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Abstract: Intuitionistic fuzzy (IF') sets were first put forward by K. Atanassov as a
generalised notation for fuzzy sets in 1983. The concepts of intuitionistic fuzzy near
rings, intuitionistic fuzzy N-groups, intuitionistic fuzzy N-subgroups, intuitionistic
fuzzy ideals of N-group are described by P. Saikia, L. K. Barthakur and H. K.
Saikia in [10, 11]. Fuzzy distributive modules are studied by Sh. B. Semeein and I.
M. A. Hadi in [4]. Intuitionistic fuzzy multiplication modules are studied by P. K.
Sharma in [13]. We extend the notion of intuitionistic fuzzy multiplication modules
to intuitionistic fuzzy multiplication N-groups. Here, we define intuitionistic fuzzy
multiplication N-group and some basic definitions that are needed in this sequel.
The relations ship of multiplication N-groups, intuitionistic fuzzy multiplication
N-groups, DN-groups and intuitionistic fuzzy DN-groups are also studied.
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groups, intuitionistic fuzzy multiplication N-groups.
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1. Preliminaries

In this study, £ is taken into account as the unitary left N-group and N is
thought of as a zero symmetric commutative right near ring with unity. The
basic concepts used in this paper are available in [2, 11]. We defined some of the
definitions and results that are needed in this sequel. Throughout this paper A
and V denote maximum and minimum in the unit interval [0,1] and in general
v, A € [0,1] with v+ A < 1. Here, we use IF to mean intuitionistic fuzzy and the
symbols <y, <;pn, Iy, < and <;p are used to mean N-subgroup, intuitionistic
fuzzy N-subgroup, normal N-group, ideal and intuitionistic fuzzy ideal respectively.

Definition 1.1. [10] If the following standards are satisfied, a nonempty set N
combined with the binary operations “+7 and “.” is referred to as right near ring.
i. (N,4) is a group(not necessarily abelian).
it. (N,.) is a semi group.
iti. (p+b)e = pc+ be,¥p,b,c € N.
Definition 1.2. [10] An additive group (E,+) is referred to be a left N-group, if
3 amap N X E — E,(n,u) — nu in which the following standards are satisfied-
i. (m+n)u=mu+nu.
it. (mn)u = m(nu).

It is to be noted that N 1is itself an N-group over itself. If for 1 € N such that
lu=uVYue€kl, then E is called an unitary N -group.

Definition 1.3. [10] In the event that A is a subgroup of (E,+) and NA C A for
any A C E, then A is referred to as an N-subgroup of E.

Definition 1.4. [10] If F is a normal subgroup of (FE,+) with na € F, ¥ n €
N,a € F, then F is referred to be a normal N -subgroup of E.

Definition 1.5. [6] If D is a normal subgroup of (E,+) such that n(a+e)—ne € D,
VnéeN,a€ D,eec E, then D s referred to as an ideal of E.

Definition 1.6. [11] The object A =< ¢pa, 104 >= {< 5,04(5),0a(s) > |s € S} is
referred to as an intuitionistic fuzzy (IF) set on a non empty set S, where ¢4 and
Va are fuzzy subset of S such that 0 < ¢a(s) +1a(s) < 1.

Some Operations on IF Sets-[11]

Let M =< ¢pr, Y > and B =< ¢p, g > be IF sets on S. Then

i. M CB<& oy <o, Ym = V.
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ii. M =B < ¢u = ¢p, Y = V5.

. M= M =<, dar >.

iv. MUB =< ¢MV¢B>¢M/\¢B >.

v. M N B =< ¢y Ao, ¥y Vg >.

vi. M 4+ B =< ¢uis, Yusn >, where ¢up(x) = V{du(p) A ¢p(m) : pm €
S,x=p+m}and Yyip(x) = A{Yu(p) Vig(m) :pym e S,z =p+m},Vaes.
vii. M.B = MB =< ¢MB,¢MB >, where ngB(l') = V{¢M(p) N qu(m) p,m c
S,z =pm} and Yyp(r) = N{Ypu(p) Vig(m) :p,m € S,z =pm}, Vo es.

Note that if M and H are IF sets on S, then M MUH , M NH, M+ H, MH, are
all IF sets on S.

Definition 1.7. [12] Let P =< ¢p,9p > be an IF sets in E. Then (v, \)-cut of
P is referred by-
NP ={m e E:¢p(m) =7, ¢p(m) <A}

(7’)‘)E :{ ('Y’A)A A=< qu,wA > SIFN E}
Note that VP, ONE C E.
Definition 1.8. If A <y E, then (A: E)={n e N: nE C A}.

Lemma 1.1. If Z <y FE, then (Z : E)E C Z.
Proof. Let n € (Z: E). Then nE C Z and so (Z: E)E C Z.

Definition 1.9. [12] An IF sets A =< ¢4, > in N is called IF N -subgroup of
N (A <ipy N) if

i. pa(p—m) > da(p)Ada(m). ii. pa(np) > pa(p). iii. Ya(p—m) < ha(p)Viba(m).
w. Ya(np) < va(p), ¥V p,m,n € N.

Definition 1.10. An [F sets A =< ¢a,v%4 > in E is called IF N-subgroup of
FE (A <IFN E) Zf

i. pa(p—m) = da(p)Apa(m). ti. a(np) > da(p). tii. Ya(p—m) < Pa(p)Va(m).
w. Ya(np) < Ya(p), Vp,meE,neN.

Definition 1.11. [12] An IF sets A =< ¢a,4 > in N is called IF ideal of
i. pa(p—m) > pa(P)ANda(m). ii. pa(np) > oa(p). iii. pa(m+p—m) > da(p). w.
da(n(p+m)—np) > ga(m). v. Yalp—m) < Ya(p)Veoa(m). vi. Ya(np) < Pa(p).
vit. Ya(m+p—m) < a(p). viii. Ya(n(p+m)—np) <a(m),V p,m,neN .
Definition 1.12. [11] An IF sets A =< ¢a,%a > in E is called IF ideal of
E (A <F E) Zf

i pa(p—m) > da(P)ANda(m). ii. da(np) > da(p). iii. pa(m+p—m) > da(p). w.
pa(n(p+m)—np) > pa(m). v. Yalp—m) < a(p)Vipa(m). vi. Ya(np) < a(p).
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vit. Ya(m+p—m) < a(p). viii. Ya(n(p+m)—np) < Ya(m),Vp,me E,ne N.

Proposition 1.1. If L =< ¢, ¢ > <;py E, then ONVL <y E.

Proof. By definition, "ML is a subset of E. For any n € N, s,y € OV L we have,
61(5), br(y) > 7 and 1 (s), 1 (y) < A. . b(ns) > d1(s) >  [since L is an IF N-
subgroup| and v, (ns) < r(s) < X Also,ns € E. :.ns € "NL. Also, s —y € E
such that ¢r(s —y) > ¢r(s) Aor(y) =y Ay =~ and Pr(s —y) < ¥r(s) Vrly) <
AV A=A\ So, s —y € VL. This shows that "ML is an N-subgroup of E.

2. Intuitionistic Fuzzy Multiplication N-groups

Definition 2.1. An IF point d, ) of a nonempty set K, is predicted as
{d('y,)\)} =< ¢d(%)\)7wd<%>\) >7

|, ifh=d A ifh=d
where d € K, $u, , (h) = { 0, otherwise and Yag, ) (h) = { 1, otherwise.
Note that if for any IF set A, {d(,)} C A, then it is predicted as d(, ) € A.

Definition 2.2. IfY C X (non empty), then characteristic function of Y is a IF
set on X and defined by XY =< ¢yv, Vyy >, where

1, ifseY ] 0, ifseY
Oxr(s) = { 0, otherwise and Py (s) = { 1, otherwise.

Definition 2.3. Let K, B,C be IF sets on E and C be IF set on N. Then

(K : B) = {D : D is IF set on N such that DB C K} ie (K : B) =<
kB, V(k:B) >, where ¢x.py(n) = {¢p(n) : D is an IF set on N such that
DB C K} and Yk.py(n) = {p(n) : D is an IF set on N such that DB C K}

(K : C) = {F : F is IF set on E such that CF C K} ie (K : C) =<
b0y Yoy >, where ¢.cy(n) = {pp(n) : F is an IF set on E such that
CF C K} and Yk.cy(n) = {¢p(n) : F is an IF set on E such that CF C K}.
[fK SIFN E, then (K . XE) = {D D SIFN N such that DXE g K}

Lemma 2.1. Let Z, K be IF sets on E and C be IF set on N. Then

(i)(Z: K)K C Z.

(1)) C(Z :C) C Z.

(i) CKCZ & CC(Z:K)eKC(Z:0).

Proof. (i) Let Z =< ¢z,07 >, K =< ¢k, > be IF sets on E and C =<
¢c, e > be IF set on N. Then (Z : K)K =< ¢z.x)k, Y (z:0)k >, where
bz () = V{dzxy(n) A or(y) : © = ny,n € N,y € E} and Yz k(x) =
Mz (n) VY (y) @ =ny,n € N,y € E}. But ¢z.x)(n) = {¢p(n) : D is an
IF set on N such that DK C Z}. . ¢z (x) = V{op(n) A ¢k (y) : D is an IF
set on N such that DK C Z,x = ny,n € N,y € E} < V{¢pk(x) : D is a IF set
on N such that DK C Z} < ¢z(x), Vo € E. Similarly, ¥(z.x)x(x) > ¥z (x). Thus
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(Z:K)K C Z.

(ii) We have, C(Z : C) =< ¢c(z.0),Vez:cy >, where ¢oz.0y(x) = V{dc(n) A
¢(Z:C)(y) tx =ny,n € N,y € E} and ¢C( ) = /\{2[]0(71) vw(ZC)(y) ST =
ny,n € N,y € E}. But ¢zc)(n) = {¢p(n) : D is an IF set on E such that
CD C Z}. . ¢cizoy(x) = V{dc(n) A ¢p(y) : D is an IF set on E such that
CD C Z,x =ny,n € Nyy € E} < V{¢cp(z) : D is a IF set on E such that
CD C Z} < ¢z(x). Similarly, Yo z.09(x) > ¢z. Thus C(Z: C) C Z.

(iii) It is clear from the definition.

Definition 2.4. An N-group E is called IF multiplication N -group iff for each A
<irny E, 3 C <N such that A = C.xE. We denote it by A = CxE.

Lemma 2.2. [fZ =<< (bewZ > <iFN E, then (Z : XE) <;rN.

Proof. Let Z =< ¢z,v; > <;pny E. Then for any u,h,n € N we have,
¢(Z xE) ( ) {¢D<U h) D SIFN N such that DXE g Z} 2 {¢D(U)/\¢D(h) D
<ien N such that DyE C Z} = ¢(Z:XE)(U> A ¢(Z:XE)(h> (b(z;XE)(u — h) >
O z:xB) (W) A ¢zopy(h). Similarly, ¥z gy (u — h) < Yizr)(u) A Yzyp (h). Now,
dzxp)(nu) = {¢p(nu) : D <;py N such that DxE C Z} > {¢p(u) : D
SIFN N such that DXE Q Z} = ¢(ZxE)(u) Cb(Z;XE)(TLU) Z ¢(ZxE)(u) Sim-
ilarly, ¥ (zpy(nu) < Yz p)(u). Since N is commutative, h + v — h = u and so
(ﬁ (Z:xE) (h +u— h) = (b(Z:XE)(U) and w(Z:XE)(h +u— h) = w(szE) (u) Again, since
N is commutative, n(u + h) — nu = nh and so ¢zyp)(n(u + h) — nu = nh) >
¢(Z:xE) (nh) Z ¢(ZxE)(h) Slmllarly, ¢(Z:xE) (n(u + h) — nu = nh) S ¢(Z:xE) (nh) S
Y(z.xe)(h). Thus the result.

Theorem 2.1. F is IF multiplication N-group iff for each w € E 3 an IF ideal C
of N such that {u@} = OxE.

Proof. Let us suppose, for each v € E 3 an IF ideal C of N such that {u@,\} =
CxE. Let A =< ¢a,4 > <;pny E. Choose v,\ € [0,1] such that v + A <
1 with ¢a(u) = v,%a(u) = A Now, for any u € E we have, u¢ \(u) =<
B (1), g, (1) 5= VA =< Galu) Valu) >= A(w). .. {ug} = A
= {upnt € A= CxE C A= C C (A: xFE) [using lemma 2.1]. Also,
Pa(u) = v = Qu,(u) = doxp(u) = V{dc(n) A ¢ye(W') :n € Nu' € E,u =
nu'} < V{puane(n) A dyep(u') :n € Nou' € E,u=nu'} = V{puypenu') :n e
N € E,u =nu'} = {danexe)}. . ¢a(u) < {dumxe)ye(w)}, for all u € E.
Similarly, ¥a(u) > {¢Y(ayp)e(w)}, forallu € E. - A C (A: xE)xE. But by
lemma 2.1, (A: xE)xE C A. . A= (A: xE)xE. Also, by lemma 2.2, (A: xF)
is an IF ideal of N. Thus F is an IF multiplication N-group.

Conversely, let E be an IF multiplication N-group. Let A =< ¢4, Vs > <;py F
and u € E and v, \ € [0,1] such that v+ A < 1 with ¢a(u) = 7v,%a(u) = A. Since
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E is multiplication N-group, 3 IF ideal C' of N such that A = C'xE. As above we
have, {u@y )} =A . Thus {un} = CxE.

Proposition 2.1. If A =< ¢a,14 > be an IF set on E, then (A: xE) = {2y
z€ (WA E),z € N}.
Proof. Let z € N and D be IF set on N. We can choose v, A € [0,1],7v+ A < 1
with ¢p(z) = 7,¢p(z) = A Then ¢, (2) = v = ép(2),¢:,,,(2) = A =
Yp(2). . {240} = D. Let DYE € A= D C (A : xF)| using lemma
2.1] = {20} € (A xE) = {zp0n}xE € A. Again, let {zn)}xE C A
= DxE C A . {z;nxf € As DxE C A - {D: DisIF set on N
such that DxE C A} = {2z : 2 € N, {zn}xE C A} . (A : xE) =
{2 1 2 € Ny {2, }xE C A}, Now, for each u € E we have, ¢, \m(u) =
{ v{(bzh,x)(z) A ¢XE<U/)}> u=zu,u' €E
0, otherwise
Since ¢, , (2) =7 and ¢yp(u') = 1, therefore
VYA L}, u=zu,u €F v, u=zu,u €F
qbz(%*)XE(u) - { 0, otherwise - { 0, otherwise
. A\, u=zu,u €eEFE
Similarly, ¥z, ,)x& (u) = { 1, otherwise
Now, {2, )}IXE C A= ¢, ye(w) < ¢a(u) and . \e(u) > Pa(u), foru € £
= da(zu’) > v and Pu(zu’) < A, for z € Nou' € E. . (A: xE) = {2, 1 2 €
N,¢a(zu') > v and Ya(2u) < A\ u' € E} = {2(,n): 2 € N, 2u' € "NA W € E} =
{230 2 €N, 2ECONAY = {2, :2€ N,z € (WA E)}.

Lemma 2.3. If z € I, then 2, € xE.
Proof. For y € E we get, {z(, 0} =< &2 s Vs 5 >,

, ify=z A ify=2z
where sz(wx) (y) = { % 1y and ¢Z(V’A)(y) = { 0 1y

otherwise otherwise

) <A, ify=2 ] <1,0>, ifyekE
C 2 () = { <0,1>, otherwise and xE(y) = { <0,1>, otherwise
Since 0 < v, A <1, we get {2y} € xE and so z(y\) € xE.

Lemma 2.4. If A <y FE, then (A: E) < N.

Proof. Since (A: E) ={u e N: uE C A}, (A: F) C N. Now, uj,us € (A: E)
and u € N = wyFE C AjusE C A. Now, for any e € E we have, (u; — ug)e =
ue —uge. Since A <y E, ug —us € A. . (ug —ug)e € A= (ug —ug) B C A
= (u; —ug) € (A : E). Since N is commutative (uuy)e = (uju)e = uy(ue) €
w B C Alsince ue € E]. . (uu1)E C A = uuy € (A: E). Since N is commutative
uu € (A: E). This proves the result.
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Proposition 2.2. E is an multiplication N-group iff every Z <y E is structured
like Z = (Z: E)E.

Proof. Let n € (7 : E). Then nE C Z and n € N = (Z : E)E C Z. Since
E is a multiplication N-subgroup, Z = IFE, for some I <N. Now, [F = Z
=IECZ=1C(Z:FE). Again, (Z:E)CNand ZCIE=7ZC (Z:E)E.
. Z = (Z: E)E. Conversely, let Z = (Z : E)E. Since by lemma 2.4, (7 : E)
<IN, therefore Z is multiplication /N-subgroup.

Proposition 2.3. If E is an multiplication N-group, then for every K =<
b, Vi > <ty B, VK = (ONK : E)E.
Proof. Since K =< ¢,k > <;py E, by proposition 1.1, "MK <, E. Since
E is multiplication, "N K = (WK . B)E.

Lemma 2.5. Given a non-empty set K, if 2y € K, then z € (N K

Proof. z(,\ € K= {z,n} C K. . ., < Or,z ) = Uk o 0K(2) 2
Doy (2) = v and Y (2) <o, (2) = A oz € DVE,
Lemma 2.6. Ifu € E,s € N, then (su)
(A

YA = S(’Y)‘)“(’Y)‘) :
Proof. For any | € E we have, {(su)¢)}(1) =< (su), ) (1) Vs, o, (1) >
<y A> afl=

= { <0,1 >: otherwise and {S(W,A)u(“ﬁ)\)}<l> =< (bs(%x)u(%x)(l)?ws(w,x)u(w,x) (1) >.
Now, Dsynyuyin (D) = V{@s(, () A ug, ), L = s'u', 8" € Nou' € B} If s = 8/ u =
u', then @5 jue (1) = 7. Similarly, if [ = su then s u. A)(l) A. Again if
s 75 s', 0 # U then ¢s u (1) = 0 and ¢s_ u (1) = 1. oo {sEauen i) =
<Y A>, afl=su
{ < 0,1 >, otherwise (
Lemma 2.7. ]fB SN E, then XB SIFN E.
Proof. Let u,z € ' and n € N. We have, xB =< ¢yp, ¥ >. If v,z € B,
then u — z € Bisince B is subgroup of (E,+)]. So, ¢yp(u) = 1,¢0,5(2) =
Lowplu—2) = 1. - oplu—2) = 1A1 = ¢pu) A dyp(z). If u,z ¢ B,
then either u —2 € Boru— 2z ¢ B. If u— 2z € B, then ¢,5(u) = 0,0,5(2) =
0,px5(u —2) = 1 and so ¢p(u — 2) > ¢p(u) A ¢yp(2). If u— 2 ¢ B, then
Oyp(u) =0,0y5(2) =0,05(u—2) = 0. .. ¢yp(u—2) = 0A0 = gyp(u) Ndyp(2). I
u€ Bbut z ¢ B, then u — 2z ¢ B and so ¢yp(u) =1,¢,5(2) =0, pys(u —z) = 0.
ow(u—2) = 1A0 = ¢yp(u) A oyp(z). Again if u € B but z € B, then
u—z ¢ B and so ¢X3(u) 0,0.8(2) = Loyp(u—2) = 0. . ¢yp(u—2) =
O0AL = ¢ p(u) A dys(2). . dys(u — 2) > dys(u) A ¢yp(z), for u,z € E. Simi-
larly, ¥, p(u — 2) < ¢Yyp(u) Vv @/)XB( z), for u,z € E. Now, if u € B, then nu € B
and so ¢,p(u) = 1,¢,p(nu) = oo Ovs(nu) = oyp(u), if w € B. Also, if

SU)(7,0) = S(r,0) U(x,\)
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u ¢ B, then either nu € B or nu ¢ B. So, if u ¢ B and nu € B, then
dxg(u) = 0,¢0yp(nu) =1 . dyp(nu) > ¢yp(u) and if v ¢ B and nu ¢ B |
then ¢yp(u) = 0, ¢yp(nu) = 0. . ¢yp(nu) = ¢yp(u) . Thus ¢yp(nu) > dyp(u),
for w € E. Similarly, ¥, 5(nu) < ¥,p(u), for u € E. Thus the result.

Theorem 2.2. FE be an IF multiplication N-group iff for every A <;pn FE,
A= (A:xE)xE.

Proof. By lemma 2.1 we get, (A: xE)xE C A. So, it is sufficient to show that
A C (A : xE)xE. Since E is an IF multiplication N-group, 3 an IF ideal C' of
N such that A = CxE. Now, A = CxE = CxE C A= C C (A: xE) =
CxE C(A:xE)xE=AC (A:xE)xE.. . A= (A: xE)xE. Conversely, suppose
A= (A: xE)xE. Since by lemma 2.2, (A : xF) is an IF ideal of N, by definition
A is an IF multiplication N-group.

Theorem 2.3. FE is a multiplication N-group iff E is an IF multiplication N -
group.
Proof. Let E be a multiplication N-group and A =< ¢,v, > <;pny E. By
lemma 2.1, (A : xE)xE C A. Since by lemma 2.2, (A : xE) is an IF ideal
of N, it is sufficient to show that A C (A : yE)xE. For v € E, we can choose
YA €[0,1], v + X < 1 with ¢a(u) = v,0a(u) = . Then u € “NA. Since F is a
multiplication N-group, by proposition 2.3, "NA = (0NA: EYE. - u = n/,
for some n € ("MA . E),u' € E. By proposition 2.1, n € ("MA : E) =
Ny € (A xE). Since u' € E, by lemma 2.3, u(,yy € xE. So by lemma
2.6, Uiy, \) = (nu’)(%)\) = n(%)\)u’(w) = U,z € (A : XE)XE = Uu € (W’A){(A :
XE)xE}[by lemma 2.5] = ¢anp)e(u) =7 = da(u), Yuanexe(u) <A =da(u).
A C (A xE)XE. Thus A = (A : xE)xE. Thus E is an IF multiplication
N-group.
Conversely, let E be IF multiplication N-group. Let B <y E. Then (B: E)E C B
by lemma 1.1. To show B C (B : E)E. Now, we define an IF set P on E by,
1, 1freB 0, ifreB
or(z) = { 0, otherwise and ¢p(x) = { 1, otherwise.
Then P = yB and Y P = B withy, A € (0,1],7+X < 1. By lemma 2.7, P = B
<irny E. Since FE is an IF multiplication N-group, by theorem 2.2, P = (P :
XE)XE. Let b € B. Then ¢p(b) = ¢p.ym)ye(b) =1 and ¥p(b) = Y(p.p)xe(b) =0
[by assumption of P]. But ¢p.p)e(b) = V{op.ye)(n') A dye(u’) : b = n'u, for
some n' € N,u' € E} = V{¢p.g)(n') : b = n'u/, for some n' € N,u' € E}[since
dyp(t) = 1] = V{¢y, ,(n') :nE C ONP = B b = n'u/, for some n' € N,u' € E
with v,A € (0,1],7 + X < 1} [by proposition 2.1] = V{¢, ,(n') : n € (B :
E),b = n'u/, for some n’ € N,u' € E with v, A\ € (0,1],7 + A < 1}. Similarly,
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Vipye)ye() = Mibn ,(0') :n € (B : E),b = n'v/, for some n’ € N,u' € E
with v, A € (0,1],7y + X < 1}. Let us consider S = {n :n € (B : E),b € nE}.
If S is empty, then for each b € tF, we have t ¢ (B : E) when t € N. Then
¢(szE)xE(b) = \/{¢n%/\(t) ne (B : E), betk,te N,withy,\ € (O, 1],’}/4—)\ < 1}
Since n € (B: E),t ¢ (B: E),n#tandso ¢, ,(t) =0... ¢pye)e(b) =0. Sim-
ilarly, ¥(p.yp)xe(b) = 1. These are contradictions. So we can conclude that S is
non-empty. Thus 3n € N such that be nEandn € (B: E). ".benE =b¢€
(B:E)E. Butbe B. . BC (B: E)E. Thus B = (B : E)E. Hence E is a
multiplication N-group.

Definition 2.5. Let A =< ¢4, 04 > <;py E, then "NA <y ONE ifm—y,nm €
ONA, for any m,y € ONA andn € N.

Theorem 2.4. An IF multiplication N-group is an IF DN -group.
Proof. Let F, K,C <;py F . Since E is an IF multiplication N-group, F' = (F :
XE)E, K = (K : xE)xE,C = (C: xE)xE. Let u € E.

Now, ¢r(u) = ¢peye(w) = V{ow e (n) A éyele) : © = ne,;n € Ne
E} = V{é@ryp)(n) 1 u € nE,n € N} [since ¢ypg(e) = 1]. Similarly, ¥p(u)
MNMYpypy)(n) :uw € nE,n € N}. But by proposition 2.1, (F': xE) = {n@,) :
YA E[0, 1], v+ A< 1,nE CON F} - gp(u) = V{dn. ., (n) 1 u €nk cO) Fon e
N} = ~, where u €Y F. Similarly, ¢»(u) = A, where u € F. Now, we define

ot ={ 3 uEX w0 ={ 7 LY exw={ ] UEy

o) ={ 3 0T et ={ 3 uE T v ={ ) LS

Y ?

with 7, A € (0,1]. Then, for u € X, ¢p(u) = 7,%r(u) = X and so u € TVF.
Also, if u € ONF, then either u € X or u & X. If u & X, then ¢p(u) =0 > v
and ¥p(u) = 1 < A-which is a contradiction to the fact that v, A € (0,1]. Thus
CNF = X,

Similarly, "MK =Y, 0NC = Z with v, A € (0,1] and so X,Y, Z are subsets
of E. Now, for any v € X NY, (F + K)(u) =< ¢pix(u), Yrpix(u) >, where
Orrx(u) = V{or(y) N ¢r(z) : y,z2 € XNY andu = y+2z € X NY} and
Vi (u) = MYr(y) Vi (z) 1y, 2 € XNY andu = y+2 € XNY} - opii(u) =7
and gy k(u) = A, where u € X NY[since ¢p(u) =y and ¢p(u) = X for all u € X
and ¢x(u) = v and i (u) = A for all uw € Y.

Thus (F + K)(u) =< v,A\ >, where u € X NY. Also, (FNK)(u) =< ¢p(u) A
Or(u), Yvp(u) Vig(u) >=<y,A> ifue XNY. Ifue Z thenue XNYNZ
and (F+ K)NC)(u) =< v,A >N < 3,A >=<y,A > Ifu¢gZ then u ¢
XNYNZand (F+K)NnC)(u) =< v,A >N < 0,1 >=< 0,1 > . Again,

S



282 South FEast Asian J. of Mathematics and Mathematical Sciences

(FNCY+(KNC))(u) =< v, A >+ <7, >=< v, A\ >, where u € XNY N Z[since
(F+ F)(u) = F(u) forall wu € X C E]. fu ¢ Z and u € X NY, then u &
XNYNZand (FNC)+ (KNQ))(u) =< ¢r(u) A pc(u), Yr(u) Vibe(u) > + <
Or(u) N do(u), Vi (u) V pe(u) >=< 0,1 > + < 0,1 >=< 0,1 > . So, we can
conclude that (F + K)NC)(u) = (FNC)+ (KNC))(u), for all w € E. Thus
(F+K)NnC=(FNC)+ (KNC) and hence E is an IF DN-group.
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