2q (B +p)" (k) /R (1+ |:c|2)>

q—k

() MAlIEae D02 Cop (B 5 ) (1
1\“ q 1/k k kB
) AR KA 1027 Cop (L1458 + ) (8)

=Dy, (A+p)* (k)"

Thus proof is completed.
Similarly by using the same technique as in Theorem 3.5, we can prove the
following Theorem 3.6 :

Theorem 3.6. Let ¢ € Sﬁ:ﬁ:ﬁ. Then Lalp;-] € Sﬁ:g:g.
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