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1. Introduction

The author in [1], [2] and [3], see chapters 2-5, was the first to derive neural
network approximations to continuous functions with rates by very specifically
defined neural network operators of Cardaliaguet-Euvrard and ”Squashing” types
[25], by employing the modulus of continuity of the engaged function or its high
order derivative, and deriving very tight Jackson type inequalities. He treats there
both the univariate and multivariate cases. The defining these operators ”bell-
shaped”and ”squashing” function are assumed to be of compact support.

The author motivated by [26], continued his studies on neural networks ap-
proximation by introducing and using the proper quasi-interpolation operators of
sigmoidal and hyperbolic tangent type which resulted into [12] - [20], by treating
both the univariate and multivariate cases.

Continuation of the author’s works ([4] - [11], [22] and especially of [21], Ch.
21) is this article, where the multivariate fuzzy neural network approximation is
based on a general sigmoid activation function, which among others, may result
into higher rates of approximation. We involve the fuzzy partial derivatives of the
multivariate fuzzy function under approximation or itself, and we establish tight
multivariate fuzzy Jackson type inequalities. An extensive background is given on
fuzzy multivariate analysis and real neural network approximation, all needed to
present our results.

Our fuzzy multivariate feed-forward neural networks (FFNNs) are with one
hidden layer. For neural networks in general you may read [29], [32], [33]. For the
fractional aspect see [34].

2. Fuzzy Real Analysis background

See also [21], Ch. 21, pp. 466-473.

We need the following background
Definition 2.1. (see [36]) Let i : R — [0, 1] with the following properties

(1) is normal, i.e., 3 xy € R; p(xg) = 1.

(i) p(Az+ (1 = N)y) > min{p(x),pu(y)}, Ve,y e R, ¥V X € [0,1] (u is called
a conver fuzzy subset).

(113) 1 is upper semicontinuous on R, i.e. ¥ o € R andV ¢ > 0, 3 neighborhood
Vi(zo) :p(z) <plzg)+e, VaeV(x).

(iv) The set supp (p) is compact in R, (where supp () :== {x € R: p(x) > 0}).

We call p a fuzzy real number. Denote the set of all p with Rg.

E.g. X{zoy € RF, for any o € R, where x(4) is the characteristic function at
Zo-
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For 0 <r <1 and p € Rz define

] i={r e R:p(z) = 7} (2.1)

and

(1] = {r € R: p(x) > 0}.
Then it is well known that for each r € [0,1], [u]" is a closed and bounded interval
on R ([28]).
For u,v € Rr and A\ € R, we define uniquely the sum u @ v and the product
A ©u by
[weo]" =W+, Nou =AM, Vrel01],

where [u]” + [v]" means the usual addition of two intervals (as substes of R) and
A[u]” means the usual product between a scalar and a subset of R (see, e.g. [36]).
Notice 1 ® u = u and it holds

UDV=0DPU, AOu=u® A

If0<7ry <ry<1then
[u]® C [u]™.

Actually [u]” = [u(f),ugf)}, where 1" < ugf), u(f), ugf) eR,Vrel01].

For A > 0 one has Au) = (A® u)g), respectively.
Define D : R]: X R]: — ]R]: by
(r) (r) _ ()

D (u,v) := sup max{)u, —UY)‘,‘UJF vy
rel0,1]

3 (2.2)
where
[v]" = [v@,vfﬂ :u,v € Ry,

We have that D is a metric on Rz.
Then (Rz, D) is a complete metric space, see [36], [37].
Let f,g: W CR™ — Rx. We define the distance

D*(f,g9) = SSVI;D (f(z),g(2)).

Remark 2.2. We determine and use

D™ (f,0) = supD (f (z),0) =

zeW
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sup sup max{’f( ‘,’ff) (.:1:)’}

zeWrel0,1]

By the principle of iterated suprema we find that

D (5= sup e {7 7

rel0,1]

OO}, (2.3)

under the assumption D* (f,0) < oo, that is f is a fuzzy bounded function.

Above |||, s the supremum norm of the function over W C R™.

Here >* stands for fuzzy summation and 0:= X{o} € R is the neutral element
with respect to @, i.e.,

u@ﬁzﬁ@u:u, VuéeRg.

We need
Remark 2.3. ([5]) Here r € [0,1], 2",y € R, i = 1,...,m € N. Suppose that

sup max( E ),yf ) eER, fori=1,...m
rel0,1]

Then one sees easily that

sup max (Zw Zyﬁ) < Z sup rnaX< T, %yf”) (2.4)

ref0,1] — r€f01]

Definition 2.4. Let f € C(W), W CR™, m € N, which is bounded or uniformly
continuous, we define (h > 0)

wi (f,h) = sup 1f (@) = F W), (2.5)

where © = (1, ..o, Tm), Y = (Y1y ooy Yrm) -
Definition 2.5. Let f : W — Rx , W C R™, we define the fuzzy modulus of
continuity of f by

D (f.h) = sup  D(f(x),f(y), h>0. (2.6)

zyeW, [lz—yl o <h

where © = (1, .., Tp), Y= (Y1, e, Ym) -
For f: W — Rz, W CR™, we use

=10 10], 27)
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where f: W - R, Vre0,1].
We need

Proposition 2.6. ([5]) Let f : W — Rx. Assume that wi (f,6), w1 (f@,é),

w1 (fJ(rT),(5> are finite for any § >0, r € [0,1].
ther wgf) (f,0) = sup max {w1 (f@,é) L Wi <ff),6>} ) (2.8)

rel0,1]

We denote by C¥% (W) the space of fuzzy uniformly continuous functions from
W — Rz, also C'x (W) is the space of fuzzy continuous functions on W C R™, and
Cp (W,Rx) is the fuzzy continuous and bounded functions.

We mention

Proposition 2.7. ([7]) Let f € C% (W), where W C R™ is conver. Then
wgf) (f,0) < oo, for any § > 0.
Proposition 2.8. ([7]) It holds

limw'”™ (f,8) = Wi (£,0) =0, (2.9)
0—0

iff fe€CY¥ (W), W CR™, where W is convex and compact.

Proposition 2.9. ([7]) Let f € Cx (W), W C R™ open or compact. Then £
are equicontinuous with respect to r € [0, 1] over W, respectively in +.

Note 2.10. It is clear by Propositions 6, 8, that if f € C% (W), then e oy (W)
(uniformly continuous on W ). Also if f € Cg(W,Rx), it implies by (2.3) that
e oy (W) (continuous and bounded functions on W ).

We need

Definition 2.11. Let x,y € Rx. If there exists z € Rr : x =y ® z, then we call z
the H-difference on x and y, denoted x — y.

Definition 2.12. ([36]) Let T := [zo,z0+ 8] C R, with 8 > 0. A function
f:T — Rz is H-difference at x € T if there exists an f' (x) € R such that the
limits (with respect to D)

. flz+h)— f(x)
hli;‘%l+ h T RS0+ h

(2.10)

exist and are equal to f'(x).
We call f' the H-derivative or fuzzy derivative of f at x.
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Above is assumed that the H-differences f(x +h) — f(z), f(x) — f(x —h)

exists in Rz in a neighborhood of x.

Definition 2.13. We denote by CX" (W), N* € N, the space of all N*-times fuzzy
continuously differentiable functions from W into Ry, W C R™ open or compact
which s conver.

Here fuzzy partial derivatives are defined via Definition 2.12 in the obvious way
as in the ordinary real case.

We mention

Theorem 2.14. ([30]) Let f : [a,b] € R — Rz be H-fuzzy differentiable. Let
t € [a,b], 0 <r <1. Clearly

F@r=[fo0. rof cr

Then (f (t))g) are differentiable and

/!
(Y= (1) vre, (2.11)
Remark 2.15. (see also [6]) Let f € CN ([a,b] ,Rz), N* > 1. Then by Theorem
7?2 we obtain f\” € CN" ([a,b]) and

0] = (r00)” (rer)”].

fori=0,1,2,..., N*, and in particular we have

(F) 0 = (#)", 212)

for any r € [0,1].
Let f € CX (W), W C R™, open or compact, which is convex, denote f5 :=
931

= _ () A v o
5.5 Where a = (ay, ..., qp,), @y € Z7, i =1,...,m and

0<lal:=>) a <N, N'>L

i=1
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Then by Theorem 2.14 we get that
(£7) =, ¥re ). (2.13)

and any @ : |a| < N*. Here f € CN" (W).
Notation 2.16. We denote

(ZD ( aiﬁ))Zf(?) - 214

p(PLnm) 5) ¢ p (VL) 5) o (PLona) ).

ax% ax% 6.7)18.%'2

In general we denote (j =1,...,N*)

(iD (%ﬁ))jf(?) = (2.15)

1l j 5
Z gt D<8f(x1',...,xm)70>.
om j]1!]2!-~]m! Ox Ox? ... 0y

(jl ----- jm)EZT- i=1Ji—

We mention also a particular case of the Fuzzy Henstock integral (§ (z) = $),
see [36].

Definition 2.17. ([27], p. 644) Let f : [a,b] — Rxr. We say that f is Fuzzy-
Riemann integrable to I € Rz if for any € > 0, there exists 6 > 0 such that for any
division P = {[u,v];&} of [a,b] with the norms A (P) < §, we have

D(Z(U—U)@f(g),1> <e.

P

We write ,
I = (FR)/ f(z)dx. (2.16)
We mention

Theorem 2.18. ([28]) Let f : [a,b] — Rx be fuzzy continuous. Then

b
wm/fmm
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exists and belongs to Rz, furthermore it holds

@fﬂR>]§bf<x>dx]r=:[]Cbcfx?<x>dx,jﬁbpf%?<x>dx],

vV relo1].
For the definition of general fuzzy integral we follow [31] next.
Definition 2.19. Let (2, %, 1) be a complete o-finite measure space. We call
F : Q — Rz measurable iff ¥V closed B C R the function F~*(B) : Q — [0,1]
defined by
F(B) (w) :=supF (w) (z), all w € Q

reB

is measurable, see [31].

Theorem 2.20. ([31]) For F : Q — Ry,

F(w) = {(F@ (w), F" (w)) 0<r< 1} ,

the following are equivalent
(1) F is measurable,

(2) ¥ rel0,1], F. FJ(:) are measurable.
Following [31], given that for each r € [0,1], F, F\") arc integrable we have
that the parametrized representation

{(/ F@du,/ Ff)du) 0<r< 1} (2.17)
A A

is a fuzzy real number for each A € X.
The last fact leads to

Definition 2.21. ([31]) A measurable function F : Q — Rz,
Fw) = {(F” (). F’ W) o <r <1}

is integrable if for each r € [0,1], Fj(;") are integrable, or equivalently, if Fio) are
integrable.
In this case, the fuzzy integral of F' over A € ¥ is defined by

/ Fdy = {(/ Fﬁ”du,/ Ff)du> 0<r< 1}. (2.18)
A A A
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By [31], F is integrable iff w — ||F' (w)|| » is real-valued integrable.
Here denote
lull - == D <u0) , VueRz.

We need also

Theorem 2.22. ([31]) Let F,G : Q2 — Rx be integrable. Then
(1) Let a,b € R, then aF + bG is integrable and for each A € X,

/(aF—i—bG)d,u:a/Fd,u—l—b/Gdu;
A A A

(2) D (F,Q) is a real- valued integrable function and for each A € X,

D(/Fd,u,/Gdu) S/D(F,G)du.
A A A
H/qu S/HFHfdu-
A F A

Above i could be the multivariate Lebesgue measure, which we use in this
article, with all the basic properties valid here too. Notice by [31], Fubini’s theorem
is valid for fuzzy integral (2.18).

Basically here we have that

{AFdM]T_ [AFET)dM7/4FiT)dM]a 2.19)

(r)
(/ qu) :/Fj(:)dﬂ, Vrelo1]. (2.20)
A + A

3. About Real Neural Networks Background

Here we follow [24].

Let h : R — [—1,1] be a general sigmoid function, such that it is strictly
increasing, h(0) = 0, h(—x) = —h(z), h(4+00) = 1, h(—o0) = —1. Also h is
strictly convex over (—oo,0] and strictly concave over [0, +00), with h® € C (R).

We consider the activation function

In particular,

i.e.

w(x)::}l(h(x—l—l)—h(x—l)), rER, (3.1)
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As in [23], p. 88, we get that ¢ (—z) = ¢ (z), thus ¢ is an even function. Since
x+1>xz—1,then h(z+1)>h(x—1),and ¢ (z) >0, all x € R.
We see that
(1)

¥ (0) = — (3.2)

>

Let x > 1, we have that

1

4(h'(x+1)—h'(x—1))<0,

V' (2)
by k' being strictly decreasing over [0, +00).

Let now 0 < z < 1, then1 —2 > 0and 0 < 1 —2 < 1+ z. It holds
W(x—1) =h(1—-2)> K (z+1), so that again ¢’ (z) < 0. Consequently ) is
stritly decreasing on (0, 400) .

Clearly, 1 is strictly increasing on (—o0,0), and ¢’ (0) = 0.

See that )
Jim Y (2) = 7 (h(+00) = h(+00)) =0, (3.3)

and 1
lim (@) = (1 (=00) = h(=o)) = 0. (3.4)

That is the z-axis is the horizontal asymptote on .
Conclusion, 1 is a bell symmetric function with maximum

_h(@)
¥ (0) =—~
We need
Theorem 3.1. ([24]) We have that
d ¢(x—i)=1, VzeR (3.5)
Theorem 3.2. ([24]) It holds
/ T ) de = 1. (3.6)

Thus 1 (x) is a density function on R.
We give
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Theorem 3.3. ([24]) Let 0 < a < 1, and n € N with n'~* > 2. It holds

f: bz — k) < LR =2) (3.7)

2
k= —o0
D nx — k| > nlm

i (L= B (01 =2)

n—+oo 2

Notice that
=0.

Denote by |-] the integral part of the number and by [-] the ceiling of the
number.
We further give

Theorem 3.4. ([24]) Let x € [a,b] C R and n € N so that [na] < |nb|. It holds

1 1
- < , Y €lalb. (3.8)
Z;E:I)Hna] (nz —k) ¥ (1)
Remark 3.5. ([24]) i) We have that
Lnb]
lim S W(na—k)#£1, (3.9)
k=[na]

for at least some x € [a,b].

it) For large enough n € N we always obtain [na] < [nb]. Also a < £ <b, iff
[na] <k < |nb|.

In general, by Theorem 3.1, it holds

> Ynz—k) <1 (3.10)
We introduce
Z(x,...,xn) = Z (x) == H@ZJ (z:), == (21,...,25y) ERY, NeN. (3.11)

It has the properties:
(i) Z(x) >0, Vo eRY,
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(i)

N Z@—k)y= > > > Z(@m—k,,ay—ky) =1, (3.12)
k=—00 k1=—00 ko=—00 kny=—00

where k := (ki,....,k,) € ZV,V x € RV,
hence

(iii)

[e.9]

> Znz—k)=1, (3.13)

k=—o00

VreRY, neN,
and

(iv)
/ Z (x)dr =1, (3.14)
RN
that is Z is a multivariate density function.

Here denote ||z||, := max{|z1],...,|zn|}, € RY, also set 0o := (o0, ..., 00),
—00 := (—00, ..., —00) upon the multivariate context, and

[nal := ([nai], ..., [nan]),
|nb] == (|nbi], ..., |[nbn]),

where a := (aq, ...,ay), b := (b1, ..., bn) .
We obviously see that

[nb] [nb] N
Z Z (nx — k) = Z (H?ﬂ(nxz—kl)) =
=[na] k=[na] \i=1

[rb1 ] [nbn | N [nbi
Z Z (H¢ nw; — k; ) H Z Y (nx; — ki) | . (3.16)

ki=[na1] kn=[nan] =1 \ k;=[na;]

For 0 < 8 <1andn €N, a fixed z € R, we have that
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[nb] [nb]

> Z (nx — k) + > Z (nx — k). (3.17)
{ ) = fna} 1 { ) k = [nal 1
15 ==l < 15 =2l > 7

0o = nf
In the last two sums the counting is over disjoint vector sets of k’s, because the
condition H% — xHOO > niﬁ implies that there exists at least one ’;—T — xr| > n%,
where r € {1,..., N}.

(v) As in [21], pp. 379-380, we derive that

[nb] 1-8
1 —~h -2
) 7z — k)< (n ), 0<B<1, (318

{ k = [na] ’
I ;

Eaf >

withn € N:n' > 2 oz e [[X, [, bi] .
(vi) By Theorem 3.4 we get that
1 1
~ < =:v(N), (3.19)
S Z (e =) (@ ()"

0<

Ve (Hf\il [ai,bi]>, n € N.
It is also clear that
(vii)

i Z(nw— k) < =" (”21_5 “2) . eBinm), (3.20)

{ k= —o0
15 ==l > 7

0<B<1l,neN:n'""F>2 2reRVN.
Furthermore it holds

[nb)
lim Y Z(nx—k)#1, (3.21)

n—00
k=[na]

for at least some x € (vazl [a;, bz]> :
Let feC (Hl 1 [al,bz]> , and n € N such that [na;| < |nb;|,i=1,...,N.
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We define the multivariate averaged positive linear neural network operators

(v := (21,...,2N) € <Hfi1 [ai,bi]>):

Zk [na] f ( ) (nx o k)
An y X1y ety TN) = An , L) 1= b = 3.22
(1 )= Anlg.0) = S (322)

nb nbs | nb 1 N
L 1Jna1 ZII;EQ 2|—na2-\ ZII;N NHnaN-\ (%’ T kTN> (Hi:l 1/} (n‘rl - kl))
N nb; )

For large enough n € N we always obtain [na;] < |nb;], i = 1,...,N. Also
When f € Cp (]RN ) we define

Ba(f0) = Bafresn) = 3 £ () 2w-0 = @2y
k=—o00
Z Z f: f(k‘l k2 7%) (ﬂw(nxz—kz)),
ki=—ooc ka=—00 ky=—00 i=1

n € N,VzcRY N €N, the multivariate quasi-interpolation neural network
operators.
Also for f € Cp (RN ) we define the multivariate Kantorovich type neural net-
work operators

Co(f,x):=Ch(f,21,...,zN) = Z (nN /n f@) dt) Z (nx —k) = (3.24)

k
n

kN+
/ tl,...,tN)dtl...dtN>
7]\7

N
(it )
i=1
neN, VxeRVN.

Again for f € Cp (]RN ) , N € N, we define the multivariate neural network oper-
ators of quadrature type D, (f,z), n € N, as follows. Let § = (0y,...,0y) € NV, 7 =

k=—o00

Sy s (o7

ki=—0c0 ko=—00 kny=—00
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[ 61 02 On
N _ _ _
(11, s N) € ZE , Wy = Wy py,.ry = 0,5uchthat D wr= >0 >0 00 D" Wy vy =
=0 r1=01r2=0 ry=0

1; k€ ZN and

— n  nb
0 0o On
R S N kn oy
N (RIS ST S I 2
Z Z Z wT17T27--' Nf (n + n01 n + n92 n + nQN (3 5)
T1:0T2:0 T‘NZO
where % := (%, B %) .
We put
Dy (f,a) =Dy (f, 21, an) = > S (f) Z (na — k) = (3.26)
k=—oc0
o] 00 00 N
Z Z Z On ket kankin () (H¢("$z - kz)) ;
ki=—0c0 ko=—00 kny=—o00 i=1
vV z € RV,
Let f € C™ <Hf\i1 [ai,bi]), m, N € N. Here f, denotes a partial derivative
of f, @ == (aq,...,an), oy € Zy, i = 1,...,N, and |a| = Zf;lai = [, where

[=0,1,...,m. We write also f, := % and we say it is of order [.
We denote

Wi (fay h) == max wy (fa, h) .

a:lal=m
Call also

[ fallem = max {[|falloc}
a:lal=m

where ||| is the supremum norm.

In [21], [23], we studied the basic approximation properties of A,, B,, C,, D,
neural network operators and as well of their iterates for Banach space valued
functions. That is, the quantitative pointwise and uniform convergence of these
operators to the unit operator I.

We need

Theorem 3.6. Let f € C (Hfil [ai,bi]> 0<fB<lze (Hfil lai, bi]) N.neN
with n*=? > 2. Then
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1)
1
A0 () = F @ <) [en (£ ) 2@ IFL] =0 32m)

and
2)
145 (f) = flloo < A1 (3.28)
We notice that lim A, (f) = f, pointwise and uniformly.
n—oo

Proof. Similar to [23], p. 118.
We need

Theorem 3.7. Let f € Cp (]RN) ,0< B <1, zeRY, NneN withn' > 2.
Then

1
Bt = f@ < (frg) + 2Bl =00 (329)

2)
1B () = flloo < Ao (3.30)
Given that f € (C’U (RN) NCpg (RN)), we obtain nh_}rrc}o B, (f) = f, uniformly.

Proof. Similar to [23], p. 128.
We also need

Theorem 3.8. Let f € Cx(RY),0< 3 <1,z €RY, Nyn €N withn'# > 2.

Then

y
Calfia) = f@I <o (£ 45 )+ 2B Il = (B30

2)
1€ () = e < (3.3

Given that f € (Cy (RY) N Cp (RY)), we obtain lim C, (f) = f, uniformly.
n—oo
Proof. Similar to [23], p. 129.

We also need

Theorem 3.9. Let f € Cp(RY),0< 3 <1,z €RY, Nyn € N withn'~# > 2.
Then
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1
Datf) = F @ S (£t ) 2Bl =da (339

2)
1D (f) = flloo < As. (3.34)

Given that f € (CU (RN) NCpg (]RN)) , we obtain lim D, (f) = f, uniformly.

n—oo
Proof. Similar to [23], p. 131.
We finally mention (similar to [21], p. 481)

Theorem 3.10. Let f € C™ (Hl [az,b2]> 0<B<1 nmNEeN,nF>2

x € (Hf\il [ai,bi]>. Then
i)

N A
V(N)-{W i“ﬁi‘(fa, 5) <” ‘I L'm = >2C(B,n)},

[An (f,2) = f ()] < 7 (N) - (3.36)

i 5 (a0 ' ﬁb_a ) e(gim)
J+=1 \Ja|=j« Hz]il ! nﬁ] i=1 ! ’
N™ o 10— allZs | fallam N™

+W 1,m (faa 5) m) > 26(57”)}7

[An (f) = flloo <7 (N)- (3.37)

g o Y1 N .
{JZI (azy (AJ&J'a') B (11 (bi — ai) ) C<5an)])

N b—all 2l N
Pt () o (LA LA )MM |

m!

< (3.35)

iii)
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iv) additionally assume f, (xg) =0, foralla : |a| =1,...,m; xy € (Hf\il a;, bi]>,
then

A (o) = F )l S { oms () (039)

(Hb—aH ol N )W n)}

notice in the last the extremely high rate of convergence at n~

,B(m+1)‘

4. Main Results: Fuzzy multivariate Neural Network Approximation
based on a general sigmoid function

We define the following General Fuzzy multivariate Neural Network Operators
AF BF C7. D7 based on a general sigmoid activation function. These are analogs
of the real A, B,, Cy, D,, see (3.22), (3.23), (3.24) and (3.26), respectively.

Let f € Cr <H [a;, Z]), N € N, we set

|nb] =
2 r ()6 20
k=[na
AT (o) = AT (for) =
> Z(nz—k)
k=Tna]

[nby |* nby | * 1 N
1Jna1 E]E?N NHnaN (%’ I ]%V) © (Hizl w (TLLCZ - kl)) (4 1)

(1, (S5 0 i )

xGH[az, b;], n € N.
LethCB (R R;) we put

By (f,x) = By (fix1, . xn Z f( )@Z (nx — k)

k=—o00

Z i f</<;1 _N> o (ﬁwmi—ki)), (4.2)

ki=—cc kny=—o00

zeRY neN.
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Let f € Cp (R R ]-‘) we define the multivariate fuzzy Kantorovich type neural
network operator,

C’r{:(faxlw“ax]\f) = Z (nNQ

k=—o00

S5 (e

\/'C f(th,tN)dtldtN)
N
ki=—o00 kny=—o00 n n

N
® (sz(nxi — ki)) : (4.3)
=1
r €RY neN.

Let f € Cp (RN R ]-‘) we define the multivariate fuzzy quadrature type neural
network operator. Let here

Oy (f,2) =

Anf(t)dt> O Z (na — k) =

6
k T
CAUETANUES DINCRY GRS (1.0
=0
01 % INES
k r k?N N
(g )
r1=0 ry=0 N
We put
Df(f7x> = D?f(faxla

Z 67

k=—00
OO* ok N
Z Z 57];161 ,,,,, kn (f) © <H¢ (nxz - kz)) )
k1=—o00 kn=—00 i=1
zr€RY neN.

We can put together all B, C7 D7 fuzzy operators as follows

Z 17,

k=—o00
where

HOZme—k):

O Z(nx—k),

(4.6)
f( ) 1f L]E B7,
l]:

2 () =< N o f f t)dt, if LT = C7, (4.7)
67 (f), if L7 = D7,
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re€RN, neN.
Similarly, we can put together all B,, C,,, D, real operators as

Lo (f,2) ==Y Lu(f) Z (nz—k), (4.8)

k=—o0

where
k+1
L (f) = 4 0 [* f(t)dt, it L, = C, (4.9)

n

re€RY neN.
Let r € [0, 1], we observe that

S [0 ()0 ()] [ 2= -

k=[na] > Z(nx —k)
k=[na]
g’% o (B |z —h) i o (BY | _Za—h)
~\n [nb) ’ t \n [rb)
k=[na] ST Z(na—k) | k=lnal > Z(nx—k)
k=[na] k=[na]
_ [An (fﬁ”,x) A, (f@,xﬂ . (4.11)

We have proved that
(A7 () = A (1.) (412)

—=

Vrel0,1,Vae ( 1[%@]).

2
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Similarly, as in [21], pp. 485-489, a lengthy proof (see Remark 21.31 and proof

of (21.76) there) it holds that

(L7 (f,2)7 = L, ( f[),x) : (4.13)

Vrel01],VreRY.
Based on (4.12) and (4.13) now one may write

D (4 (f,2). f(2)) =

{4 (19.5)) 19 o (520) 22 .

(4.14)

ref0,1]
and
D (L} (f,x), f(x)) =
rzl[g?l] max{‘ (Ln (f@,x)) — ()|, |Ln <f5:), a:) - fJ(:) (x)’} (4.15)
We present
N

Theorem 4.1. Let f € Cr (H [ai,bi]) ,0<pf<1,x€ <H [a;, bi]
i=1

i=1

with n'=% > 2. Then
1)
D (A] (f,x), f(x)) <

V) [l () + 2000 D (1.9)| = (116)

and
2)
D* (A5 (f), f) < pr.

We notice that AL (f, ) B f (z), and A (f) N f, as n — oo,quantitatively with

rates.

N N

Proof. Since f € Cr (H [a;, bl]> we have that f{” € C (H [ai,bi]), vV relo,1].
i=1

(4.17)

i=1

Hence by (3.27) we obtain

A, (£, ) = 1 @) <7 () [wl (fi”, %) +oc(,m) | 1)
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(by (2.8), (2.3))
<

V) |7 (15 ) 2D ga)] @

By (4.14) now we are proving the claim.

We give
Theorem 4.2. Let f € Cp (RV,Rx), 0 < 8 < 1, z € RN, N,n € N, with
n'=% > 2. Then

1)
D (BY (f,2).f (@) < (419)
wgf) (f, %) +2¢(B,n) D* (f,0) =: pa,
and
2)

D* (BY (£).1) < pa. (4.20)

Proof. Similar to Theorem 4.1. We use (3.29) and (4.15), along with (3) and (8).
We also present

Theorem 4.3. All as in Theorem 4.2. Then

1)
D(C7 (f,2),f (@) <
Wi (f, ~ %) +2¢(8,0) D" (£,6) = ps, (4.21)
and
)
D (CT (). f) < ps. (4.22)

Proof. Similar to Theorem 4.1. We use (3.31) and (4.15), along with (3) and (8).
We also give

Theorem 4.4. All as in Theorem 4.2. Then

1)
D(D7 (f.2).f (2) <
P (f, Ly %) 2 (8n) D* (£,3) = pa, (1.23)
and
)

D* (D (). f) < ps. (4.24)
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Proof. Similar to Theorem 4.1. We use (3.33) and (4.15), along with (3) and (8).

Note 4.5. By Theorems 4.2, 4.3, 4.4 for f € (Cp (RY,Rx) NCY (RY)), we

obtain lim D (L7 (f,z), f(z)) = 0, and lim D* (L7 (f),f) = 0, quantitatively
n—00 n—00

with rates, where L7 is as in (4.6) and (4.7).

N

Notation 4.6. Let f € C? | [] [ai,bi] |, m,N € N. Here f, denotes a fuzzy
i=1

partial derivative with all related notation similar to the real case, see also Remark

2.15 and Notation 2.16. We denote

(.7-‘ maX (£ h):= max wl (fom h), h>0. (4.25)

azlal=m
Call also
D} (fa3) = max {D"(fa,)} (4.26)
We finally present

N
Theorem 4.7. Let f € CF (H [a;, Z]) ,0<B8<1,n,mNeN withn'? > 2,

i=1
N
and x € (H [ai,bi]). Then

]) =1

> | 3 R o ([0 i)

N
je=1 \ lol=s- Hai

S R (K L PP W

mlnmp8 Wim m!

2)

D* (A7 (f) . f) <7 (N)-
Z Z (fou

N
N nﬁJ* (H b _a'z Z) 67”)]
Jx=1 | |al=j« H o | =1

LG (J,_.m_) (Hb_a||;zp;;max<fa,amm)20 (M}’ o

minm m!
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(

3) additionally assume that f,(xo) = 0, for all a : |a| = 1,....,m; zy €

=

la;, b; ]), then

D (AT (f.0) . f (x0)) <7 (N) {mﬁﬁ ™ <f " _)

(IIb—aHl"o D (fa@Nm) 5 (@n)}, (4.29)

m)!

notice in the last the extremely high rate of convergence at n~Pm+1.

Above we derive quantitatively with rates the high speed approximation of
D (AF (f,z),f(z)) =0, as n — .
Also we establish with rates that D* (Af (f), f) — 0, as n — o0, nwvolving the
fuzzy smoothness of f.
N
Proof. Here f" ¢ C™ (H [a;, bz]> We observe that

i=1

4, (70.2) — 10 @] '€ v

m j(;") T N
Zzl I; (fﬁ)a‘( )‘ n;j* + <g (bi — ai)ai> c(ﬁ,n)]

(1) ax m
L 0V TP PN
m Y@ 71 .
7 () Z ||Z i nmﬁ(H(bi—aZ) 1)6(6,7%)]
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max
N (by (22), (22))

b= alZ ||
= 2¢(B,n) < (4.31)

m)

/Y(N) Z Z D(]js(l'),bv)

n;j* + (H (bs — az’)ai) C(/@,n)]

Je=1 o] =3 H ai!
i=1
N™ (F) max 1
T g i (fw m) *
b o m D*max s Nm

respectively in +.
We have proved that

‘An ( @,x) e (x)‘ <T, (4.33)

V r € [0, 1], respectively in =+.
Using (4.14) we obtain

D (AL (f,2),f (x)) < T, (4.34)
proving the theorem.

References

[1] Anastassiou G. A., Rate of convergence of some neural network operators to

the unit-univariate case, Journal of Mathematical Analysis and Application,
Vol. 212 (1997), 237-262.

[2] Anastassiou G. A., Rate of Convergence of some Multivariate Neural Network
Operators to the Unit, Computers and Mathematics, 40 (2000), 1-19.

[3] Anastassiou G. A., Quantitative Approximations, Chapman and Hall/CRC,
Boca Raton, New York, 2001.

[4] Anastassiou G. A., Higher order Fuzzy Approximation by Fuzzy Wavelet
type and Neural Network Operators, Computers and Mathematics, 48 (2004),
1387-1401.



26

[5]

[6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

J. of Ramanujan Society of Mathematics and Mathematical Sciences

Anastassiou G. A., Fuzzy Approximation by Fuzzy Convolution type Opera-
tors, Computers and Mathematics, 48 (2004), 1369-1386.

Anastassiou G. A., Higher order Fuzzy Korovkin Theory via inequalities,
Communications in Applied Analysis, 10(2006), No. 2, 359-392.

Anastassiou G. A., Fuzzy Korovkin Theorems and Inequalities, Journal of
Fuzzy Mathematics, 15 (2007), No. 1, 169-205.

Anastassiou G. A., On Right Fractional Calculus, Chaos, solitons and frac-
tals, 42 (2009), 365-376.

Anastassiou G. A., Fractional Differentiation Inequalities, Springer, New
York, 2009.

Anastassiou G. A., Fractional Korovkin theory, Chaos, Solitons & Fractals,
Vol. 42, No. 4 (2009), 2080-2094.

Anastassiou G. A., Fuzzy Mathematics: Approximation Theory, Springer,
Heildelberg, New York, 2010.

Anastassiou G. A., Intelligent Systems: Approximation by Artificial Neural
Networks, Intelligent Systems Reference Library, Vol. 19, Springer, Heidel-
berg, 2011.

Anastassiou G. A., Higher order multivariate fuzzy approximation by multi-
variate fuzzy wavelet type and neural network operators, J. of Fuzzy Mathe-
matics, 19 (2011), no. 3, 601-618.

Anastassiou G. A., Univariate hyperbolic tangent neural network approxima-
tion, Mathematics and Computer Modelling, 53 (2011), 1111-1132.

Anastassiou G. A., Multivariate hyperbolic tangent neural network approxi-
mation, Computers and Mathematics, 61 (2011), 809-821.

Anastassiou G. A., Multivariate sigmoidal neural network approximation,
Neural Networks, 24 (2011), 378-386.

Anastassiou G. A., Univariate sigmoidal neural network approximation, J. of
Computational Analysis and Applications, Vol. 14(4), (2012), 659-690.



Multivariate Fuzzy Approximation by Neural Network Operators 27

[18] Anastassiou G. A., Approximation by Neural Network Iterates, in Advances
in Applied Mathematics and Approximation Theory: Contributions from
AMAT 2012, pp. 1-20, Editors: G. Anastassiou and O. Duman, Springer
NY, 2013.

[19] Anastassiou G. A., High degree multivariate fuzzy approximation by quasi-
interpolation neural network operators, Discontinuity, Nonlinearity and Com-
plexity, 2 (2), 2013, 125-146.

[20] Anastassiou G. A., Rate of convergence of some multivariate neural network
operators to the unit, revisited, J. of Computational Analysis and Applica-
tions, Vol. 15, No. 7 (2013), 1300-1309.

[21] Anastassiou G. A., Intelligent Systems II: Complete Approximation by Neural
Network Operators, Springer, Heidelberg, New York, 2016.

[22] Anastassiou G. A., Intelligent Computations: Abstract Fractional Calculus,
Inequalities, Approximations, Springer, Heidelberg, New York, 2018.

[23] Anastassiou G. A., Banach Space Valued Neural Network, Springer, Heidel-
berg, New York, 2023.

[24] Anastassiou G. A., General sigmoid based Banach space valued neural net-

work approximation, J. Computational Analysis and Applications, 31 (4)
(2023), 520-534.

[25] Cardaliaguet P., Euvrard G., Approximation of a function and its derivative
with a neural network, Neural Networks, 5 (1992), 207-220.

[26] Chen Z. and Cao F., The approximation operators with sigmoidal functions,
Computers and Mathematics with Applications, 58 (2009), 758-765.

[27] Gal S., Approximation Theory in Fuzzy Setting, Chapter 13 in Handbook of
Analytic-Computational Methods in Applied Mathematics, 617-666, edited
by G. Anastassiou, Chapman & Hall/CRC, Boca Raton, New York, 2000.

[28] Goetschel R. Jr., Voxman W., Elementary fuzzy calculus, Fuzzy Sets and
Systems, 18 (1986), 31-43.

[29] Haykin S., Neural Networks: A Comprehensive Foundation (2 ed.), Prentice
Hall, New York, 1998.



28

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

J. of Ramanujan Society of Mathematics and Mathematical Sciences

Kaleva O., Fuzzy differential equations, Fuzzy Sets and Systems, 24 (1987),
301-317.

Kim Y. K., Ghil B. M., Integrals of fuzzy-number-valued functions, Fuzzy
Sets and Systems, 86 (1997), 213-222.

McCulloch W. and Pitts W., A logical calculus of the ideas immanent in
nervous activity, Bulletin of Mathematical Biophysics, 7 (1943), 115-133.

Mitchell T. M., Machine Learning, WCB-McGraw-Hill, New York, 1997.

Samko S. G., Kilbas A. A. and Marichev O. 1., Fractional Integrals and
Derivatives, Theory and Applications, (Gordon and Breach, Amsterdam,
1993) [English translation from the Russian, Integrals and Derivatives of
Fractional Order and Some of Their Applications (Nauka i Tekhnika, Minsk,
1987)].

Wu Congxin, Gong Zengtai, On Henstock integrals of interval-valued func-
tions and fuzzy valued functions, Fuzzy Sets and Systems, Vol. 115, No. 3
(2000), 377-391.

Wu C., Gong Z., On Henstock integral of fuzzy-number-valued functions (I),
Fuzzy Sets and Systems, 120, No. 3, (2001), 523-532.

Wu C., Ma M., On embedding problem of fuzzy numer spaces: Part 1, Fuzzy
Sets and Systems, 44 (1991), 33-38.



