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1. Introduction

Fixed point theorems are useful in the investigation of existence of solutions
of differential equations, integral equations, partial differential equations, linear
and non-linear simultaneous equations and difference equations. Fixed points are
therefore of paramount importance in many areas of mathematical and physical
sciences. Due to the wide applications of fixed point theory, this topic has become
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the keen interest of research in the field of pure mathematics as well as in the
field of applied mathematics (see [19, 31]). The notion of modular spaces has been
introduced by Chistyakov [17] and outlined their theory for an arbitrary non-empty
set ([14, 15, 16, 17]). He also demonstrated that how the metric function may be
generalized into the metric modular function. For each A > 0, the distance function
¢(p,q) has been substituted by wy(p,q). It is easier to apply to use these spaces
in variety of research areas because the modular convergence, modular limit, and
modular completeness are “weaker” in modular metric space than in metric space
which improves the applicability of such spaces. Karapinar et al. [4, 5, 9] used
this metric space to find fixed points of various contractive mappings. Following
that, the generalisation of such spaces includes modular b-metric space, modular
A-metric space, generalised metric space, etc., and fixed point and linked fixed
point solutions are demonstrated (see [1, 2, 11, 18, 20, 32]).

The concept of contractive mapping known as C-contraction was first described
by Chatterjea in [13]. Alber and Guerre-Delabriere generalized the famous Banach
contraction principle [10], known as weakly-contraction in the setting of Hilbert
spaces. Pacurar and Rus [28] gave a characterization of ¢-contraction mappings
in the context of cyclic operators and proved some fixed point results for such
mappings on a complete metric space. As a natural next step, Karapinar [23] gen-
eralized the results in [28] by replacing the notion of cyclic ¢-contraction mappings
with cyclic weak ¢-contraction mappings. Many more results for cyclic mapping
analysis have been proved (see in [26, 25]). Choudhury [18] also extended the
idea of C-contraction to weakly C-contraction and demonstrated a few fixed point
theorems. Numerous authors defined the relationships on spaces using terms like,
if M is a partially ordered set and is denoted by (M,C). Any two elements in
M are said to be similar if (M,C) is a totally ordered set. Additionally, if each
component of a convergent sequence in M is equivalent to its limit, the set is said
to be sequentially ordered. A partially ordered metric space is one where (M, C)
is a partially ordered set and (M, <) is a metric space. Ran and Reurings [29]
established various fixed point theorems for a monotone mapping on full partially
ordered metric spaces. For outstanding work on fixed point outcomes on partially
ordered metric spaces see [3, 7, 21, 22, 24, 30].

Chaipuniya et al. [12] introduced a new type of contractive condition, which
is defined on an ordered space and named it as P-contraction. Amor et al. [§]
generalized this contractive condition and studied a new class of mappings and
introduced the concept of a P-C-contraction. We extended this concept and in-
troduced the idea of P-C-contraction in partially ordered modular metric spaces,
which generalised the findings of Amor et al. [§] in this new context. The defini-
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tions and principles of partially ordered metric spaces, modular metric spaces, and
several kinds of mappings are now covered.

2. Preliminaries
Chistyakov in [17], introduced the notion of modular metric spaces as follows:

Definition 1. ([17]) Consider a nonempty set M. A function w: (0,4+00) x M X
M — [0, +00] is called a metric modular on M, if for all p,q,r € M it satisfies the
following conditions:

(1) wa(p,q) =0 for all X\ > 0 if and only if p = q;
(ii) wxr(p,q) = walg,p) for all X >0 ;

(iii) wrru(p, @) < wa(p,7) +wu(r,q) for all A, > 0.

And (M,,,wy) is called a modular metric spaces.

If (i) is replaced by the following condition

(i’) wa(p,p) =0 for all A > 0,p € M, then w is called pseudomodular (metric) on
M.

A modular w on a set M is called regular if the following weaker version of (i) is
satisfied:

p = ¢ if and only if wy(p,q) = 0 for some A > 0. Finally, w is said to be convex if,
instead of (iii), for all A, x> 0 and p, ¢, € M it satisfies the inequality

() @rlp.0) < 3 enlpr) + 3wl o)

A convex psedomodular w on M has the following additional property: given p,q €
M, we have

if 0<p <M\ then wi(p,q) < wr_p(p,p) +wu(p,q) = wu(p, q).

An important property of the (metric) psedomodular on set M is that the mapping
A = wr(p, q) € [0, +00] is non-increasing on (0, +o0) for all p,q € M.

Definition 2. ([17]) Consider a psedomodular w on M for a fized po € M. The
sets

M} = M:(po) ={p € M :wx(p,po) — 0 as A — +oo}.

My, = My(po) = {p € M : 3 X = A(p) > 0 and wx(p, po) < +00}.
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are called modular metric spaces (around po).
Also, the modular space M, can be equipped with a (nontrivial) metric g,, gener-
ated by w, which is given by

sw(pyq) =inf{A > 0:wy(p,q) <A}, p,g€ M,.

If a convex modular w on M, the two modular spaces coincide, M, = M}, and this
common set can be endowed with a metric g, given by

Sw(p,q) =If{A > 0:w\(p,q) <1}, p,q€ M,.

And for a non-convex modular w on M, ¢*(p,p) = 0 and ¢, (p,q) = s.(q,p)-

Definition 3. ([17]) Consider a modular metric space M,, and a sequence {p, }nen
of M. Then

(i) {pn}nen from M, is called a modular convergent to an element p € M, if
wr(pn,p) = 0 asn — oo for all X > 0, and any such element p will be called
a modular limit of the sequence {p,}.

(11) {pn}tnen C M, is a modular Cauchy sequence (w-Cauchy) if there exists a
number X = AX{pn}) > 0 such that wx(pn,pm) — 0 as n,m — oo, i.e.,
for all € > 0 there exists no(e) € N such that, for all n,m > ng(e) :

W)\<pn7 pm) <e

(11i) A modular space M, is called modular complete if every modular Cauchy
sequence {p,} in M, is modular convergent in the following sence - if {p,} C
X, and there exists A = AN({pn}) > 0 such that lim, ;100 WA (P, Pm) = 0,
then there exists p € M, such that lim, . wx(pn,p) = 0.

Definition 4. ([17]) Consider w a metric modular on M. Then it is said that w
satisfies the Ny-condition. If, given a sequence {pp}tnen C M, p € M, and X\ > 0
such that lim,,_, 4 oo wx(Pn, p) = 0, we have lim,, ., w%(pn,p) = 0.

Mongkolkeha et al. [27] defined the contractions condition in modular metric
spaces.

Definition 5. ([27]) Consider a metric modular w and M,,, a modular metric
space induced by w and 2: M,, — M,,, an arbitrary mapping. Then a mapping €2
15 called contractive if for each p,q € M,, and for all A > 0 there exists 0 < k < 1
such that

wA(Qp, Qq) < kwy(p, q). (1)
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Chatterjea [13] came with the concept of C-contraction, defined as follows:

Definition 6. ([13]) A mapping Q@ : M — M, where (M,s), is a metric space
is called a C-contraction if there exists o € |0, %) such that for all p,q € M, the
following condition holds:

s(p,Qq) < als(p, Qq) +<(q, )],

for all p,q € M.
In 1997, the notion of weakly ¢-contraction has been introduced by Alber and
Guerre-Delabriere [6] in the context of Hilbert spaces.

Definition 7. ([6]) A self mapping Q : M — M, on a metric space M is
called weakly ¢-contraction if there exists a continuous non-decreasing function
¢ :[0,400) = [0, +00) with ¢(t) =0 if and only if t = 0 such that

s(Qp,Qq) < s(p,q) — é(s(p,q))

for all p,q € M.
By using the concept of C-contraction, Choudhury [18] generalized weakly ¢-
contraction, named as weakly C-contraction.

Definition 8. ([18]) A mapping Q : M — M where (M,<) is a metric space is
called weakly C'-contractive if, the following condition holds:

<(Qp, Qq) < 3[c(p, Q) + <(q, )] — d[c(p, ), <(q, )],

where ¢ : [0, +00) X [0, +00) — [0, +00) is a continuous function such that ¢(p,q) =
0 of and only if p=q =20 forp,q € M.
Chaipunya et al. [12] has introduced the notion of P-function.

Definition 9. ([12]) Consider a partially ordered metric space (M,C,s). Then, a
function 0 : M x M — R s called a P- function with respect to ‘T’ in M, if the
following conditions hold:

(i) o(p,q) >0 for every comparable p,q € M;

(ii) for any sequences {pntnen, {qn}tnen in M such that p, and q, are com-
parable for each n € N, if lim, ,.oop, = p and lim, ,,q, = q, then

hmn_>+oo Q(p'm Qn) = Q(pa Q>;

(111) for any sequences {pn}nen, {Gn}tnen in M such that p, and q, are comparable
for each n € N, if lim,, o 0(pn, qn) = 0, then lim,, 1« s(ppn, qn) = 0.
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If, in addition the following condition is also satisfy:

(A) for any sequences {py tnen, {Gntnen in M such that p, and q, are comparable
foreachn € N, iflim,,_, o $(pn, qn) exists, then lim, 1o 0(Pn, qn) also exists.

Then p is called type(A) of P-function with respect to ‘C” in M.
Chaipuniya et al. [12] introduced the following concept.

Definition 10. ([12]) Let (M,C,<) be a partially ordered metric space, a mapping
Q: M — M, s called a P-contraction with respect to ‘C°, if there exists a P-
function o: M x M — R with respect to ‘T’ in M such that

<(Qp,Qq) < <(p,q) — 0(p. q) (2)

for any comparable p,q € M.
Amor et al. [8] introduced the concept of a P-C-contraction defined as follows:

Definition 11. ([8]) Let (M,C,<) be a partially ordered metric space, a mapping
Q: M — M is called a P-C-contraction with respect to ‘T’ if there exists a P-
function o: M x M — R with respect to ‘T in M such that the following inequality
holds for any comparable p,q € M

+<(q, Qp)
9

(O, Q) < S22 —Qp.q) (3)

where
Q(p; q) = max(o(p, ), o(q, p)). (4)
And proved the following theorems.

Theorem 1. ([8]) Consider a complete partially ordered metric space (M,C,)
and a continuous non-decreasing self mapping @ : M — M, which is a P-C-
contraction of type (A) with respect to ‘T°. If there exists py € M with py = Qpy,
then {2"po}nen converges to a fized point of Q in M.

Next theorem was proved by dropping the continuity of 2.

Theorem 2. ([8]) Consider a complete sequentially ordered metric space (M, C,<)
and a non-decreasing P-C-contraction of type (A) with respect to ‘C°, Q: M — M.
If there exists po € M with pg = Qpg , then {Q"po}nen converges to a fized point
of Q0 in M.

Amor et al. [8] also proved the uniqueness of fixed point in the following result.

Theorem 3. ([8]) Consider a complete sequentially ordered metric space (M, C,<)
and a non-decreasing P-C-contraction of type (A) with respect to ‘C,” Q2 : M — M.
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Suppose that for each p,q € M, there exists w € M which is comparable to both p
and q. If there exists pg € M with py C Qpg, then {Q2"po}nen converges to a fized
point of 2 in M.

Zhao et al. [32] generalized Chaterjea type contraction in w-complete modular
metric space.

Definition 12. ([32]) Consider a metric modular w on M and a modular metric
space M,, be induced by w. Then 2: M, — M, is called a weakly C-contraction in
M., if for all p,q € M,, and for all A > 0, the following condition holds :

w(Qp, Qq) < % [wax(p, 2g) + war(q, 2p)] — Plwa(p, Qq), wa(g, Op)] (5)

where, ¢: [0, +00)x[0,4+00) — [0, +00) is a continuous mapping such that ¢(p,q) =
0 if and only if p = q.

Now, we define continuity of {p,}nen, P-function in modular metric space and
extend the notion of P-C-contraction in modular metric space as follows:

3. Main Results

Definition 13. Consider a partially ordered modular metric space (M, C,wy) and
a self mapping 2 : M, — M,,, then the mapping ) is called continuous, if for any
sequence {p,} in M, lim, , o wx(pn,p) = 0, implies lim,, o wx(Qp,, Qp) = 0
for all A >0 and n € N.

Definition 14. Consider a partially ordered modular metric space (M, C,w)), then
a function o : M, x M,, — R is called a P- function with respect to ‘T in M, if,
it satisfies the following conditions:

(i) o(p,q) >0 for every comparable p,q € M,;

(ii) for any sequences {pn}tnen, {Gntnen in M, such that p, and q, are com-
parable for every n € N, if lim, ., p, = p and lim, ,,.q, = ¢q, then
My, 400 0(Pns Gn) = 0(p, 9);

(iii) for any sequences {pn tnen, {qn}tnen in M, such that p, and g, are comparable

Jor every n € N, iof limy, 4 o0 Q(pna Qn) =0, then lim, w/\(pm Qn) =0, for
all A > 0.

If, in addition the following condition is also satisfy
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(A) for any sequences {py tnen, {Gntnen in M such that p, and q, are comparable
for each n € N, if lim, oo Wr(Pn, qn) exists, then lim, . 0(pp,qn) also
er1sts.

Then o is said to be a type (A) of P-function with respect to ‘T’ in M,,.

Proposition 1. Consider a partially ordered modular metric space (M, C,wy)
and a P-function o : M, x M, — R with respect to ‘T’ in M. If p,q € M,, are
comparable and o(p,q) =0, then p = q.

Proof. Consider p,q € M, such that both are comparable and o(p, q) = 0. Define
two constant sequences {p,}nen and {¢,}nen such that p, = p and ¢, = ¢ for
all n € M,. It follows from condition (iii) of a P-function, since p and ¢ are
comparable, that wy(p,q) =0 i.e. p = ¢q. Hence, o(p,q) = 0 implies p = q.

Corollary 4. Consider a totally ordered modular metric space (M,,C,wy) and
a P-function o : M, x M, — R with respect to ‘T’ in M,. If p,q € M, are
comparable and o(p,q) =0, then p = q.

Definition 15. Consider a partially ordered modular metric space (M, C,wy).
A mapping Q : M, — M, is called P-C-contraction with respect to ‘C’°, if there
exists a P-function o: M,, x M, — R with respect to ‘T’ in M,, such that for every
comparable p,q € M,,, the following condition holds:

< waa(p, Q) +war(g, ) _

wA(Qp, Qq) < 5 QP q) (6)

where

Q(p,q) = max(o(p, Qq), 0(q, ))

Now, we prove some fixed point results for monotonic mappings.

Theorem 5. Consider a complete partially ordered modular metric space (M, C)
and a continuous and non-decreasing P-C-contraction Q: M,, — M, of type (A)
with respect to ‘T°. If there exists pg T Qpg, then {Q"po}nen converges to a fized
point of Q0 in M,,.

Proof. Select pg € M, such that py C Qpy to test for the fixed point’s existence.
the proof is finished, if Qpy = py. Hence on the contrary assume that Qpg # po,
then define a sequence {p, }nen such that p, = Q"pg. Since py T Qpy and € is
non-decreasing with respect to ‘C’. It follows:

pLpEpl---Cp,Eppqg &
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Assume that o(p,, pni1) # 0 for all n € N. Otherwise there exist ny € N such that
Dny = DPno+1, that is p,, = p,, and there is nothing to prove. Hence, consider only
the case for which 0 < o(pn, pny1) for all n € N.

Since p, C p,y1 for all n € N, then

WAPnt1,Pn) = WA(Qpn, Wn_1)

< %[om(pn, Qpn—1) + wor(Pr—1, Wn)] — Q(Pn, Pu-1)
< %[WZ/\(pnapn) + war(Pr-1,Pnt1)] — QP Pr-1)
= %(%,\(Pn—l,pnﬂ)) — Q(PnsPn-1) (7)
where
Q(pn, Pn-1) = max(0(pn, pn), 0(Pn-1, Pn+1))
for all n € N.

For every comparable p,q € M,, since o(p, q) > 0, therefore
Q(Pn, Pn—1) > 0, and the condition (7) becomes

1
WA(Prt1,Pn) < §<W2A(pn—1,l)n+1))
1
S §[W>\<pn—17pn)+w)\(pnapn+1)] (8)

for all A > 0. Thus, from the condition (8)

WA(Pns Prt1) < Wa(Prn—1,Pn)

for all A > 0 and for all n € N.
Therefore, the sequence of non-negative real numbers {wy(pn, Pni1) )25, is non-
increasing and hence it is convergent. It follows that, for each A > 0, there exists
[>0

Tim oy (pn; poya) = L. (9)

Letting n — 400 in (8) follows that

. 1 [+1
[ S lim E[w)\(pn—lypn) +W)\(pn7pn+1)] S (10)

n—-+oo 2
or
lim wox(pn—1, Pny1) = 2L. (11)

n—-+o00



422 South FEast Asian J. of Mathematics and Mathematical Sciences

It follows that
lim w)\(pn—l,pn-t,-l) =1. (12)

n—-+o0o

Thus, there exists ¢ > 0 such that lim,, 1 0(Pn—1,Pn+1) = t and then

lim Q(pn—lypn> Z L. (13>

n—-+o0o

Again, taking n — +oo in (7) and using (10), (12) and (13) obtain
1
[ < =20 —t.
-2

Assume that [ > 0, then ¢t = 0 and so, lim,_ oo WA (Pr—1, Pntr1) = 0 which implies
from (12) that [ = 0, a contradiction. Therefore

lim  wy(pn, Pni1) = 0. (14)

n—-+00

Thus, for each A > 0 and ¢ > 0 there exists ng € N such that

w)\(pmanrl) <e€ (15)

for all n € N with n > ny.

Next to prove that the sequence {p,}nen is a Cauchy sequence. Assume that

{p,}129 is not a Cauchy sequence, then there exists € > 0 such that for all k > 1,

there exists ng) > m) > k with wg,\(pm(k),pn(k)) > €.

w)\(pm(kypn(k)) > WQ)\(pm(k)vpn(k))
then we have
wk(pm(k)apmk)) Z €.

Consider a smallest number n), satisfying the above condition. Hence
w/\(pm(k)apn(k_l)) < €.

k——+o0

Applying the condition (iii) of modular metric space

€< WQA(pm(k)upn(k)) < w)\(pm(k),pn(k)_l>
+W)\(pn(k>,1>pn(k))
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Taking k — +o0 in (17), following is obtained

i won (P Prgy ) = €. (18)

Since
WoA (P> Prgy) S @A (P> Prgey—1) + W (Prgy—1> Prgey)
implies
€< (P Py ) S € (19)

It implies that

T s (P ) = € (20)
Similarly

s (P s Py ) = €. (21)

From conditions (16) and (21), it is clear that limy o0 0(Pmgy—15 Png,y) and
limg_ 4 oo Q(pm(w pn(k)_1) also exists. By P-C-contractive condition

wA(Z?m(k)?pn(k)) - w/\(me(k)fla Qpn(k)71>
1
S 5 [CUQ)\ (pTTL(k,)—17 pn(k))

+woy (pn(k)—l ) pm(k> )] -

Taking £ — +o00 in (22), following is obtained
0 < —limp 1o maX{Q(pm(k)—l7pn(k) ) Q(pn(k)—l7pm(k))}7
which further implies that limy o0 0(Pm,_,s Png,,) = 0, following this it will have
limy, 4 o0 w,\(pm(k)fl,pn(k)) = 0 which is not possible, as € > 0. So, {p,}nen is a
Cauchy sequence.

By the completeness of M, there exists point p* € M, such that p,, = Q"py —
p* as n — +o0.

Since,  is continuous, therefore QQ"py = Q"*lp, — p*, which implies that
Qp* = p*. Thus p* is a fixed point of €.

Next, we replace the continuity of Q by As-condition in the Theorem 5 and
find out that we can still guarantee a fixed point if the partially ordered set is
strengthened to a sequentially ordered set.

Theorem 6. Consider a complete sequentially ordered modular metric space (M,,, C
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) and a non-decreasing P-C'-contraction Q: M, — M,, of type (A) with respect to
‘T’ satisfying the /\o-condition. If there exists po & Qpo, then {Q"po}nen con-
verges to a fized point of 2 in M,,.

Proof. Following the proof of Theorem 5, the sequence {p;, }nen is convergent and
it’s limit is p* in M,,.

Next, the existence of a fixed point p* of €2 in M, is proved. Indeed, suppose that
p* is not a fixed point of Q. i.e. wy(p*, 2p*) # 0. Since (M,,,C) be a complete
sequentially ordered modular metric space, then p* is comparable with p,, for all
n € N, then by the notion of metric modular w and the P-C-contraction of €2

wA(§p",p7) < wa (", Qpn) + wa (Qpn, p7)
1 k E % E
< Sloa(™, pa) + wr(pa, 7)) = Q7 ) + wy (. 17)
1
= E[w)\<p*7pn+1) +LU)\(pn,Qp*)]
—max[o(p*, pn), 0(pn, p*)] + Wi (Prt1, 17 (23)

for all A > 0 and for all n € N. Taking n — 400 in (23) and by using A,-condition,
obtain that

* * 1 * * * * * *
wr(Qp*,p*) < wa(ﬂp ,p") —max(o(p*, "), o(Q", p*))

1 * * * *
S 5(*})\(9]) » P ) <w)\(Qp , P )
This is a contradiction, therefore it must have

wx(Qp*, p*) = 0.

This proves that p* = Qp*. Thus p* is a fixed point of €.
In the next theorem the sufficient condition for the uniqueness of the fixed point
is included.

Theorem 7. Consider a complete partially ordered modular metric space (M, C)
and a continuous and non-decreasing P-C'-contraction Q: M,, — M, of type (A)
with respect to ‘T°. Suppose that for each p,q € M,,, there exists w € M, which is
comparable to both p and q. If there exists py C Qpo, then {Q"potnen converges to
a unique fixed point of Q in M,,.

Proof. A self mapping §2 has a fixed point, it is proved in Theorem 5, now the
uniqueness of fixed point of 2 is proved. Assume that u and v be two distinct fixed
points of €. i.e. wy(u,v) # 0. Here, we consider two cases as follows:
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Case 1. Taking the comparability of u and v, we get the comparability of Q"
and to Q"v for all n € N and

wi(u,v) = wy(Q"u, Q")

< %[wg,\(u, Q") 4 wop (v, Q"u)] — Q(u,v)
< %[w,\(u, Q") 4+ wy (v, Q)] — Q(u,v)

1
= i[w,\(u, 7)) + LU)\(U, 7})] - Q(u7 7})

= wi(u,v) —max(o(u,v), o(v, u))
= wy(u,v) — o(u,v). (24)

Since p(u,v) > 0, here for p(u,v) > 0, then the condition (24) is not possible.
Therefore, it must have o(u,v) = 0 and by Preposition 1 u = v.

Case 2. Assume that u is not comparable to v then there exist w € M,,, which
is comparable to u and v. Monotonicity of 2 implies that (2"w is comparable to
O"u = u and Q"v = v for all n € N. Therefore

1
wi(u, Qw) < i[wZ,\(u, Q" w) 4 wor (" tw, u)] — Q(u, Q" w)
1
= §[w2)\(u, Q"w) + wor (" tw, u)] — max(o(u, Q"w), Q(Q”_lw, w))
1
5[&}2)\(711, Q"Mw) + wor (" w, u)] — o(u, Q"w)

%[w,\(u, Q"w) + wx (" w, u)] — o(u, Q"w)
< %[w,\(u, Q"Mw) 4wy (Q" 1w, u))]. (25)

IN

IN

From the above condition it is found that
walu, Q"w) < wy(u, Q" w). (26)

If the sequences s,, = wy(u, Q"w) and t,, = o(u, Q"w) are defined, then from condi-
tion (26) it may be obtained that {s, },/>] is non-increasing and there exists [, ¢ > 0
such that lim,, .. s, = [ and lim,,_, t, = q.

Assume that [ > 0. Since 2 is P-C-contractive, then from (25)

[ <l—q.
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Which is a contradiction. This implies that [ = 0.
Hence lim,, s, = 0 i.e. lim, o wy(u, Q"w) = 0. In the same way, it can be
shown that lim,, 1 wy(v, Q"w) = 0. That is, {Q"w},en converges to both u and
v. Since the limit of a convergent sequence in a modular metric space is unique, it
concludes that u = v. Hence, this yields the uniqueness of the fixed point.

By using the above condition of uniqueness, following Theorems can also be
proved.

Theorem 8. Consider (M,,C) be a complete sequentially ordered modular metric
space and Q: M, — M, be a non-decreasing P-C-contraction of type (A) with
respect to ‘C°. Suppose that for each p,q € M,, there exists w € M, which is
comparable to both p and q. If there exists po C Qpq, satisfying the As-condition
then {2"po}nen converges to a unique fized point of Q0 in M,,.

Proof. If p, = Q"py, then according to Theorem 6, {p, }nen converges to a fixed
point of €2 in M,,. The proof of uniqueness of fixed point is similar to the proof of
Theorem 7.

Remark 1. Notice that, when (M, C) is a totally ordered set, and (M, =, wy) be
a partially ordered modular metric space. Then also uniqueness of the fixed point
can be obtained.

Following example justify the findings of Theorem 5.

Example 1. Let M, = {(0,1),(1,0),(1,1)} C R? and suppose that p = (py, p2)
and ¢ = (q1, @) for p,q € M. Let ‘C’ be an ordering in M, given by R = {(p, q) :
p e M,}U{((0,1),(1,1))}. Then (M,,C) is a partially ordered modular metric
space with g as a P-function of type (A) with respect to ‘C’ in M,. Now, let
2 be a mapping  : M, — M, define by ©(0,1) = (0,1), 2(1,1) = (0,1) and
(1,0) = (1,0). Then 2 is a continuous and non-decreasing mapping with respect
to ‘C". Since (0,1) C (1,1) and £2(0,1) = (0,1) C Q(1,1) = (0,1).

Define wy, 0 : M, x M,, — R by

0 ifp=gq
wr(p,q) =4 2
(p, q) max{p, + ¢1,p2 + g2} otherwise,
A
and
0 ifp=gq
o(p,q) = § max{py,ps + i
x{p1 )\pQ G} otherwise.

Let p,q € M, be comparable with respect to ‘C’. Consider the following four cases.
CaseI:If p=¢q=(0,1), then
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wx(£2(0,1),9(0,1)) = war((0,1),€(0,1)) = 0((0,1),£(0,1)) = 0.
Case II : If p = ¢ = (1,0), then
wx(2(1,0),9(1,0)) = war((1,0),9(1,0)) = 0((1,0),9(1,0)) = 0.
Case III : If p = ¢ = (1, 1), then
wA(Q(1,1),2(1,1)) = 0, wor((1,1), (1, 1)) < wa((1,1),92(1,1)) = 2,(as 2\ < \)

1 0,
wox(£2(0,1), (1,1)) < wx(2(0,1),(1,1)) = %, (as 2A < A) 0((0,1),(1,1)) = 0 and

Therefore, in each case condition (6) and all the conditions of Theorem 5 for every
comparable p,q € M, are satisfied, also (0,1) C €(0,1) and (1,0) C Q(1,0) .
Therefore, (0,1) and (1,0) are the fixed points of mapping €.

Fixed Point Theorems for Non-monotonic Mappings

In this section, to confirm the existence and uniqueness of fixed point of €2
the monotonicity of € is replaced with alternate condition - The comparability of
p,q € M, implies the comparability of Qp, Qq € QM,,.

Theorem 9. Consider a complete partially ordered modular metric space (M, C)
and a continuous self mapping Q: M,, — M,, which is a P-C-contraction of type(A)
with respect to ‘T’ such that the comparability for each p,q € M,, implies the
comparability of Qp, Qq € QM,,. If there exists po T Qpyg, then {Q"po}nen converges
to a fized point of €2 in M,,.
Proof. Choose py € M, such that py C Qpg. If Qpy = po, then the proof is finished.
Suppose that Qpg # pg, there exists a sequence {p, }nen such that p, = Q"pg. Since
po C Qpg, then p, C p,y1 for all n € N. Rest of the proof is similar to the proof of
Theorem 5.

We are ignoring the proofs of following results because they can be demonstrated
using the plots of the earlier theorems in this study.

Theorem 10. Consider a complete sequentially ordered modular metric space
(M, ) be and a P-C-contraction Q: M, — M, of type(A) with respect to T’
such that the comparability for each p,q € M,, implies the comparability of Qp,Qq €
QM,,. If there exists po T Qpo, the {Q"po}nen converges to a fized point of Q in
M,,.
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Theorem 11. Consider a complete partially ordered modular metric space (M,,, =)
and a P-C-contraction : M, — M, of type(A) with respect to ‘C’° such that the
comparability for each p,q € M,,, implies the comparability of Qp, Qq € QM,,. Also
assume that for each p,q € M, there exists r € M, which is comparable to both p
and q. If there exists py € M,, such that py C Qpo, then {Q"po}nen converges to a
unique fized point of €2 in M,,.

Theorem 12. Consider a complete sequentially ordered modular metric space
(M, ) and a P-C-contraction Q: M,, — M, of type(A) with respect to ‘T’ such
that the comparability for each p,q € M, implies the comparability of Qp,Qq €
QM,,. Suppose that for each p,q € M, there exists r € M, which is comparable to
both p and q. If there exists py € M,, such that po T Qpq, the {Q"po}nen converges
to a unique fized point of € in M,,.

Corollary 13. Consider a complete partially ordered modular metric space (M, C
) be and a continuous and non-decreasing mapping 2: M,, — M, with respect to
‘T’ such that

wx(Qp, Qq) < E(war(p, Qq) + war(q, 2p)).

If there exists po C Qpg, then {Q"potnen converges to a fized point of 2 in M,,.
Proof. By considering the contractive condition of Chaterjea et al. [13] and
replacing Q(p,q) = 0 in (6), the above result can be proved.

4. Conclusion
In this manuscript, we defined P-function in the sence of modular metric space
and generalized the P-C-contraction in this new setting. Also, all the proved results

d
are new and if we take wy(p, q) = (Zi\’ 9) for all A € (0,00) and Q(p,q) = o(p, q),
d
the main results of Chaipuniya et al. [12] are obtained and for wy(p,q) = _(Z;: 9

for all A € (0,00) the Theorems 1, 2 and 3 of Amor et al. [8] can be proved.
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