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1. Introduction and Definitions
Fractional calculus is a branch of mathematics that deals with the study of

fractional order integrals and derivatives. Many real-life applications of fractional
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calculus can be found in earthquake prediction, mathematical bio-science, elec-
tronic system design, image processing and optics, interested reader can refer to
[12]. Saigo [11] studied the following fractional integral operators with Gauss hy-
pergeoemtric kernel:(
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where κ, λ, µ ∈ C, x ∈ R+ and 2F1(; ) is the Gauss hypergeometric function defined
in Rainville [10], as:

2F1(η, ρ; τ ; z) =
∞∑
n=0

(η)n(ρ)n
(τ)n

zn

n!
(η, ρ, τ, z ∈ C)

If λ = −κ, then (1) and (2) reduces to the Riemann-Liouville and Weyl type
fractional integral operators as follows (Agarwal and Choi [1]):(
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If λ = 0, then (1) and (2) reduces to the following Erdelyi-Kober fractional integral
operators as follows (Agarwal and Choi [1]):(
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The following new extended beta function is investigated by Kaurangini et al [5].
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where min{Re(Λ), Re(Υ)} > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Ω), Re(℧)} >
0, and hΨg is the generalized Wright function defined for z ∈ C, complex rk, dι
and Rk, Dι ∈ R (k = 1, 2, 3 . . . , h; ι = 1, 2, 3, . . . , g) by the series in Kilbas and
Srivastava [6].
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They also (Kaurangini et al. [5]) studied the following hypergeometric function:
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where Re(φ) > Re(ϕ) > 0 and |z| < 1; and
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where Re(φ) > Re(ϕ) > 0.
The main purpose of this article is to apply the Saigo’s fractional integral operators
in (1) and (2) to the newly introduced Gauss and confluent hypergeoetric functions
in (5) and (6). Furthermore, some new images formulas are also obtain by applying
integral transforms to the obtained fractional integral operators.

2. Fractional Integration of the New Extended Hypergeometric Function

2.1. The Left-sided Saigo Fractional Integral Operator
In this section the following power function formulas are required:

Lemma 1. [1]: (
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0,x tτ−1

)
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xτ−λ−1, (7)
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where κ, λ, µ, τ ∈ C with Re(κ) > 0 and Re(τ) > max{0, Re(λ− µ)}.
Lemma 2. [1]: (
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τ−1
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(x) =
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where κ, τ ∈ C with Re(κ) > 0 and Re(κ) > Re(τ).

Lemma 3. [1]: (
Eκ,µ
0,x t

τ−1
)
(x) =

Γ(τ + µ)

Γ(τ + κ+ µ)
xτ−1, (9)

where κ, µ, τ ∈ C with Re(τ + µ) > 0.
The following definition is also needed in this section.

Definition 4: Pohlen in [8] defined the following Hadamard convolution (product)
for the two power series h(z) = anz

n (|z| < Rh) and k(z) = bnz
n (|z| < Rk), where

Rh and Rk are the radii of convergence defined by
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n=0

anbnz
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Theorem 5. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0 and Re(κ) > 0 be
such that Re(τ) > max{0, Re(λ− µ)}. Then, the following holds:(
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Proof. Let F1 be the left-hand side of (11), using (5) and changing the order of
summation and integral operator leads us to
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Applying (7) to (17) and simplifying, yields
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Using the Hadamard convolution (product) in (10) and Fox-Wright function in (4)
to (13) the required result in (11) is obtained.

Corollary 6. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(φ) > Re(ϕ) > 0, Re(ℓ) > 0,
min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0 and Re(κ) > 0 be such that
Re(τ) > max{0, Re(λ− µ)}. Then, the following result is valid:(
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Corollary 7. Let x > 0, κ, λ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0 and Re(κ) > 0 be
such that Re(κ) > 0 and Re(κ) > Re(τ). Then, the following formula holds:(
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Corollary 8. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0 and Re(κ) > 0 be
such that Re(τ + µ) > 0. Then, the following holds:(
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2.2. The Right-sided Saigo Fractional Integral Operator

Lemma 9. [1]:(
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where κ, λ, µ, τ ∈ C with Re(κ) > 0 and Re(τ) < 1 + min{Re(λ), Re(µ)}.
Lemma 10. [1]: (
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where κ, τ ∈ C with Re(τ) < 1 +Re(κ).

Lemma 11. [1]:
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where κ, µ, τ ∈ C with Re(µ) > Re(τ) > −1.

Theorem 12. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0 and Re(κ) > 0 be
such that Re(τ) < 1 + min{Re(λ), Re(µ)}. Then, the following holds:(
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Proof. The proof of (17) follows directly from Theorem 5 and equation (14).

Corollary 13. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(φ) > Re(ϕ) > 0, Re(ℓ) >
0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0 and Re(κ) > 0 be such that
Re(τ) < 1 + min{Re(λ), Re(µ)}. Then, the following holds:(
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Corollary 14. Let x > 0, κ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) >
0, Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0 and min{Re(Λ), Re(Υ)} > 0, be such
thatRe(τ) < 1 +Re(κ) >. Then, the following holds:(

Wκ
x,∞tτ−1 ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; zt−ℓ)
)
(x)

= xτ+κ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; zx−ℓ) ∗ 2Ψ1

 (1− κ− τ, ℓ), (1, 1)
zx−ℓ

(1− τ, ℓ)





Fractional Integrations for the New Generalized Hypergeometric Functions 83

Corollary 15. Let x > 0, κ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0 and Re(κ) > 0 be
such that Re(µ) > Re(τ) > −1. Then, the following holds:(

Kκ,µ
x,∞tτ−1ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; zt−ℓ)
)
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 .

3. Integral Transforms of Fractional Integral Operator with the New
Extended Hypergeometric Function

3.1. Euler-beta Transform for the Fractional Integral and Derivative
Operators

Definition 16. The Beta transform of f(z) is defined in [8], as:

B{f(z);h,m} =

∫ 1

0

f(z)zh−1(1− z)m−1dz (18)

Theorem 17. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) >
0, Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, be such that
Re(τ) > max{0, Re(λ− µ)}. Then, the following holds:

B
{(
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0,x tτ−1 ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; ztℓ)
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}
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xℓ

(τ − λ, ℓ), (τ + κ+ µ, ℓ), (h+m, 1)

 (19)

Proof. Let E be the left-hand side of (19), using (11), (18) and changing the order
of summation and integral leads us to

E =
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(υ)n
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×
∫ 1

0
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Simplifying (20), gives
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By applying the Hadamard convolution (product) in (10) and Fox-Wright function
in (4) to (21) the desired result in (19) is obtained.

Corollary 18. Let x > 0, κ, λ, µ, τ, ℘,ℑ ∈ C, Re(φ) > Re(ϕ) > 0, Re(ℓ) > 0,
min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be such that
Re(τ) > max{0, Re(λ− µ)}. Then, the following result is valid:

B
{(

Iκ,λ,µ
0,x tτ−1 ΨΦΛ,Υ

℘,ℑ (ϕ;φ; zt
ℓ)
)
(x);h,m

}
= xτ−λ−1Γ(m) ΨΦΛ,Υ

℘,ℑ (ϕ;φ; zx
ℓ) ∗ 4Ψ3

 (τ, ℓ), (τ + µ− λ, ℓ), (h, 1), (1, 1)
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(τ − λ, ℓ), (τ + κ+ µ, ℓ), (h+m, 1)


Corollary 19. Let x > 0, κ, λ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(κ) > 0 and Re(κ) > Re(τ). Then, the following formula holds:

B
{(
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℘,ℑ (υ, ϕ;φ; ztℓ)
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(x);h,m

}
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Corollary 20. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) >
0, Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(τ + µ) > 0. Then, the following holds:

B
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Eκ,µ
0,x t

τ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; ztℓ)
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}
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 (τ + µ, ℓ), (h, 1), (1, 1)
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(τ + κ+ µ, ℓ), (h+m, 1)


Theorem 21. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(τ) < 1 + min{Re(λ), Re(µ)}. Then, the following holds:

B
{(

J κ,λ,µ
x,∞ tτ−1 ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; zt−ℓ)
)
(x);h,m

}
= xτ−λ−1Γ(m) ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; zx−ℓ)

∗ 4Ψ3

 (λ− τ + 1, ℓ), (µ− τ + 1, ℓ), (h, 1), (1, 1)
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(1− τ, ℓ), (κ+ λ+ µ− τ + 1, ℓ), (h+m, 1)


(22)
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Proof. Equation (22) follows directly from (19) and (17).

Corollary 22. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(φ) > Re(ϕ) > 0, Re(ℓ) >
0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be such that
Re(τ) < 1 + min{Re(λ), Re(µ)}. Then, the following holds:

B
{(

J κ,λ,µ
x,∞ tτ−1 ΨΦΛ,Υ

℘,ℑ (ϕ;φ; zt
−ℓ)

)
(x);h,m

}
= xτ−λ−1Γ(m) ΨΦΛ,Υ

℘,ℑ (ϕ;φ; zx
−ℓ)

∗ 4Ψ3

 (λ− τ + 1, ℓ), (µ− τ + 1, ℓ), (h, 1), (1, 1)
x−ℓ

(1− τ, ℓ), (κ+ λ+ µ− τ + 1, ℓ), (h+m, 1)


Corollary 23. Let x > 0, κ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, be such that Re(τ) <
1 +Re(κ) >. Then, the following holds:

B
{(

Wκ
x,∞tτ−1 ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; zt−ℓ)
)
(x);h,m

}
= xτ+κ−1Γ(m) ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; zx−ℓ) ∗ 3Ψ2

 (κ− τ + 1, ℓ), (h, 1), (1, 1)
x−ℓ

(1− τ, ℓ), (h+m, 1)


Corollary 24. Let x > 0, κ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(µ) > Re(τ) > −1. Then, the following holds:

B
{(

Kκ,µ
x,∞tτ−1 ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; zt−ℓ)
)
(x);h,m

}
= xτ−1Γ(m) ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; zx−ℓ) ∗ 3Ψ2

 (µ− τ + 1, ℓ), (h, 1), (1, 1)
x−ℓ

(κ+ µ− τ + 1, ℓ), (h+m, 1)


3.2. SUM Transform for the Fractional Integral and Derivative Opera-
tors

Definition 25. The SUM transform is defined by Hasan et al. [3] by

Sa{f(z)}(s) =
1

sr

∫ ∞

0

f(z)a−stdt, (23)

where t ≥ 0, r ∈ Z, a ∈ (0,∞) \ {1}, m1 ≤ s ≤ m2 and m1,m2 > 0.
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Theorem 26. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(τ) > max{0, Re(λ− µ)}. Then, the following holds:

Sa

{
zk−1

(
Iκ,λ,µ
0,x tτ−1 ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; ztℓ)
)
(x)

}
=

xτ−λ−1

sr[slog(a)]k
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

zxℓ

[slog(a)]

)

∗ 4Ψ2

 (τ, ℓ), (τ + µ− λ, ℓ), (k, 1), (1, 1)
xℓ

[slog(a)]

(τ − λ, ℓ), (τ + κ+ µ, ℓ), (k +m, 1)

 (24)

Proof. Let S be the left-hand side of (24), using (11), (23) and changing the order
of summation and integral leads us to

S =
∞∑
n=0

(υ)n

ΨBΛ,Υ
℘,ℑ (ϕ+ n, φ− ϕ)

B(ϕ, φ− ϕ)n!

Γ(τ + nℓ)Γ(τ + µ− λ+ nℓ)Γ(1 + n)

Γ(τ − λ+ nℓ)Γ(τ + κ+ µ+ nℓ)n!
xℓ

×
{

1

sr

∫ ∞

0

a−szzk+n−1dz

}
(25)

Simplifying (25), gives

S =
xτ−λ−1

sr[slog(a)]k

∞∑
n=0

(υ)n

ΨBΛ,Υ
℘,ℑ (ϕ+ n, φ− ϕ)

B(ϕ, φ− ϕ)n!

× Γ(τ + nℓ)Γ(τ + µ− λ+ nℓ)Γ(k + n)Γ(1 + n)

Γ(τ − λ+ nℓ)Γ(τ + κ+ µ+ nℓ)n!

(
xℓ

[slog(a)]

)n

(26)

By applying the Hadamard convolution (product) in (10) and Fox-Wright function
in (4) to (26) the desired result in (24) is obtained.

Corollary 27. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(φ) > Re(ϕ) > 0, Re(ℓ) >
0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be such that
Re(τ) > max{0, Re(λ− µ)}. Then, the following result is valid:

Sa

{
zk−1

(
Iκ,λ,µ
0,x tτ−1 ΨΦΛ,Υ

℘,ℑ (ϕ;φ; zt
ℓ)
)
(x)

}
=

xτ+κ−1

sr[slog(a)]k

× ΨΦΛ,Υ
℘,ℑ

(
ϕ;φ;

zxℓ

[slog(a)]

)
∗ 4Ψ2

 (τ, ℓ), (τ + µ− λ, ℓ), (k, 1), (1, 1)
xℓ

[slog(a)]

(τ − λ, ℓ), (τ + κ+ µ, ℓ), (k +m, 1)
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Corollary 28. Let x > 0, κ, λ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(κ) > 0 and Re(κ) > Re(τ). Then, the following formula holds:

Sa

{
zk−1

(
Rκ

0,xt
τ−1 ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; ztℓ)
)
(x)

}
=

xτ+κ−1

sr[slog(a)]k
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

zxℓ

[slog(a)]

)
∗ 3Ψ1

 (τ, ℓ), (k, 1), (1, 1)
xℓ

[slog(a)]

(τ + κ, ℓ)


Corollary 29. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) >
0, Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(τ + µ) > 0. Then, the following holds:

Sa

{
zk−1

(
Eκ,µ
0,x t

τ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; ztℓ)

)
(x)

}
=

xτ−1

sr[slog(a)]k
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

zxℓ

[slog(a)]

)
∗ 3Ψ1

 (τ + µ, ℓ), (k, 1), (1, 1)
xℓ

[slog(a)]

(τ + κ+ µ, ℓ)



Theorem 30. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(τ) < 1 + min{Re(λ), Re(µ)}. Then, the following holds:

Sa

{
zk−1

(
J κ,λ,µ

x,∞ tτ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; zt−ℓ)

)
(x)

}
=

xτ−λ−1

sr[slog(a)]k
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

zx−ℓ

[slog(a)]

)

∗ 4Ψ2

 (λ− τ + 1, ℓ), (µ− τ + 1, ℓ), (k, 1), (1, 1)
x−ℓ

[slog(a)]

(1− τ, ℓ), (κ+ λ+ µ− τ + 1, ℓ)

 (27)

Proof. Theorem 30 follows from Theorem 26.

Corollary 31. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) >
0, Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
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such that Re(τ) < 1 + min{Re(λ), Re(µ)}. Then, the following holds:

Sa

{
zk−1

(
J κ,λ,µ

x,∞ tτ−1 ΨΦΛ,Υ
℘,ℑ (ϕ;φ; zt

−ℓ)
)
(x)

}
=

xτ−λ−1

sr[slog(a)]k
ΨΦΛ,Υ

℘,ℑ

(
ϕ;φ;

zx−ℓ

[slog(a)]

)

∗ 4Ψ2

 (λ− τ + 1, ℓ), (µ− τ + 1, ℓ), (k, 1), (1, 1)
x−ℓ

[slog(a)]

(1− τ, ℓ), (κ+ λ+ µ− τ + 1, ℓ)


Corollary 32. Let x > 0, κ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, be such that Re(τ) <
1 +Re(κ) >. Then, the following holds:

Sa

{
zk−1

(
Wκ

x,∞tτ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; zt−ℓ)

)
(x)

}
=

xτ+κ−1

sr[slog(a)]k
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

zx−ℓ

[slog(a)]

)

∗ 4Ψ2

 (1− τ − κ, ℓ), (k, 1), (1, 1)
x−ℓ

[slog(a)]

(1− τ, ℓ)


Corollary 33. Let x > 0, κ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(µ) > Re(τ) > −1. Then, the following holds:

Sa

{
zk−1

(
Kκ,µ

x,∞tτ−1ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; zt−ℓ)

)
(x)

}
=

xτ−1

sr[slog(a)]k
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

zx−ℓ

[slog(a)]

)

∗ 4Ψ2

 (µ− τ + 1, ℓ), (k, 1), (1, 1)
x−ℓ

[slog(a)]

(κ+ µ− τ + 1, ℓ)


If a = e and r = 0, then (24) and (27) reduce to the classical Laplace transform as
follows:

Corollary 34. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) >
0, Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
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such that Re(τ) > max{0, Re(λ− µ)}. Then, the following holds:

L
{
zk−1

(
Iκ,λ,µ
0,x tτ−1 ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; ztℓ)
)
(x)

}
=

xτ−λ−1

sk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

zxℓ

s

)
∗ 4Ψ2

 (τ, ℓ), (τ + µ− λ, ℓ), (k, 1), (1, 1)
xℓ

s

(τ − λ, ℓ), (τ + κ+ µ, ℓ), (k +m, 1)


Corollary 35. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) >
0, Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(τ) < 1 + min{Re(λ), Re(µ)}. Then, the following holds:

L
{
zk−1

(
J κ,λ,µ

x,∞ tτ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; zt−ℓ)

)
(x)

}
=

xτ−λ−1

sk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

zx−ℓ

s

)

∗ 4Ψ2

 (λ− τ + 1, ℓ), (µ− τ + 1, ℓ), (k, 1), (1, 1)
x−ℓ

s

(1− τ, ℓ), (κ+ λ+ µ− τ + 1, ℓ)


3.3. Whittaker Transform for the Fractional Integral and Derivative
Operators

Theorem 36. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(τ) > max{0, Re(λ− µ)}. Then, the following holds:∫ ∞

0

zk exp

(
−mz

2

)
Wϱ,ρ(mz)

(
Iκ,λ,µ
0,x tτ−1ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; ztℓ)
)
(x)dz

=
xτ−λ−1

mk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

xℓ

m

)

∗ 5Ψ3

 (τ, ℓ), (τ + µ− λ, ℓ), (1, 1)
(
1
2
+ ρ+ k, 1

)
,
(
1
2
− ρ+ k + n, 1

)
xℓ

m

(τ − λ, ℓ), (τ + κ+ µ, ℓ), (1− ϱ+ k, 1)

 (28)

Proof. For simplicity, let W be the left-hand side of (28), using (11) and changing
the order of summation and integral leads us to

W =
∞∑
n=0

(υ)n

ΨBΛ,Υ
℘,ℑ (ϕ+ n, φ− ϕ)

B(ϕ, φ− ϕ)n!

Γ(τ + nℓ)Γ(τ + µ− λ+ nℓ)Γ(1 + n)

Γ(τ − λ+ nℓ)Γ(τ + κ+ µ+ nℓ)n!
xℓ

×
∫ ∞

0

zk+n−1 exp

(
−mz

2

)
Wϱ,ρ(mz)dz (29)
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Setting mz = ϑ in (29) leads us to

W =
xτ−λ−1

mk

∞∑
n=0

(υ)n

ΨBΛ,Υ
℘,ℑ (ϕ+ n, φ− ϕ)

B(ϕ, φ− ϕ)n!

Γ(τ + nℓ)Γ(τ + µ− λ+ nℓ)Γ(1 + n)

Γ(τ − λ+ nℓ)Γ(τ + κ+ µ+ nℓ)n!

(
xℓ

m

)n

×
∫ ∞

0
ϑk+n−1 exp

(
−ϑ

2

)
Wϱ,ρ(ϑ)dϑ (30)

Using the result from Bhatnagar and Pandey [2], we obtained:

∫ ∞

0

ϑk−1 exp

(
−ϑ

2

)
Wϱ,ρ(ϑ)dϑ =

Γ
(
1
2
+ ρ+ k

)
Γ
(
1
2
− ρ+ k

)
Γ (1− ϱ+ k)

, (31)

where Re(ρ ± k) > −1
2
, Wϱ,ρ(; ) the Whittaker confluent hypergeometric function

and so, Simplifying (30) using (31) gives

W =
xτ−λ−1

mk

∞∑
n=0

(υ)n

ΨBΛ,Υ
℘,ℑ (ϕ+ n, φ− ϕ)

B(ϕ, φ− ϕ)n!
(32)

×
Γ(τ + nℓ)Γ(τ + µ− λ+ nℓ)Γ

(
1
2 + ρ+ k + n

)
Γ
(
1
2 − ρ+ k + n

)
Γ(1 + n)

Γ(τ − λ+ nℓ)Γ(τ + κ+ µ+ nℓ)Γ (1− ϱ+ k + n)n!

(
xℓ

m

)n

By using the Hadamard convolution (product) in (10) and Fox-Wright function in
(4) to (32) the desired result in (28) is obtained.

Corollary 37. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(φ) > Re(ϕ) > 0, Re(ℓ) >
0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be such that
Re(τ) > max{0, Re(λ− µ)}. Then, the following result is valid:∫ ∞

0

zk exp

(
−mz

2

)
Wϱ,ρ(mz)

(
Iκ,λ,µ
0,x tτ−1 ΨΦΛ,Υ

℘,ℑ (ϕ;φ; zt
ℓ)
)
(x)dz

=
xτ−λ−1

mk
ΨΦΛ,Υ

℘,ℑ

(
ϕ;φ;

xℓ

m

)

∗ 5Ψ3

 (τ, ℓ), (τ + µ− λ, ℓ), (1, 1)
(
1
2
+ ρ+ k, 1

)
,
(
1
2
− ρ+ k, 1

)
xℓ

m

(τ − λ, ℓ), (τ + κ+ µ, ℓ), (1− ϱ+ k, 1)


Corollary 38. Let x > 0, κ, λ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
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such that Re(κ) > 0 and Re(κ) > Re(τ). Then, the following formula holds:∫ ∞

0

zk exp

(
−mz

2

)
Wϱ,ρ(mz)

(
Rκ

0,xt
τ−1 ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; ztℓ)
)
(x)dz

=
xτ−λ−1

mk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

xℓ

m

)

∗ 4Ψ2

 (τ, ℓ), (1, 1)
(
1
2
+ ρ+ k, 1

)
,
(
1
2
− ρ+ k, 1

)
xℓ

m

(τ + κ, ℓ), (1− ϱ+ k, 1)


Corollary 39. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) >
0, Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(τ + µ) > 0. Then, the following holds:∫ ∞

0

zk exp

(
−mz

2

)
Wϱ,ρ(mz)

(
Eκ,µ
0,x t

τ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; ztℓ)

)
(x)dz

=
xτ−1

mk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

xℓ

m

)

∗ 4Ψ2

 (τ + µ, ℓ), (1, 1)
(
1
2
+ ρ+ k, 1

)
,
(
1
2
− ρ+ k, 1

)
xℓ

m

(τ + κ+ µ, ℓ), (1− ϱ+ k, 1)


Theorem 40. If x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(ℓ) > 0, min{Re(℘), Re(ℑ)} >
0, min{Re(Λ), Re(Υ)} > 0,such Re(κ) > 0 and Re(τ) < 1 + min{Re(λ), Re(µ)}∫ ∞

0

zk exp

(
−mz

2

)
Wϱ,ρ(mz)

(
J κ,λ,µ

x,∞ tτ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; zt−ℓ)

)
(x)dz

=
xτ−λ−1

mk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

x−ℓ

m

)

∗ 5Ψ3

 (λ− τ + 1, ℓ), (µ− τ + 1, ℓ), (1, 1),
(
1
2
+ ρ+ k, 1

)
,
(
1
2
− ρ+ k, 1

)
x−ℓ

m

(1− τ, ℓ), (κ+ λ+ µ− τ + 1, ℓ), (1− ϱ+ k, 1)


(33)

Proof. Theorem 40 follows from Theorem 36.
Using equation (28), (31) and (33) the following formulas are obtained:

Corollary 41. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(φ) > Re(ϕ) > 0, Re(ℓ) >
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0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0 and Re(κ) > 0 be such that
Re(τ) < 1 + min{Re(λ), Re(µ)}. Then, the following holds:∫ ∞

0

zk exp

(
−mz

2

)
Wϱ,ρ(mz)

(
J κ,λ,µ

x,∞ tτ−1 ΨΦΛ,Υ
℘,ℑ (ϕ;φ; zt

−ℓ)
)
(x)dz

=
xτ−λ−1

mk
ΨΦΛ,Υ

℘,ℑ

(
ϕ;φ;

x−ℓ

m

)

∗ 5Ψ3

 (λ− τ + 1, ℓ), (µ− τ + 1, ℓ), (1, 1),
(
1
2
+ ρ+ k, 1

)
,
(
1
2
− ρ+ k, 1

)
x−ℓ

m

(1− τ, ℓ), (κ+ λ+ µ− τ + 1, ℓ), (1− ϱ+ k, 1)


Corollary 42. Let x > 0, κ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, be such that Re(τ) <
1 +Re(κ) >. Then, the following holds:∫ ∞

0

zk exp

(
−mz

2

)
Wϱ,ρ(mz)

(
Wκ

x,∞tτ−1ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; zt−ℓ)

)
(x)dz

=
xτ+κ−1

mk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

x−ℓ

m

)

∗ 4Ψ2

 (1− κ− τ + 1, ℓ), (1, 1),
(
1
2
+ ρ+ k, 1

)
,
(
1
2
− ρ+ k, 1

)
x−ℓ

m

(1− τ, ℓ), (1− ϱ+ k, 1)


Corollary 43. Let x > 0, κ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0 and Re(κ) > 0 be
such that Re(µ) > Re(τ) > −1. Then, the following holds:∫ ∞

0

zk exp

(
−mz

2

)
Wϱ,ρ(mz)

(
Kκ,µ

x,∞tτ−1ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; zt−ℓ)

)
(x)dz

=
xτ−1

mk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

x−ℓ

m

)

∗ 4Ψ2

 (µ− τ + 1, ℓ), (1, 1),
(
1
2
+ ρ+ k, 1

)
,
(
1
2
− ρ+ k, 1

)
x−ℓ

m

(κ+ µ− τ + 1, ℓ), (1− ρ+ k, 1)


3.4. Verma Transform for the Fractional Integral and Derivative Oper-
ators

Theorem 44. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
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Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(τ) > max{0, Re(λ− µ)}. Then, the following holds:

V
{(

Iκ,λ,µ0,x tτ−1ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; ztℓ)

)
(x)

}
=

xτ−λ−1

mk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

xℓ

m

)

∗ 5Ψ3

 (τ, ℓ), (τ + µ− λ, ℓ), (1, 1) (2ρ+ k, 1) , (k, 1)
xℓ

m

(τ − λ, ℓ), (τ + κ+ µ, ℓ),
(
1
2
+ ρ− ϱ+ k, 1

)
 (34)

Proof. The proof of this theorem follows from Theorem 36.

Corollary 45. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(φ) > Re(ϕ) > 0, Re(ℓ) >
0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be such that
Re(τ) > max{0, Re(λ− µ)}. Then, the following result is valid:

V
{(

Iκ,λ,µ
0,x tτ−1 ΨΦΛ,Υ

℘,ℑ (ϕ;φ; zt
ℓ)
)
(x)

}
=

xτ−λ−1

mk
ΨΦΛ,Υ

℘,ℑ

(
ϕ;φ;

xℓ

m

)

∗ 5Ψ3

 (τ, ℓ), (τ + µ− λ, ℓ), (1, 1) (2ρ+ k, 1) , (k, 1)
xℓ

m

(τ − λ, ℓ), (τ + κ+ µ, ℓ),
(
1
2
+ ρ− ϱ+ k, 1

)


Corollary 46. Let x > 0, κ, λ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(κ) > 0 and Re(κ) > Re(τ). Then, the following formula holds:

V
{(

Rκ
0,xt

τ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; ztℓ)

)
(x)

}
=

xτ+κ−1

mk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

xℓ

m

)
∗ 4Ψ2

 (τ + κ, ℓ), (1, 1) (2ρ+ k, 1) , (k, 1)
xℓ

m

(τ + κ, ℓ),
(
1
2
+ ρ− ϱ+ k, 1

)


Corollary 47. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) >
0, Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
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such that Re(τ + µ) > 0. Then, the following holds:

V
{(

Eκ,µ
0,x t

τ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; ztℓ)

)
(x)

}
=

xτ−1

mk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

xℓ

m

)
∗ 4Ψ2

 (τ + µ, ℓ), (1, 1) (2ρ+ k, 1) , (k, 1)
xℓ

m

(τ + κ+ µ, ℓ),
(
1
2
+ ρ− ϱ+ k, 1

)


Theory 48. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(τ) < 1 + min{Re(λ), Re(µ)}. Then, the following holds:

V
{(

Jκ,λ,µ
x,∞ tτ−1 ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; zt−ℓ)
)
(x)

}
=

xτ−λ−1

mk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

x−ℓ

m

)

× ∗5Ψ3

 (λ− τ + 1, ℓ), (µ− τ + 1, ℓ), (1, 1), (2ρ+ k, 1) , (k, 1)
x−ℓ

m

(1− τ, ℓ), (κ+ λ+ µ− τ + 1, ℓ),
(
1
2
+ ρ− ϱ+ k, 1

)
 (35)

Proof. Proof of this Theorem follow from Theorem 40.

Corollary 49. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(φ) > Re(ϕ) > 0, Re(ℓ) >
0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be such that
Re(τ) < 1 + min{Re(λ), Re(µ)}. Then, the following holds:

V
{(

Jκ,λ,µ
x,∞ tτ−1ΨΦΛ,Υ

℘,ℑ (ϕ;φ; zt
−ℓ)

)
(x)

}
=

xτ−λ−1

mk
ΨΦΛ,Υ

℘,ℑ

(
ϕ;φ;

x−ℓ

m

)

∗ 5Ψ3

 (λ− τ + 1, ℓ), (µ− τ + 1, ℓ), (1, 1), (2ρ+ k, 1) , (k, 1)
x−ℓ

m

(1− τ, ℓ), (κ+ λ+ µ− τ + 1, ℓ),
(
1
2
+ ρ− ϱ+ k, 1

)


Corollary 50. Let x > 0, κ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, be such that Re(τ) <
1 +Re(κ) >. Then, the following holds:

V
{(

Wκ
x,∞tτ−1 ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; zt−ℓ)
)
(x)

}
=

xτ+κ−1

mk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

x−ℓ

m

)
∗ 4Ψ2

 (1− κ− τ, ℓ), (1, 1), (2ρ+ k, 1) , (k, 1)
x−ℓ

m
(1− τ, ℓ),

(
1
2 + ρ− ϱ+ k, 1

)
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Corollary 51. Let x > 0, κ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(µ) > Re(τ) > −1. Then, the following holds:

V
{(

Kκ,µ
x,∞tτ−1ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; zt−ℓ)
)
(x)

}
=

xτ−1

mk
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

x−ℓ

m

)
∗ 4Ψ2

 (µ− τ + 1, ℓ), (1, 1), (2ρ+ k, 1) , (k, 1)
x−ℓ

m

(κ+ µ− τ + 1, ℓ),
(
1
2
+ ρ− ϱ+ k, 1

)


3.5. Pathway Transform for the Fractional Integral and Derivative Op-
erators

Definition 52. Pathway integral transform is also called Pϑ-transform an is de-
fined by Kumar [7] and Kachhia et al., [4] by

Pϑ{f(z); s} =

∫ ∞

0

f(z)[1 + (ϑ− 1)s]−
z

(ϑ−1)dz, (36)

where ϑ > 1 and the Pϑ-transform of power function is given by

Pϑ{zτ−1; s} = Γ(τ)

{
(ϑ− 1)

ln[1 + (ϑ− 1)s]

}τ

, (37)

where τ ∈ C, Re(τ) > 0 and ϑ > 1.

Theorem 53. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(τ) > max{0, Re(λ− µ)}. Then, the following holds:

Pϑ

{
zl−1

(
Iκ,λ,µ0,x tτ−1 ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; ztℓ)
)
(x)

}
= xτ−λ−1

[
(ϑ− 1)

ln[1 + (ϑ− 1)s]

]
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

xℓ(ϑ− 1)

ln[1 + (ϑ− 1)s]

)

∗ 4Ψ2

 (τ, ℓ), (τ + µ− λ, ℓ), (l, 1), (1, 1)
xℓ(ϑ−1)

ln[1+(ϑ−1)s]

(τ − λ, ℓ), (τ + κ+ µ, ℓ)

 (38)

Proof. For convenience, let Q be the left-hand side of (38), using (11), (36) and



96 J. of Ramanujan Society of Mathematics and Mathematical Sciences

changing the order of summation and pathway transform give us to

Q =
∞∑
n=0

(υ)n

ΨBΛ,Υ
℘,ℑ (ϕ+ n, φ− ϕ)

B(ϕ, φ− ϕ)n!

Γ(τ + nℓ)Γ(τ + µ− λ+ nℓ)Γ(1 + n)

Γ(τ − λ+ nℓ)Γ(τ + κ+ µ+ nℓ)n!
xnℓ

×
∫ ∞

0

zl+n−1[1 + (ϑ− 1)s]−
z

ϑ−1dz (39)

Simplifying (39) using Pϑ of power function in (37) gives

Q = xτ−λ−1

[
(ϑ− 1)

ln[1 + (ϑ− 1)s]

]l ∞∑
n=0

(υ)n

ΨBΛ,Υ
℘,ℑ (ϕ+ n, φ− ϕ)

B(ϕ, φ− ϕ)n!

× Γ(τ + nℓ)Γ(τ + µ− λ+ nℓ)Γ(l + n)Γ(1 + n)

Γ(τ − λ+ nℓ)Γ(τ + κ+ µ+ nℓ)n!

[
xℓ(ϑ− 1)

ln[1 + (ϑ− 1)s]

]
(40)

Using the Hadamard convolution (product) in (10) and Fox-Wright function in (4)
to (40) the desired result in (38) is obtained.

Corollary 54. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(φ) > Re(ϕ) > 0, Re(ℓ) >
0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be such that
Re(τ) > max{0, Re(λ− µ)}. Then, the following result is valid:

Pϑ

{
zl−1

(
Iκ,λ,µ0,x tτ−1 ΨΦΛ,Υ

℘,ℑ (ϕ;φ; zt
ℓ)
)
(x)

}
= xτ−λ−1

[
(ϑ− 1)

ln[1 + (ϑ− 1)s]

]
ΨΦΛ,Υ

℘,ℑ

(
ϕ;φ;

xℓ(ϑ− 1)

ln[1 + (ϑ− 1)s]

)

∗ 4Ψ2

 (τ, ℓ), (τ + µ− λ, ℓ), (l, 1), (1, 1)
xℓ(ϑ−1)

ln[1+(ϑ−1)s]

(τ − λ, ℓ), (τ + κ+ µ, ℓ)


Corollary 55. Let x > 0, κ, λ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(κ) > 0 and Re(κ) > Re(τ). Then, the following formula holds:

Pϑ

{
zl−1

(
Rκ

0,xt
τ−1 ΨFΛ,Υ

℘,ℑ (υ, ϕ;φ; ztℓ)
)
(x)

}
= xτ+κ−1

[
(ϑ− 1)

ln[1 + (ϑ− 1)s]

]
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

xℓ(ϑ− 1)

ln[1 + (ϑ− 1)s]

)

∗ 3Ψ1

 (τ, ℓ), (l, 1), (1, 1)
xℓ(ϑ−1)

ln[1+(ϑ−1)s]

(τ + κ, ℓ)
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Corollary 56. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) >
0, Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(τ + µ) > 0. Then, the following holds:

Pϑ

{
zl−1

(
Eκ,µ
0,x t

τ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; ztℓ)

)
(x)

}
= xτ−λ−1

[
(ϑ− 1)

ln[1 + (ϑ− 1)s]

]
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

xℓ(ϑ− 1)

ln[1 + (ϑ− 1)s]

)

∗ 4Ψ2

 (τ + µ, ℓ), (l, 1), (1, 1)
xℓ(ϑ−1)

ln[1+(ϑ−1)s]

(τ + κ+ µ, ℓ)


Theorem 57. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(τ) < 1 + min{Re(λ), Re(µ)}. Then, the following holds:

Pϑ

{(
J κ,λ,µ

x,∞ tτ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; zt−ℓ)

)
(x); k,m

}
= xτ−λ−1

[
(ϑ− 1)

ln[1 + (ϑ− 1)s]

]
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

xℓ(ϑ− 1)

ln[1 + (ϑ− 1)s]

)

∗ 4Ψ2

 (λ− τ + 1, ℓ), (µ− τ + 1, ℓ), (1, 1), (l, 1)
xℓ(ϑ−1)

ln[1+(ϑ−1)s]

(1− τ, ℓ), (κ+ λ+ µ− τ + 1, ℓ)

 (41)

Proof. Theorem follows directly from Theorem 53.

Corollary 58. Let x > 0, κ, λ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(φ) > Re(ϕ) > 0, Re(ℓ) >
0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be such that
Re(τ) < 1 + min{Re(λ), Re(µ)}. Then, the following holds:

Pϑ

{(
J κ,λ,µ

x,∞ tτ−1 ΨΦΛ,Υ
℘,ℑ (ϕ;φ; zt

−ℓ)
)
(x); k,m

}
= xτ−λ−1

[
(ϑ− 1)

ln[1 + (ϑ− 1)s]

]
ΨΦΛ,Υ

℘,ℑ

(
ϕ;φ;

xℓ(ϑ− 1)

ln[1 + (ϑ− 1)s]

)

∗ 4Ψ2

 (λ− τ + 1, ℓ), (µ− τ + 1, ℓ), (1, 1), (l, 1)
xℓ(ϑ−1)

ln[1+(ϑ−1)s]

(1− τ, ℓ), (κ+ λ+ µ− τ + 1, ℓ)


Corollary 59. Let x > 0, κ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, be such that Re(τ) <
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1 +Re(κ) >. Then, the following holds:

Pϑ

{(
Wκ

x,∞tτ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; zt−ℓ)

)
(x); k,m

}
= xτ+µ−1

[
(ϑ− 1)

ln[1 + (ϑ− 1)s]

]
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

xℓ(ϑ− 1)

ln[1 + (ϑ− 1)s]

)

∗ 4Ψ2

 (1− τ − κ, ℓ), (1, 1), (l, 1)
xℓ(ϑ−1)

ln[1+(ϑ−1)s]

(1− τ, ℓ)


Corollary 60. Let x > 0, κ, µ, τ, ℘,ℑ,Λ,Υ ∈ C, Re(υ) > 0, Re(φ) > Re(ϕ) > 0,
Re(ℓ) > 0, min{Re(℘), Re(ℑ)} > 0, min{Re(Λ), Re(Υ)} > 0, and Re(κ) > 0 be
such that Re(µ) > Re(τ) > −1. Then, the following holds:

Pϑ

{(
Kκ,µ

x,∞tτ−1 ΨFΛ,Υ
℘,ℑ (υ, ϕ;φ; zt−ℓ)

)
(x); k,m

}
= xτ−1

[
(ϑ− 1)

ln[1 + (ϑ− 1)s]

]
ΨFΛ,Υ

℘,ℑ

(
υ, ϕ;φ;

xℓ(ϑ− 1)

ln[1 + (ϑ− 1)s]

)

∗ 4Ψ2

 (µ− τ + 1, ℓ), (1, 1), (l, 1)
xℓ(ϑ−1)

ln[1+(ϑ−1)s]

(κ+ µ− τ + 1, ℓ)

 .
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