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Abstract: Super Metric Spaces are a ground-breaking generalization of metric
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1. Introduction and Definitions

With the formulation of the metric fixed point by renowned mathematician
Stefan Banach [6], fixed point theory has gained prominence as a research area.
The fixed point theory has been the subject of numerous theoretical and practical
study. Essentially, there are two widely accepted theories about how to advance
the metric fixed point: the first is changing (weakening) the constraints on the
mapping of contraction, and the second is altering the abstract structure. Metric
spaces have already seen a number of generalisations and extensions.
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Due to its importance, various mathematicians studied many interesting ex-
tensions and generalizations, (see for example [1], [2], [3], [4], [9], [11], [12], [13],
[16], [17], [18], [19], [22], [23], [24], [25], [26], [30], [31], [34], [36] and references
therein). One of them is the a-i-contractive mapping, which Samet et al. [31]
first presented using a-admissible mappings. By using the notion of a-admissible
mapping, the authors introduced contractive mappings and investigated the exis-
tence and uniqueness of a fixed point of such mappings in the context of metric
space. Their results have attracted several authors since they are very interesting
and that several existing fixed point theorems listed as consequences of the main
result of this paper [31]. The approaches used in this paper have been extended
and improved by a number of authors to get similar results in different settings;
(see, for example, [5], [8], [18], [20]) . In this paper, the authors established several
fixed point results for such mappings in complete metric spaces. In addition, Samet
[31] claimed that some existing results can be inferred from their primary results.

In 1984, Wang et al. [35] presented some interesting work on expansion map-
pings in metric spaces which correspond to some contractive mappings in [27].
Further, Khan et al. [21] generalized the result of [35] by using functions. Also,
Rhoades [28] and Taniguchi [33] generalized the results of Wang [35] for pair of
mappings. Kang [10] generalized the result of Khan et al. [21], Rhoades [28] and
Taniguchi [33] for expansion mappings. On the other hand, Shahi et al. [32] de-
fined a new category of expansive mappings called (£, «)- expansive mappings as
a complement of the concept of o — t-contractive type mappings [31]. The au-
thors in [32] also studied many fixed point results for these new type of expansive
mappings in the context of complete metric spaces. Thereafter, in order to gen-
eralize (£, a)-expansive mappings, Karapinar et al. [19] introduced a new class of
expansive mappings called generalized (&, a)-expansive mappings and studied the
existence of a fixed point for these type of expansive mappings.

Very recently, Karapinar and Khojasteh [15] proposed a new structure known as
supermetric space in order to remove the congestion with regard to the fixed point
theory. Thereafter, Karapinar and Fulga [14] studied contractions in a rational
form in the context of the supermetric space.

Following this direction of research, we aim to investigate some expansive fixed
point results in the context of the supermetric space, which is a very interest-
ing generalization of the metric space. Also, motivated by the above idea of
(&, a)-expansive mappings and generalized (£, a)-expansive mappings, we intro-
duce (£, a)-expansive mappings and generalized (§, a)-expansive mappings in the
setting of supermetric spaces and establish various fixed point theorems for such
mappings in complete supermetric spaces. The presented theorems extend, gener-
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alize and improve many existing results in the literature. Recall some definitions
which are needed in our subsequent discussions.

Now, we give the following definition of super metric space which is introduced
recently by [15].

Definition 1.1. [15] Let X be a nonempty set. We say thatm : X x X — [0, 4+00)
s super-metric or super metric if

(1) if m(z,y) =0, then x =y for all z,y € X,

(17) m(x,y) = m(y,x), for all z,y € X,

(1i1) there exists s > 1 such that for all y € X there exists distinct sequences
(n), (yn) C X, with m(x,,y,) — 0 when n tends to infinity, such that

lim sup m(y,,y) < slim sup m(x,,y)
n—oo n—oo

Then, we call (X, m) a super metric space.
The notions of convergence and the Cauchy sequence with respect to completeness
of a supermetric space are defined as follows:

Definition 1.2. [15] On a supermetric space (X, m,s), a sequence {x,}:
(1) converges to x in X if and only if lim m(x,,x) =0;
n—o0

(i) is a Cauchy sequence in X if and only if lim sup{m(z,,z,) :p >n} =0;

n— o0
Proposition 1.1. [14] On a supermetric space, the limit of a convergent sequence
1S UNIqUe.

Definition 1.3. [15] We say that a supermetric space (X, m,s) is complete if and
only if every Cauchy sequence is convergent in X.

Proposition 1.2. [14] Let T : X — X be an asymptotically reqular mapping on
a complete supermetric space (X, m,s). Then, the Picard iteration {T"x} for the
watial point x € X 1s a convergent sequence on X .

2. Preliminary Theorems
We need the following results, consistent with [35, 31].
Wang et al. [35] defined expansion mappings in the form of the following theorem:

Theorem 2.1. [35] Let (X, d) be a complete metric space. If [ is a mapping of X
into itself and if there exists a constant ¢ > 1 such that

d(f(x), f(y)) = qd(z,y)

for each x,y € X and f is onto, then f has a unique fized point in X.
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Recently, Samet et al. [31] considered the following family of functions and
presented the new notions of a-1) -contractive and a-admissible mappings.

Definition 2.1. [31] Let ¢ denote the family of all functions ¢ : [0,+00) —
[0, +00) which satisfy

(i) Y272 " (t) < +o00 for each t > 0, where Y™ is the n-th iterate of 1.

(i) 1 is non-decreasing.

Definition 2.2. [31] Let (X,d) be a metric space and T : X — X be a given self
mapping. T is said to be an a--contractive mapping if there exists two functions
a: X x X —[0,+00) and ¢ € ¢ such that

a(z, y)d(Tz, Ty) < p(d(z,y))
forallz,y € X.
Definition 2.3. [31] Let T : X — X and a: X x X — [0,400). T is said to be
a-admissible if

r,y€ X, alr,y) > 1= a(Tz, Ty) > 1.

Now, we present some examples of a-admissible mappings.

Example 2.1. [32] Let X be the set of all non-negative real numbers. Let us
define the mapping a : X x X — [0,400) by

_J 1 ife>y,
a(x,y)—{ 0 ifr<uy.

and define the mapping 7' : X — X by Tz = 2% for all # € X. Then T is a-
admissible.

Example 2.2. [32] Let X be the set of all non-negative real numbers. Let us
define the mapping o : X x X — [0, +00) by

_ eV ifr >y,
Mﬁw—{ 0 ifr<uy.

and define the mapping 7' : X — X by Tx = e* for all x € X. Then T is
a-admissible.
In what follows, we present the main results of Samet et al. [31].

Theorem 2.2. [31] Let (X,d) be a complete metric space and T : X — X be an
a--contractive mapping satisfying the following conditions:
(i) T is c-admissible;
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(1) there exists xo € X such that a(xg, Txo) > 1;
(i5i) T is continuous.
Then, T has a fized point, that is, there exists x* € X such that Tx* = z*.

Theorem 2.3. [31] Let (X, d) be a complete metric space and T : X — X be an
a--contractive mapping satisfying the following conditions:

(i) T is a-admissible;

(i) there exists xo € X such that a(xg, Txo) > 1;

(713) if {x,} is a sequence in X such that a(x,, x,11) > 1 for alln and x,, - x € X
as n — +oo, then a(zr,,x) > 1 for all n.

Then, T has a fixed point.

Samet et al. [31] added the following condition (H) to the hypotheses of Theorem
2.4 and Theorem 2.5 to assure the uniqueness of the fixed point:

(H) : For all z,y € X, there exists z € X such that a(z,z) > 1 and a(y, z) > 1.
Further, Samet et al. [31] derived coupled fixed point theorems in complete metric
spaces using the previous obtained results.

Theorem 2.4. [31] Let (X, d) be a complete metric space and F : X x X — X be
a given mapping. Suppose that there exists 1 € ¢ and a function o : X? x X? —
0, +00) such that

b(d(x, u) + d(y,v)),

N —

a(z,y), (u, 0))d(F(z,y), F(u,v)) <

for all (z,y), (u,v) € X x X. Suppose also that
(1) For all (x,y), (u,v) € X x X, we have
(

a((z,y), (u,0)) 2 1= a((F(z,y), F(y, ), (F(u,v), F(v,u)) > 1;

(i) there exists (xo,y0) € X x X such that

a((zo, Yo), (F(z0,%0), F(y0,z0)) = 1 and a((F (yo, x0), F'(x0, y0)), (Yo, T0)) = 1.
(iii) F' is continuous.
Then, F' has a coupled fized point, that is, there exists (x*,y*) € X x X such that
x* = F(z*,y*) and y* = F(y*,z*).
Theorem 2.5. [31] Let (X, d) be a complete metric space and F: X x X — X be
a given mapping. Suppose that there exists 1 € ¢ and a function a : X? x X? —
0, +00) such that

P(d(z, u) + d(y,v)),

DN | —

a(z,y), (u, 0))d(F(z,y), F(u,v)) <

for all (z,y), (u,v) € X x X. Suppose also that
(i) For all (z,y), (u,v) € X x X, we have
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a((z,y), (u,0)) 2 1 = a((F(z,y), F(y, ), (F(u,v), F(v,u)) > 1;

(ii) there exists (xo,yo) € X x X such that
a((zo, v0), (F (w0, %0), F'(Yo,70)) = 1 and a((F(yo, zo), F (0, Y0)), (Yo, T0)) > 1.
(i3) if {x,} and {y,} are sequences in X such that
a((‘rm yn>’ (xn—&-lv yn—l—l)) > 1 and a((yn+1= xn—&-l)v (ym xn)) > 1,
T —>x € X andy, -y € X asn — +oo, then
a((n, yn), (z,y)) > 1 and a((y, x), (Yn, x,)) > 1 for alln € N.
Then, F has a coupled fized point.
Samet et al. [31] added the following condition (H') to the hypotheses of Theorem
2.6 and Theorem 2.7 to assure the uniqueness of the coupled fixed point:
(H') : For all (z,%), (u,v) € X x X, there exists (21, 25) € X x X such that

a((z,y), (21,22)) > 1, a((22,21), (y, 7)) > 1

and
a((u,v), (z1,22)) > 1, a((22,21), (v,u)) > 1.

In 2012, [32] introduced the following new notion of (&, «)-expansive mappings:
Let x denote all functions £ : [0,4+00) — [0, +00) which satisfies the following
properties:

(i) € is non-decreasing,

(ii) Y272 ¢"(a) < +oo for each a > 0, where £” is the n-th iterate of &.

(iii) &(a +b) = &(a) +£(b), Ya, b € [0, +00).

Lemma 2.1. [31] If ¢ : [0,4+00) — [0,4+00) is a nondecreasing function, then for
each a > 0, nl_l)rfoo &"(a) = 0 implies (a) < a.

Definition 2.4. [32] Let (X,d) be a metric space and T : X — X be a given
mapping. We say that T is an (§, o)-expansive mapping if there exist two functions
Eexand a: X x X = [0,400) such that

§(d(Tw, Ty)) = alz,y)d(z,y) (1)

forall z,y € X.

Remark 2.1. [32] If T : X — X is an expansion mapping, then T is an (&, )-
expansive mapping, where o(x,y) =1 for all z,y € X and &(a) = ka for all a > 0
and some k € [0,1).

Theorem 2.6. [32] Let (X,d) be a complete metric space and T : X — X be a
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bijective, (£, a)-expansive mapping satisfying the following conditions:

(1) T7' is a-admissible;

(11) there exists xg € X such that a(xg, T 'zg) > 1;

(11i) T is continuous.

Then, T has a fized point, that is, there exists u € X such that Tu = u.

Also, authors in [32] showed that the coupled fixed point theorems in complete
metric spaces can also be derived from their results. Let us recall the following
definition due to Bhaskar and Lakshmikantham [7] before stating their results:

Definition 2.5. [7] Let FF : X x X — X be a given mapping. We say that
(x,y) € X x X is a coupled fized point of F if
F(z,y) =2 and F(y,x) = y.
Lemma 2.2. [31] Let F : X x X — X be a given mapping. Define the mapping
T:XxX—=XxX by
T(z,y) = (F(z,y), Fy,x)), for all (z,y) € X x X.

Then, (z,y) is a coupled fixed point of F if and only if (x,y) is a fized point of T
Theorem 2.7. Let (X,d) be a complete metric space and F : X x X — X

be a given bijective mapping. Suppose that there exists £ € x and a function
a: X?x X? — [0,+00) such that

§(d(F(z,y), F(u,v) = 5a((z,y), (u,v))[d(z,u) + d(y, v)]
for all (z,y), (u,v) € X x X. Suppose also that
(i) For all (x,y), (u,v) € X x X, we have
a((@,y), (u,v) 2 1= o(F~H(2), FH () > 1;
(i) there exists (xo,y0) € X x X such that

a((xm yO)v <a7 b)) > 1 and Oz((b, (l), (y07 [)30)) > 17
where F~(zq) = (a,b).
(i1i) F is continuous.
Then, F has a coupled fized point, that is, there exists (x*,y*) € X x X such that
x* = F(z*,y*) and y* = F(y*, x%).
In 2014, Karapinar et al. [19] gave the following new concept of generalized (&, «)-
expansive mappings which generalized many existing results in the literature:

Definition 2.6. [19] Let (X,d) be a metric space and T : X — X be a given
mapping. The mapping T is a generalized (£, a)-expansive mapping if there exists
two functions £ € x and a : X x X — [0, +00) such that for all x,y € X, we have

§(d(Tz, Ty)) > a(z,y).m(z,y),
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where m(z,y) = min{d(z, y), d(z, Tz), d(y, Ty)}.
Following is the main result of [19]:

Theorem 2.8. [19] Let (X,d) be a complete metric space and T : X — X be a
bijective, generalized (£, a)-expansive mapping satisfying the following conditions:
(i) T~ is a-admissible;

(it) there exists v € X such that o(xo, T,

(1i1) T is continuous.

Then T has a fived point, that is, there exists u € X such that Tu = u.

In the sequel, authors in [19] proved that Theorem 2.8 still holds for 7" not neces-
sarily continuous, assuming the following condition:

(P) If {z,,} is a sequence in X such that a(x,, x,,1) > 1forallnand {z,} -z € X
as n — 400, then

)

a(T 'z, T z) > 1,

for all n.

Theorem 2.9. [19] If in Theorem 2.8, we replace the continuity of T by the
condition (P), then the result holds true.

Karapinar et al. [19] also derived the following fixed-point result on a metric space
endowed with a partial order:

Corollary 2.1. [19] Let (X, <) be a partially ordered set and d be a metric on X
such that (X, d) is complete. Let T : X — X be a bijective mapping such that T is
a non-decreasing mapping with respect to < satisfying the following condition for
all v,y € X withx > y:

Ed(Tx, Ty)) > a(z,y).m(z,y), (2)
where £ € x and
m(z,y) = min{d(z,y), d(z, Tz),d(y, Ty)}.

Suppose also that

(i) there exists vo € X such that xo < T 'xy;

(13) T is continuous or (X, <,d) is regular.

Then T has a fived point, that is, there exists u € X such that Tu = u.

In 2003, Kirk et al. [22] introduced cyclic representations and cyclic contractions
in order to generalize the Banach contraction mapping principle.

Definition 2.7. A mapping T : AUB — AU B s called cyclic if T(A) C B and
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T(B) C A, where A, B are nonempty subsets of a metric space (X, d).

Definition 2.8. A mapping T is called a cyclic contraction if there exists k € (0, 1)
such that d(Tz, Ty) < kd(z,y) for allx € A and y € B.

Therefore, cyclic contractions do not necessarily have to be continuous, despite the
fact that a contraction is.continuous. This is one of the important benefits of this
theorem. Recently, various researchers have derived several fixed-point results by
utilizing the cyclic representations and cyclic contractions. See for example [2],
[11], [17], [24], [25], [29].

Following this direction of research, Karapinar et al. [19] derived the following
fixed-point result for cyclic contractive mappings:

Corollary 2.2. [19] Let {A;}2_, be nonempty closed subsets of a complete metric
space (X,d) and T :'Y — Y be a given bijective mapping, where Y = Ay U As.
Suppose that the following conditions hold:

(I) T_1<A1) C Ay and T_l(A2> C Al;

(I1) there exists a function & € x such that

E(d(Tx, Ty)) > m(z,y),¥(x,y) € Ay X As. (3)

Then T has a unique fized point that belongs to A1 N As.

3. Main Theorems

In this section, we prove the Wang expansion mapping principle [35] in super
metric spaces.

Theorem 3.1. Let (X, m) be a complete super metric space and let T : X — X
be a surjective mapping. Suppose that o > 1 such that

m(Tx, Ty) > am(z,y), (4)

for all x,y € X. Then T has a unique fixed point in X.
Proof. Let us define the sequence {x,} in X by

Tp = Tmn-{—la

for all n € N, where xq € X. If xg = x1, then z; is the fixed point and the proof
is completed. So suppose that xg # x1. Thus, m(zg, 1) > 0. Thus, without loss
of generality, we can assume that x, # z,.1. So, m(x,,T,4+1) > 0, for all n € N.
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Therefore,

1 1
m(mnvxn—&-l) S _m(TmnaTxn—i—l) _m(xn—laxn)
(07

e

< @m(TIn—le’n)
1
= ?m(ajn—% xn—l)
1
S Jm(x(]) xl) (5>
Taking limit from both side of (5) implies that
lim m(z,,z,+1) = 0. (6)

n—0o0

Following the line of proof of Theorem 2.1 in [15], we get that {z,} is a Cauchy
sequence. Due to the fact that (X, m) is a complete supermetric space, the sequence
{z,} converges to z € X. We assert that z is the fixed point of 7. On the contrary,
assume that m(z,Tz) > 0. Note that as n — oo

1
m(zny1, T '2) = m(T 2, T"'2) < —m(xp, 2) — 0 (7)
«

Thus, lim m(z,1, T '2) = 0. If there N > 0 such that for all n > N, xy,; = 2,
n—oo

(7) implies that m(z,T~'z) = 0 and so we have z is the fixed point for 7. Otherwise,

assume that for all n € N, z,, # z. Thus, we get

m(z,Tz) < s lim supm(z,1, T '2), (8)

n—oo

and one concludes that m(z, T~'z) = 0, which is a contradiction. Thus, z = Tz is
the fixed point of 7" in X. The uniqueness of the fixed point is clear from (4).

Example 3.1. Let X = [1, 3] and define
_ oy ifr#y,
m(z,y) = { 0 ifr=uy.
Following [15], assuming the two distinct sequences (z,,), (y,) satisfying the condi-

tion m(x,,y,) — 0 as n — oo. Therefore, we will have m(z,, y,) = x,y, — 0, and
let v, — 0 and z, — v as n — infty, where u € X. Moreover, for any y € X,

lim sup m(y,,y) = lim supy,y =0 < s lim supm(z,,y) = lim sup z,y = .y,
n—00 n—00 n—o00 n—00

and it follows that (X, m) is a super-metric space.
Now, consider T': X — X as follows
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3 difx#1
T(x)_{g ife=1.

Considering s = %, a=2,x#1and y =1, we have

5 15
m(Tx, Ty) = m(3, 5) =3 > 2 xx=am(z,y),
as 1 < z < 3. The other cases being straightforward implies that 7" has a unique
fixed point x = 3 by previous theorem for a@ = 2.
We introduce here a new notion of (£, a)-expansive mappings in the setting of super
metric spaces as follows:

Definition 3.1. Let (X,d) be a super metric space and T : X — X be a given
mapping. We say that T is an (§, a)-expansive mapping if there exist two functions
Eexand a: X x X = [0,400) such that

§(m(Te, Ty)) = oz, y)m(z,y) (9)

forall z,y € X.
Now, we prove some fixed point theorems for (&, «)-expansive mappings in the
setting of super metric spaces.

Theorem 3.2. Let (X,d) be a complete super metric space and T : X — X be a
bijective, (&, a)-expansive mapping satisfying the following conditions:

(i) T~ is a-admissible;

(ii) there exists xog € X such that a(zg, T 'zo) > 1;

(iii) If {x,} is a sequence in X such that a(xp, xp11) > 1 for all n and {z,} —
r € X asn — 400, then

T T ') > 1 (10)

for all n. Then, T has a fized point, that is, there exists u € X such that Tu = u.
Proof. Let us define the sequence {x,} in X by

Tp =Tx,q, for all n € N,

where 7o € X be such that a(zg, T"'zy) > 1. Now, if x, = z,,; for any n € N,
one has that xz, is a fixed point of T from the definition {z,,}. Without loss of
generality, we can suppose x,, # x, 1 for each n € N.

It is given that a(zg, 1) = a(zg, T 'zg) > 1. Recalling that T is a-admissible,
therefore, we have
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a(T 2y, T ey) = alxy, x9) > 1.
Using mathematical induction, we obtain
a(xmxn—i-l) Z 17 (11)

for all n € N. Using (11) and applying the inequality (9) with z = z, and y = 2,41,
we obtain

m(xm xn—i—l) S O{(CL’m l’n+1)m($n, xn—i—l) S g(m(Tl‘na Txn—f—l)) = g(m(xn—lv J]n))

Therefore, by repetition of the above inequality, we have that
m(Tp, Tpi1) < E"(m(zo,x1)),Vn € N. (12)
Taking limit from both side of (12) implies that

lim m(z,, Tnt1) = 0. (13)
n—o0

Following the line of proof of Theorem 2.1 in [15], we get that {z,} is a Cauchy
sequence. Due to the fact that (X, m) is a complete supermetric space, the sequence
{z,} converges to z € X. We assert that z is the fixed point of 7. On the contrary,
assume that m(z,7Tz) > 0. Note that as n — oo

m(mnH,T_lz) = m(T_lxn,T_lz) < oa(T_lxn, T_lz)m(T_lxn, T_lz) < &(m(zn,2))(14)
Thus, lim m (2,41, T '2) = 0. If there N > 0 such that for all n > N, xy41 =

n—o0

2, (14) implies that m(z,7712) = 0 and so we have z is the fixed point for T.
Otherwise, assume that for all n € N, x,, # z. Thus, we get

m(z,Tz) < s lim supm(znq1, T '2), (15)
n—oo

and one concludes that m(z, T~'z) = 0, which is a contradiction. Thus, z = T’z is
the fixed point of 7" in X. The uniqueness of the fixed point is clear from (4).

To ensure the uniqueness of the fixed point in Theorem 3.2, we consider the con-
dition:

(U): For all u,v € X, there exists w € X such that a(u,w) > 1 and a(v,w) > 1.

Theorem 3.3. Adding condition (U) to the hypotheses of Theorem 3.2, we obtain
uniqueness of the fixed point of T.
Proof. From Theorem 3.2, the set of fixed points is non-empty. We shall show
that if v and v are two fixed points of 7', that is, T'(uv) = v and T'(v) = v, then
u = v. From condition (U), there exists w € X such that

a(u,w) > 1 and a(v,w) > 1.
Recalling the a-admissible property of 71, we obtain
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a(u, T7'w) > 1 and a(v, T~'w) > 1, for all n € N.
Therefore, by repeatedly applying the a-admissible property of 77!, we get

alu, T7"w) > 1 and a(v, T""w) > 1, for all n € N.
Therefore,

m(u, T™"w) a(u, T7"w)m(u, T "w)

<
< &(m(u, T w)))
Repetition of the above inequality implies that

m(u, T7"w) < £"(m(u,w)), for all n € N.

Thus, we have T~"w — u as n — +o00. Using the similar steps as above, we obtain
T ™w — v as n — +o0o. Now, uniqueness of the limit of T "w gives us u = v.
This completes the proof.

Now, we present the concept of generalized (£, a)-expansive mappings in the setting
of super metric spaces as follows:

Definition 3.2. Let (X, m) be a super metric space and T : X — X be a given
mapping. We say that T is a generalized (£, a)-expansive mapping if there exists
two functions £ € x and a : X x X — [0, +00) such that for all x,y € X, we have

{(m(Tz,Ty)) = a(z,y).m(z,y), (16)

where m(z,y) = min{d(z,y),d(x,Tz),d(y, Ty)}.

Theorem 3.4. Let (X, m) be a complete super metric space and T : X — X be a
bijective, generalized (€, a)-expansive mapping satisfying the following conditions:
(i) T~ is a-admissible;

(ii) there exists xo € X such that a(xo, T 'zo) > 1;

(iii) If {x,} is a sequence in X such that a(x,, x,11) > 1 for all n and {z,} —
r € X asn — +oo, then

(T, T 'x) > 1 (17)

for all n. Then T has a fixed point, that is, there exists u € X such that Tu = u.
Proof. Suppose 2y € X be such that a(zg, T 'z) > 1. Suppose the sequence
{z,} in X is defined by

Tn = Txn—i—l
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for all n € N. If for any n € N we have x,, = 2,1, then z, is a fixed point
of T" in view of the definition. So, we suppose that z,, # x,41 for each n € N
without loss of generality. Due to the fact that 7! is an a-admissible mapping
and a(zg, T 'xp) > 1, we get that

a(T zy, T o) = axy, x9) > 1.

Continuing this process, we obtain for all n € NU {0}
Ty, Tpp1) > 1. (18)
Applying inequality (16) with x = z,,, y = x,41, we get
m(Tn—1,Tn) > E(M(T 0, Ty 11)) = (T, Ty )T Tiigr)-
Since a(xy,, Tpy1) > 1 for all n, we have
m(zp_1,2,) > Em(Tx,, Trpyr)) > min{m(z,, zo1), m(x,—1, z,)}.
Now, if min{m/(z,, zp1), m(x,_1,2,)} = m(x,_1,z,) for some n € N, then
M1, 2n) > E(m(Tan, Toni1)) 2 m(Tn-1, 20),
which is a contradiction. Therefore, for all n € N, we get
§(m(n—1,2n)) Z m(Tn, Tni1) Z M(Tn, Tni).

By induction, we obtain

" (m(wo, 21)) = m(n, Tny1). (19)
Taking limit from both side of (19) implies that

lim m(x,, 2n1) = 0. (20)

n—oo

Following the line of proof of Theorem 2.1 in [15], we get that {z,} is a Cauchy
sequence. Due to the fact that (X, m) is a complete supermetric space, the sequence
{z,} converges to z € X. We assert that z is the fixed point of T. On the contrary,
assume that m(z,Tz) > 0. Note that as n — oo

m(Tpi1, T 12) =m(T a,, T712) < (T e, T 2)m(T e, T712) < E(m(xp, 2))(21)
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Thus, lim m(2,1, 7 '2) = 0. If there N > 0 such that for all n > N, xn,; =

n—oo

z, (21) implies that m(z,77'2) = 0 and so we have z is the fixed point for 7'
Otherwise, assume that for all n € N, x,, # z. Thus, we get

m(z,Tz) < s lim supm(z,41, T '2), (22)

n—oo

and one concludes that m(z,T-'2z) = 0, which is a contradiction. Thus, z = Tz is
the fixed point of T in X.
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