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Introduction

Since the times of Euler and Gauss continued fractions have been playing a very
important role in Number Theory and Classical Analysis. Significant contributions
to the theory of continued fraction expansions were made by Ramanujan. In Chap-
ter 12 of his second note book [17] and also in his “lost” notebook [18], Ramanujan
recorded a number of continued fraction identities. This part of Ramanujan’s
work has been treated and developed consequently by several authors including
Andrews [3], Hirschhorn [14], Carlitz [9], Gorden [13], Al-Salam and Ismail [2], Ra-
manathan [15][16], Denis [10][11][12], Bhargava and Adigal5|[6], Bhargava, Adiga
and Somashekara [7][8], Adiga and Somashekara [1], Verma, Denis and Srinivasa
Rao [20], Singh [19] and Bhagirathi [4].
1. Notations and Definitions

For a, real or complex, we define

], =a(a+1)(a+2)...(a+n+1) n>0

[Oz]o = ]_

and

[ eas...ap ], = [oa]n|as]n|as]n. .. [aw]n

The ordinary hypergeometric series is defined as,

a1, Ao, ...,y 2 2 lay, ag, ..., aylnz
rFs = 5 1.1
|: b17b27-'-7b3 :| Z [bl,bg,...,bs]nn! ( )

n=0
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where 7 < s or r = s+ 1 and |z| < 1 for the convergence of the series.
We also define g-shifted factorial as; for o and q real or complex (|g| < 1) we define

[ qln = (1 —a)(1—aq)...(1 —ag"™"), n>0

[Oé; Q]U = 17
[0 gloe = [ J(1 = 0™

and
[0517 A,y ..oy Oty Q]n = [051§ Q]m [042; Q]nv ceny [ar; Q]n

From above notations, we define the generalized basic hypergeometric series by

a1, Qs, ..., 0p G 2 = (a1, ag, ..., ar; qln 2"
D, = , 1.2
bl,bg,...,bs :| ;% [bl,bg,...,bs;q]n ( )

where max. (|z|,|q|) < 1 for the convergence of the series (1.2).
2. Main Results
In this section we shall establish following results,
oFi[a+i, B +i+ 159 + ;7]
oFi[a+i+ 1,8 +iy + ;2]

(8 —a)z/(y+1)

B G Bo it Da/G+ )G it 2
L (V—a)B+itDz/(y+i+1)(y+i+2)
- (y=B+(a+i+2)z/(y+i+2)(y+i+3)
Lo+ DB+i+ e/ +it3)(+itd)
1_
and _ , ,
2®1[aq’, g vq's 7]
2®1[aq™, Bg's gt a]
(a=B)z/(1 =)
! - (B =70 —ag"z/(1 —vg")(1 = v¢""") (22)
L (a=9)( =B z/(1 —7¢" (1 —7g""?)
L B=79)( —ag)z/(1 —7¢"*)(1 — ¢

(@ —7vq9)(1 = Bg')x/(1 —v¢') (1 — v
1—

1—
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Proof of (2.1);

oFila+i+ 1,8+ 4v+id2] — oFifa+i4, 8+ 1+ 1;y+i; 2]

(8 —a)z . , ,
=—LFila+i+1,0+i+1;7v+21+ 12 2.3
(7_’_2) 2 1[ B Y ] ( )
Now, we have
oFila+i, f+it iy +ia] (B —a)z/(y+1i) (2.4)
oFila+i+ 1,840y +i2] oFila+ i+ 1,841+ 1z '
oFila+i+1,8+i+1;y+1i+1;7]
Again,
oFila+i+1,84+i+Ly+i+ ;2] — oFifa+i+1,8+4;y+i;x]
(v=B)la+it )z : . .
= , , Fla+i+2,80+i+1L;v+1+ 252, 2.5
GG iy 2l b 7 ] (25)
which gives
ePilotit 1 f+ay+aa] o (y—Blatitz/(y+9)y+i+1)
oFila+i+1,84+i+1;y+i+12] oFila+i+1,8+i+1;y+i+ 1]
oFifa+i+2,8+i+ 17410+ 2;7]
(2.6)
From (2.4) and (2.6) we get,
oFia+4, B+ + 159 + ;2]
oPila+i+ 1,8+ iy + 2]
_, (B —a)z/(y+1) (2.7)

(v=B)lati+Dz/(y+i)(y+i+1)
oFila+i+1,8+i+ 1y +1i+1; 2]
oFila+i+2,04+i+4+ 1,741+ 2; 2]

1—

Again,

—a)(f+i+1)x ‘ ‘ ‘
- <f(},7+i_,_)(1ﬁ)(7_,_i_i_)2) oFifa+i+2,0+i4 2,7+ 1+ 3z,
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which gives

JFla+i+1,8+i+1;y+i+1;2]
SFia+i+2,8+i+1;7+i+2;7]

=B tithr/h+it iy +i+2) 2.8
oFila+i+2,8+i+Liy+i+22] ‘
From (2.7) and (2.8) we get,

oFi[a+14, 8 +i+ 159 + ;2]
oFi[a+i+ 1,8 +iy + ;2]

L (5~ a)e/t +9 9
L (=P)letitz/(y+i)(y+it+1) ‘
L_0—a)B+it /(v +it Dy +i+?2)
JFlat+i+2,8+i+ 1y +i+ 27
JFia+it2,B+i+2y+it3i4]
Proceeding in this way, we find (2.1).
Proof of (2.2)

2O1[aq™, Be' s vdh 2] — 2 ®i[aq’, BT

;g @]
a— Pz i i i
ﬁ 2®1[ag™, Bg gt ).

which gives

2®1[aq’, Bg; gt ]
2 @1 ag L, Bt vqts o]

— 1 — ~gt
—1- e P/ nd) 2.10)
2@ (g™, B vq'; @]
21 (g™, Bt g ]

Again,

201fag™, Bq g 2] — 2 ®i[ag™, Be' g’ a]
(B=7)1 = ag¢)z i i i
(1 —'yqi)<1 —qu“) 2 1[0“1 +2>Bq H;’yq +2;SL’].

which gives

2®1[aq™t, Bg'; vq';
2@ (g™, Bt gt ]
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(B—71—ag"z/(1—v¢")(1 —~gt) (2.11)
o @1 g™, Bg T g 2] ‘ '
21 (g2, Bt g2 ]

From (2.10) and (2.11) we get,

—1—

2®1[aq’, Bg' T vq'; 2]
2 @1 (g, Bt gt 2
(a—B)z/(1-~q) (2.12)
(B=7)1 —ag)z/(1 —¢")(1 —v¢"*") " '
2®1[aq ™, Bg T vt ]
2®1 (g2, Bttt it

—1—

1—

Again,
2@1[0g ™, B g ] — o ®aag™t! B g
(a—7)(1 = B¢ )z TP .
K : ) i+ i+2, i+3. )
(]_ _,yqz+1)(1 _ ’7qz+2) 2 1[Oéq 7ﬁq y g 7$]

which gives
2O1[aq™, B g ]
2®1[ag™t2, BgttL; gt )

(@ =)A= B¢ z/(1 =g ) (1 = ~¢"?) (2.13)
2 @12, Bt gt ' '
2®1[ag+2, Bgit2; gt

From (2.12) and (2.13) we get,

—1—

2®1[aq’, Bg vq'; ]
2®1 [, Bt vqt; o]
(a—=B)z/(1 =) (2.14)
(8= =ag™z/(0 =) (1 —~v¢"") '
(a =) = B¢ z/(1 —~v¢" ) (1 —v¢""?)
2O1[ag't?, Bt gt
2®1[aqi*2, Bqt2; gt a]
Proceeding in this way, we find (2.2)
3. Special Cases
1. Putting i=0 in (2.1) we obtain
oFilo, B+ 1575 2]
oFila+ 1, B; ;2]

1—
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. (B —a)x/y
R 6= e+ De/3G 1 1) )
] (v =a)(B+Dz/(y + (v +2)
L =B+D(a+2)x/(y+2)(y+3)
L =at DB +2)x/(y+3) (v +4)
1—
2. Putting 5= 0in (3.1) we obtain
. ax/y
oFifa, 1;v;2) =1+ . B PO ey o o (3.2)
1 — Ly —a)z/(v + 1)y +2)
L (A Dla+2)z/(y +2)(y +3)
L2y —a+Dz/(y+3)(y +4)
1—
3. Putting v =1 in (3.2) we get, |
1
oFia, szl =(1—2) %=1+ 1 1‘(3‘/:{ Da/12 (3.3)
B ) 1.(1 —a)x/2.3
B L 2(a+2)z/34
B 2(2 — a)x/4.5
ST
4. Putting a = 1/2,v7 = 3/2 and x = —z? in (3.2) we get
1.3 1 2/3
oFy {5, 1; 5’ —.752] = Etan’lx =1~ 1 $9£2/15 (3.4)
* e
252%/63
14 I+
and putting x =1 in (3.4) we obtain |
tan~'1 = % =1- ! g (3.5)
3+ ]
5+
7+ A
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5. Putting a =1/2,7 =3/2,2 = 2% and |z| < 1 in (3.2) we get,

1 3
o l 13—;$2] =

279

1l
2 °9

2?/3

1+z
- =1+
1

92%/15

6. Putting a = 1,7y =2 and z = —z in (3.2) we get,

oF1[1,1;2; —x] = log(1 +x) =1 —

422 /35

- 2512 /63

1_-

l.x/2

1+

2.21/2.3

1+

7. Putting « = 1/3 and 2 = —1 in (3.3) we get

1.12/3.4

1+

3.3z/45

1
* I+

1+

0+

2+

8. Putting « =1/3,8 = —1/2,7v =3/2 and z = 2% in (3.1) we get,

2F1

{113.2

S oo L
2°2°2

| _a-rre

2F1 |:_

3 1.3,
22

21_

T

sin"lx =1+

3
2/Z
:v/2

1—

5
w2/
s

1x257

L2729
1_.

2.22/5.6

85

(3.8)

(3.9)
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and putting z = % in (3.9) we get
sin_l% = % =1+ S ! 6 (3.10)
1
TR
9. Putting « =0,y =1and z = z/f in (3.1) we get
1 T
511—{20 NI =e"=1- -~ Lx (3.11)
2+ 3_}_.‘
10. Putting i=0 in (2.2) we get,
2 Fi[ov, Bg; ;]
2Iiag, B;7; 7]
L (0 = Ba/(1—) -

(B—701 —agz/(1—7)(1 —q)
(a=)(1 = Bg)x/(1 —vq)(1 —v¢%)
(8 =v9)(1 = ag®)x/(1 —v¢*)(1 — v¢*)
(a —vq)(1 = B¢*)z/(1 = v¢*)(1 —vq")
1_

1—

11. Putting =1 in (3.12) we get,

(a —=Daz/(1-7)
(1-70—-agz/(1—v)(1 —q)
(a =0 = q)z/(1 —y9)(1 —¢°)
(1 =yq)(1 = ag®)z/(1 = v¢*)(1 = ¢°)
(@ =) (1 = ¢*)z/(1 —¢*)(1 = ~¢")
1_

oFila, g vix) =1—

1—
1—

1—
1—

(3.13)
12. Putting 7 = ¢ in (3.13) we get,

a3 oo
2 Filo, q; ;2] = [ : 4
[7; q]oo
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L (a —1)z/(1—q)
T 000 a0 (3.14)
- (a=q)(1—g)z/(0-¢*)(1 - q°)
L (=g —ag?)/(1 - ¢*)(1 - q")
L (e=) -/l - ")(1 - ¢°)
1—
13. Replacing x by =/« and taking o — oo in (3.14'1) we get
o (=Dt w/(L—q) /(1= ¢*) x/(1+ q)(1 + ¢%)
; G = L= = - n .. (3.15)
14. If we set @« =0 and |z| < 1 in (3.14) we get
180[0, = g a] = ) (q”fc;n = [x_lq]n —1+ x/(i__ 2 x/(11; ) (316)
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