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Abstract: Differential subordination has recently been extended from the geomet-
ric function theory to the fuzzy set theory by several authors. In this paper, we
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1. Introduction

S. S. Miller and P. T. Mocanu introduced differential subordination and derived
some properties associated with it [11]. Then developed by many authors see
also [12, 13]. Fuzzy subordination and fuzzy differential subordination was first
studied by G. I. Oros and Gh. Oros [14]. Authors have extended the notion
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of subordination from the geometric theory of analytic functions of one complex
variable to the fuzzy set theory. In [15] the authors have defined the notion of fuzzy
differential subordination.

Fuzzy differential subordination theory represents a generalization of the classical
concept of differential subordination which emerged in recent years as a result of
embedding the concept of fuzzy sets into geometric function theory. In this paper
we have studied differential subordination and fuzzy differential subordination for
certain classes of holomorphic functions.

Let U = {2z € C: |z] <1} and H(U) denote the class of holomorphic functions in
U. For a € C and n € N, we denote by Hla,n] ={f € H{U) : f(z) = a+ a,2" +
Uni12" 4 zeUand A,={f € HU) : f(2) = 2+ a1 12" +ap 022"+ 2 €
U } with Ale.

Definition 1.1. [11] For the functions f and g analytic in U, we say that the
function f is subordinate g in U and written as f < g, if there exist a Schwartz
function w analytic in U with w(0) = 0, |w(z)| < 1 (z € U) such that f(z) =
g(w(z)) (z € U). In particular, if the function g is univalent in U, the above
subordination is equivalent to f(0) = ¢g(0), f(U) C g(U).

Definition 1.2. [22] Let X be a non-empty set. An application F : X — [0, 1] is
called fuzzy subset. An alternate definition, more precise would be the following:
A pair (S, Fs), where Fg: X — [0, 1] and supp(S, Fs) = {zr € X : 0 < Fg(z) < 1}
15 called fuzzy subset. The function Fs s called membership function of the fuzzy
subset (S, Fs).

Definition 1.3. [14] Let two fuzzy subsets of X be (M, Fy) and (N, Fy). We say
that the fuzzy subsets M and N are equal if and only if Fy(x) = Fy(x), v € X
and we denote this by (M, Fyr) = (N, Fy). The fuzzy subset (M, Fyr) is contained
in the fuzzy subset (N, Fy) if and only if Fy(x) < Fn(z), v € X and we denote
the inclusion relation by (M, Fy) C (N, Fy).

Assume that D is a set in C and f, g are holomorphic functions. We indicate by

f(D) = supp(f(D), Frpy) = {f(2) : 0 < Fyp)(f(2)) <1,z € D}

and
9(D) = supp(g(D), Fyp)) = {9(2) : 0 < Fyn)(9(z)) < 1,z € D}.

Definition 1.4. [14] Suppose that D is a set in C, zg € D is a fived point and let
the functions f,g € H(D). The function fis named a fuzzy subordinate to g and
write f <p g or f(2) <p g(2) if

(1) f(z0) = 9(20),
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(2) Fyo)(f(2)) < Fypy(9(2), z € D.
Definition 1.5. [15] Let h be univalent in U and ¥ : C3xU — C. If'P holomorphic

in U satisfies the fuzzy differential subordination

Fyeovy((P(2), 2P'(2), 2°P"(2); 2)) < Fawy(h(2)), (1.1)

1.€.,

V(P(2),2P'(2), 2*P"(2);2) <p h(z), 2 €U

then P is called a fuzzy solution of the fuzzy differential subordination. The univa-
lent function q is called a fuzzy dominant of the fuzzy solutions of the fuzzy differ-
ential subordination, or more simple a fuzzy dominant, if P(z) <r q(2), z € U for
all P satisfying (1.1). A fuzzy dominant q that satisfies ¢(z) <p q(2), z € U for
all fuzzy dominant q of (1.1) is said to be the fuzzy best dominant of (1.1).

Definition 1.6. Suppose that H is the complex Hilbert space and the algebra of all
bounded linear operators is denoted by L(H). Let T be the bounded linear operator
and o (T) the spectrum on the complex plane. The operator f(T) on H is known as
Riesz-Dunford integral [3] given by

A1) = 5 [T =10 ) (1.2

where I is the identity operator on H and C is the simple smooth closed contour,
positive oriented and consists the spectrum o (T) [5]. The operator f(T) converges
in the norm topology and can be written as:

n

> 0
:Zf(>

n=0

(1.3)

Forfe A,0<6<1and0 < u <1, Dunford [3] defined the operator RZ A—- A

1 o0
0 = 041 ,—(t/(1=p))
R.f(2) (1—M)9+1F(9+1)/ t"" e f(zt)dt
B INC + 1) "

In [2] they mentioned different types of intuitionistic fuzzy continuities and
intuitionistic fuzzy boundedness in intuitionistic fuzzy pseudo normed linear spaces
which we used at the time of extending the hilbert space operator for fuzzy notions.
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We need the following lemmas in investigating our main results.

Lemma 1.1. [11] (Hallenbeck and Ruscheweyh) Let h be a convez function with
h(0) = a, and let v € C* be a complex number with R(~y) > 0. If P € Hla,n] and

P(z) + %zP’(z) <Nh(z), z€U

then
P(z) < g(z) < h(z), z€U

where

nzn

g(z) = —L / h(t)trtdt, = € U.
0

for z € U, where o > 0 and n is positive integer. If P(z) = ¢(0) + Pp2" +
Pzt + .., 2 € U is holomorphic in U and

P(z) + azP'(z) < h(z), z€ U
then
P(z) < g(z), z €U,
and the result s sharp.

Lemma 1.3. [16] Let h be a convex function with h(0) = a, and let v € C* be a
complex number with R(v) > 0. If P € Hla,n] with P(0) = a and ¥ : C2.U —
C,¥(P(z),2P'(z)) = P(2) + %zP’(z) is holomorphic in U, then

Ficoon P<z>+§z7ﬁ'<z>> < Fya(h(2)),

implies
Fpw)(P(2)) < Fyw)(4(2)) < Frwy(h(z)), 2 € U,
1.e.,
P(z) <r q(z) <r h(z),
where

q(z) = L /0 h(t)ts—tdt

nzn
the function q is convex and is the fuzzy best (a,n)-dominant.

Lemma 1.4. [16] Suppose that q is convex function in U, let h(z) = g(z)+nvyzg'(2),
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v>0andn € N. If P € H[g(0),n] and ¥ : C*> x U — C, ¥(P(2),zP'(z)) =
P(z) + vzP'(2) is holomorphic in U, then
Fyc2v) [P(2) +72P'(2)] < Faany(h(2)),
implies
Fpw)(P(2)) < Fyn(a(2)), 2 € U,
1.€.,
P(z) <r q(z)
and q is the fuzzy best dominant.

Recently Oros and Oros [15, 16|, Lupas [6, 7, 8], Hyder [7], Wanas [20], Wanas
and Bulut [19], Altinkaya and Wanas [1] and Wanas and Majeed [18, 21] have
obtained fuzzy differential subordination result for certain classes of holomorphic
functions. In [6] determined certain coefficient inequalities for the classes of g-
starlike and g-convex function. We used to extend this is in fuzzy form. In [4]
defined subclasses of analytic functions which are based upon operators on Hilbert
space involving Wright’s generalized hypergeometric function. Here we used the

Hilbert space operator defined in (1.4), we study differential subordinations and
fuzzy differential subordinations properties associated with it.

2. Subordination Results

Theorem 2.1. Let g be a convex function, g(0) = 1 and let h be the function
hz)=g(2) +29'(2), z€ U, ifa,¢ > 0,n €N, f € A and satisfies the differential

subordination

¢—1
(@) (ROf(2)) < h(2),2 €U, (2.1)

0 ¢
(R’{(Z)) <g(2),z €U,

then

and this result 1s sharp.
Proof. Let

”+1F(n+9+2) .
_z—l—z .y 4, 2", (0<0<1,0< <)

Consider

z

¢
RG
P(Z) = ( Mf<2)> = ]_—|—7D<ZC +Pc+12<+1 + ceey R € U
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We deduce that P € H[1,(]. Differentiating above equation, we get

(Rﬁf(Z)

-1
) (Rﬁf(z))/ =P(z) + %277’(2), z €U,

then (2.1) becomes

P@)+éﬂ%@<h@y_ﬂd+§j@%zeU

By using Lemma 1.2, we have
P(z) < g(2),z €U,
ie.,

P ¢
(W) <g(2), zeU.

It can be observed that this result is sharp.

Theorem 2.2. Let h be a holomorphic function which satisfies the inequality
Re(l + Zh”(z)> > —%,z e U, and h(0) = 1. ifa,{ > 0,n € N, f € A and satisfies

e)
the differential subordination
¢—1
R /
( i@» (ROF(2)) < h(z),2 €U (2.2)
then )
Ré‘
( ”f(z)) <q(z),z €U,
where ¢
—_ — C_l
q(2) <, h(t)t*~ dt.

The function q is convex and it is the best dominant.

Proof. Let
) ¢
() = (Ruf@)

z
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¢
U,;t"+ﬁwn+9+2) n
z+ >0, T(@+1) (n=

z

¢
(1= p)" T (n 46 +2)
_ (n-1)
( + Z T(6+1) anz

n=

=1+ Z Pij_l

j=C+1

e - n+1 0
=1+¢ (Z; < mF(QFJ(rnl;— + 2)anz(”_1)) -

2
(C—1) [=~0=@w™™'T(n+0+2) 4
+ 91 (; (6 +1) AL ) + ..,

for z € U, P € HI1,(]. Differentiating P, we obtain

0 -1
(R’“‘ﬁ (2)> (R.f(2)) = P(z) + %ZP’(Z% z€U,
and (2.2) becomes

P(z) + %zP’(z) < Nh(z),z € U.

Using Lemma 1.1, we have
P(z) < q(z),z €U,

0 ¢ *
(Ruf(2)> <als)= 5 [ hepta, s,
0

ie.,

z 2¢
and ¢ is the best fuzzy dominant.

Corollary 2.1. Let h(z) = % be a convex function in U, where 0 < § < 1.

Ifa,( > 0,n € N, f € A and satisfies the differential subordination

(RZf(z)

¢—1
> (RO£(2)) < h(2),z €U, (2.3)

0 ¢
(R“£(2)> <q(2),z €U,

then




104 South FEast Asian J. of Mathematics and Mathematical Sciences

where q is given by

q(z) = (28— 1) + 1_ g/ 1+tdt,zeU.

The function q is convex and it is the best dominant.
Proof. Following the same steps as in the proof of the Theorem 2.2 and considering

2\ ¢
P(z) = (%) , the differential subordination (2.3) becomes

1+ (28 —1)z

P(e)+ 2P'(2) < hz) =

¢
By using Lemma 1.2, we have P(z) < ¢(2) i.e.

(Rﬁf(Z))

,z e U.

()t tdt

]
- | e e
=

[ 1) 1+2(1—5)t4_1}dt
1+t]

“}\If\r

J\l"\f “}\If\r

Therefore

RG < - z 4¢—1
(—“£(2)> <q(z)=(20-1)+ 2l ZCB)C/O f+tdt,z eU.

3. Fuzzy Subordination Results

Theorem 3.1. Suppose that the convex function h satisfies h(0) = 1. Let f € A
and

(1 — p)"+ir 0+2

1
z r@+1)

_ 1)anz(”‘1) +2 (RZf(Z))”

n=

1s holomorphic in U. If
Fyer o | H(RUF) 4Ty S Gh G0 (1) 00 12(RLF ) | <P (). (3.1)

then
Firg pyw)(Rof(2)) < Fyuna(z) < Fuanh(2),
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- (ROF()Y <r a(z) <r h(2),

where q(z) = L fo t)dt is convexr and is the fuzzy best dominant.
Proof. Assume that

P(z2) = (R.f(2))" (3.2)
Then P € H[1,1] and P(0) = 1. therefore, we have
P(z) + 27"( ) = (RLf(2)) + 2(Ry,f(2))"
14 Z (1- "“F(n +6+2) Y

re+1) i
+z (?; (1= u)?r(;f‘_l(—nl;— o 2)n(n - 1)anz(”_2)>
i Z (1- n+19r+n1;r 042) b
% )+ Z (1= ”*;F—i(_nl;r 6+2) (n —1)a,z2™Y + 2 (RZf(Z))”

(3.3)
According to (3.1) and (3.3), we deduce that
Fycevy [P(2) + 2P'(2)] < Fur(h(2))-
Thus by applying Lemma 1.3 with v = 1, we obtain
FpanP(2) < Fyuya(z) < Fuoyh(z),z € U.
From (3.2), we find that
Firg py)(Ruf(2)) < Fyana(z) < Fuanh(2),

ie.,
(Ry.f(2)) <r q(2) <F h(2),
where ¢(z) = 1 fo t)dt is convex and is the fuzzy best dominant.

For a = ¢ and h(z) = %(0 < p < 1) in Theorem 3.1, we obtain the
following corollary:
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Corollary 3.1. Let f € A and zf"(2) + f'(2) is holomorphic in U. If

1)+ (2) < S
then |t (20— 1
f(2) =rq(z) < W,

where q(z) =2p — 1+ @ln(l + 2) is conver and the fuzzy best dominant.

Theorem 3.2. Suppose that the convex function h satisfies h(0) = 1. Let f € A
and (R, f(z)) is holomorphic in U. If

Fycrry [(RUf(2))] < Fuayh(2), (3.4)

then ;
Frgnw) (R“£(2)> < Fyw)a(2) = Fawnh(2),
i.e.,
(%) <r al2) <r h(2).
where q(z) = 1 fo t)dt is convex and is the fuzzy best dominant.
Proof. Assume that ,
P(z) = (R’{(Z)) : (3.5)

It is clear that P € H[1,1] and P(0) = 1, we find that
P(z)+ 2P'(2) = (RZf(z))’. (3.6)
In view of (3.6), the fuzzy differential subordination (3.4) becomes
Fyc2v) [P(2) + 2P'(2)] < Fuw)(h(2))-
Thus by applying Lemma 1.3 with v = 1, we obtain
Fp)P(2) < Fyu)q(2) < Faanh(z), 2 € U.

From (3.5), we get

Fropyw)

(RZf(z)

z

> Fyna(z) < Frhayh(2),
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ie.,

0 z
(Rf : )) <r 4(2) <r h(z),

where ¢(z) = £ [ h(t)dt is convex and is the fuzzy best dominant.

Tz

For a = ¢ and h(z) = €*, |b| < 1 in Theorem 3.2, we obtain the following
Corollary 3.2. Let f € A, f'(z) is holomorphic in U. If f'(z) <r €%, then

f(2)

<F Q(z) =F ebza

eb

where q(z) = Zz_l 15 convexr and the fuzzy best dominant.

Theorem 3.3. Let g be a conver function, g(0)=1 and let h be the function

2\ ¢t
h(z)=9(2)+%9'(2),2 € U. Ifa,( >0,n €N, f € A and (@) (RZf(z)), is
holomorphic in U. If

0 e\
Fyc2.oy (Ruﬁ( )> (sz(z)), < Fhanh(z), (3.7)

then

~ < Fyang(z),

¢
RO f(2)
Flro pw) < : <

(Riﬂz))C o)

1.e.,

and this result is sharp.
Proof. Assume that

) ¢
P(2) = (R“f (Z)> . (3.8)

z

Then P € H[1,1] and P(0) = 1, therefore in view of (1.4) and (3.8). We have

0 (s -1 /
P(z) + %ZP/(Z) = (@) (Rif(z)) . (3.9)
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According to (3.7) and (3.9), We obtained

F,/)((cz_U) |}P(Z) + %ZPI(Z):| < Fh(U)h(Z),

then by applying Lemma 1.4 with v = ( we have

Fpw)(P(2)) < Fyw)(a(2)) < Fuw)(h(2)),z € U.

From (3.8) we obtain

> g(U)g(Z)a

¢
R f(2)
Firg () ( s <

ie.,

¢
RYf(z
( “ic( )> <rg(z),z €U
and this result is sharp.
Theorem 3.4. Let h be a holomorphic function which satisfies the inequality

Re(l + ZZ;?) >—1 zeU and h(0)=14ifa,(>0,neN, f e A and

<M>Cl (Rﬁf(z))/ is holomorphic in U. If

z

ROF(2)\ ,
Fw((CQ.U) ( MZ(2)> (sz(z)) < Fh(U)h(Z), (310)
then :
RB
Frgpsw) ( “f(z)> =< Fynq(z),z €U,
1.e., )
0
<R’“§(z)> <rq(2),z €U,

where q(z) = Z% foz h(t)t*=Ydt the function q is convex and it is the best dominant.

Proof. Assume that )
0
P(2) - (R“f (2>> | (3.11)

z
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It is clear that P € H[1,1] and P(0) = 1, we find that

0 r(, -1 ,
P(z) + %ZP,(Z) = (@) (ROf(2)) - (3.12)

According to (3.10) and (3.12), we obtain
1 /
Fw(C2.U) P(Z) + ZZP (Z) S Fh(U)h(Z)

Then by applying Lemma 1.3 with v = (, we have
FpanP(2) < Fyunq(z) < Fyoyh(z),z € U.

From (3.11), we get

e\
Fyc2u (Rl{( )> (REF(2)) | < Fynalz) < Fuanh(z),

and

(Rﬁf(z)

¢
) <F Q(Z>’ KA Ua

where q(z) = £ [~ h(t)dt is convex and is the fuzzy best dominant.

Theorem 3.5. Suppose q is a convex function in U such that q(0) = 1, h(z) =

1 !/
q(z) + 2¢'(z). Let f € A and (z%+f(];()z)> is holomorphic in U. If

REFF(2))
Fyc2u) [(“— < Fyayh(z), (3.13)
RYf(2)
then
R9+1f(2)
F oo L) <F 2),z €U,
( ngf)(U) ( RZf<Z) q(U)Q( )
1.€.,

R f(z)
(W) <rq(z),z €U,
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and q is fuzzy best dominant.
Proof. Assume that

P(z) = (%) : (3.14)

It is clear that P € H][1,1]. Differentiating both sides of (3.14) with respect to z,

it vields
P() = (—(R;fi(f)) - P() (%)
Then ! Ml
P(2) + 2P'(2) = (—iﬁ;é ()Z)> (3.15)

Using (3.15) in (3.14), we get
Fye2v) [P(2) + 2P'(2)] < Fawy(h(2)).

Thus by applying Lemma 1.4 with v = 1, we obtain

Ry (=)
F oo+ L | < F,unq(z),z €U,
(B w) ( RTF(2) a)4(2)

ie.,
Ry f(2)
Rif(2)

and q is fuzzy best dominant.

) <F Q(Z>7Z € U7

4. Conclusions

In the present work, we have introduced some properties of fuzzy differential
subordination and subordinations of analytic functions by using Hilbert Space Op-
erator.
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