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Abstract: For a connected graph G = (V, E), a set F© C V of vertices in G is
called dominating set if every vertex not in F' has at least one neighbor in F'. A
dominating set F' C V is called fault tolerant dominating set if /' — {v} is domi-
nating set for every v € F. A fault tolerant dominating set is said to be geodetic
fault tolerant dominating set if I[F] = V. The minimum cardinality of a geodetic
fault tolerant dominating set is called geodetic fault tolerant domination number
and is denoted by v,7(G). The minimum geodetic fault tolerant dominating set
is denoted by 7,pi-set. The geodetic fault tolerant domination number of certain
classes of graphs are determined. Some general properties satisfied by this concept
are studied. It is shown that for every positive integer 2 < a < b there is a con-
nected graph G such that v(G) = a, 7,(G) = b and v,4(G) = a + b — 2, where
v(G) and 7,4(G) are the domination number and geodetic domination number of G
respectively.
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1. Introduction

By a graph G = (V, E), we mean a finite undirected graph without loops or
multiple edges. The order and size of G are denoted by p and q respectively. For
basic graph theoretic terminology we refer to Harary [6]. If e = {u, v} is an edge
of a graph G with d(u) = 1 and d(v) > 1, then we call e a pendent edge, u a leaf
and v a support vertex. Let L be the set of all leaves of a graph . The vertex
of degree p — 1 is called an universal vertex. We denote by P,,C, and K,, ,, the
path on p vertices, the cycle on p vertices and complete bipartite graph in which
one partite set has m vertices and the other partite set has n vertices. For any set
M of vertices of G, the induced subgraph (M) is the maximal subgraph of G with
vertex set M. N(v)={u € V(G) : wv € E(G)} is called the neighbourhood of the
vertex v in (G. A vertex v in a connected graph G is said to be a semi simplicial
vertex of G if A(< N(v) >) = |[N(v)| — 1. A vertex v is a simplicial vertex of a
graph G if < N(v) > is complete.

A set D C V of vertices in G is called a dominating set if every vertex not in
D has at least one neighbour in D. A vertex in a graph G dominates itself and
its neighbors. The domination number v(G) of G is the minimum cardinality of a
dominating set of G. A dominating set F' is said to be a fault tolerant dominating
set if F'— {v} is also a dominating for all v € F.. The minimum cardinality of F' is
called fault tolerant domination number and is denoted by v5(G). It is observed
that v (G) > 1+ v(G). For references on domination parameters in graphs see |1,
5,7, 9-14, 16, 17-20].

The distance d(u,v) between two vertices u and v in a connected graph G is the
length of a shortest u-v path in G. The eccentricity e(v) of a vertex v in G is the
maximum distance from v and a vertex of G. The minimum eccentricity among
the vertices of G is the radius, rad G or r(G) and the maximum eccentricity is
its diameter, diam(G) of G. A vertex v of G is said to be peripheral vertex if
e(v) = diamG. A vertex x is said to lie on a u — v geodesic P if x is a vertex of
P including the vertices u and v. For S C V', I[S] = Uypesl|u,v]. Aset S CV
is called an geodetic set of G if I[S] = V. The geodetic number g(G) of G is
the minimum order of its geodetic sets and any geodetic set of order ¢g(G) is an
geodetic basis of G or g-set of G. A set of vertices S in G is called a geodetic
dominating set of G if S is both geodetic set and a dominating set. The minimum
cardinality of geodetic dominating set of G is its geodetic domination number and
is denoted by 7,(G). A geodetic dominating set of size 7,(G) is said to be a 7,-
set. Geodetic number was introduced in [8] and further studied in [2, 3, 4, 6,
15, 12]. Moreover recently geodetic number was studied in [3, 7, 10]. Consider
a client-server architecture based network in which any client must be able to
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communicate to one of the servers. If anyone of the server is fault or busy the
system will not affect. A smallest group of servers with these properties is a fault
tolerant dominating set for the graph representing the computer network.

Theorem 1.1. Fvery extreme vertexr of a connected graph G belongs to every
minimum geodetic set of G. In particular every end vertex of a connected graph G
belongs to every minimum geodetic set of G.

Theorem 1.2. For every connected graph G, g(G) = 2 if and only if G has
peripheral vertices u and v such that every vertex of G lies on the diametral path

of G.
2. The Geodetic Fault Tolerant Domination Number of a Graph

Definition 2.1. A Dominating set I C V is said to be geodetic fault tolerant
dominating set if F' is both geodetic and fault tolerant dominating set of G. The
minimum cardinality of a geodetic fault tolerant dominating set is called geodetic
Fault tolerant domination number and is denoted by v47:(G). The minimum Fault
tolerant dominating set is denoted by 7q:-set.

U2 Vg
U1
Vs
V4 U7
G
Figure 2.1

Example 2.2. For the graph G given in Figure 2.1, F' = {vy,vq, vs5,v6,v7} is a
minimum dominating set of G so that 7v,7(G) < 5. It is easily verified that G
has no geodetic fault tolerant dominating set of cardinality less than 5. Hence

Yost(G) = 5.

Remark 2.3. For the graph G given in Figure 2.1, D = {vy,vs} is a y- set of G so
that v(G) = 2. Also Fy = {v1,v9, 05,06} is a minimum fault tolerant dominating
set, S = {v1,vs,v6,v7} 1S a geodetic dominating set and F = {vy, vy, vs, vg, v7}
is a minimum fault tolerant geodetic dominating set of G. Thus dominating set,
fault tolerant dominating set, geodetic dominating set and geodetic fault tolerant
dominating set of G are different.
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Remark 2.4. There can be more than one fault tolerant dominating set for a graph.
For the graph G given in Figure 2.1, Fy = {v1, v, v5, v, 07} , Fo = {v1,v3, 05, v, U7}
and F5 = {vy,v4,05, 06,07} are the three v, 5~ sets of G.

Observation 2.5. (i) Let G be a connected graph with cut-vertices F' be a geodetic
fault tolerant dominating set of G. If v is a cut vertex of G, then F contains at
least one vertex of every component of G — v.

(ii) Every extreme vertex of a connected graph G belongs to every geodetic fault
tolerant dominating set of G.

(111)For any connected graph G, 2 < mazx{y(G), g(G)} < 7,(G) < v,1:(G) < p.

Theorem 2.6. Let v be an end vertex and u be its adjacent vertex of a connected
graph G. Then {u,v} is a subset of every geodetic fault tolerant dominating set of
G.

Proof. Let v be an end vertex and u be its adjacent vertex of a connected graph
G, S is a geodetic fault tolerant dominating set of G. If {u,v} is not a subset
of S, then S is not a dominating set of G, which is a contradiction. Moreover if
u e S and v ¢ S, then by Observation 2.5(ii), S is not a geodetic fault tolerant
dominating set of G, which is a contradiction. Suppose that v ¢ S. Then S — {v}
is not a dominating set of G and so S is not a geodetic fault tolerant dominating
set of (G, which is a contradiction.

Corollary 2.7. Let G be a connected graph with { end vertices. Then v,5(G) >
C+1.
Proof. The proof follows from Theorem 2.6.

Theorem 2.8. Let G be a connected graph of order p > 3 with at least one cut-
vertex. Then v,7(G) > 3.

Proof. Let u be a cut vertex of G and S be a geodetic fault tolerant dominating
set of G. Let Gy,Ga,...,Gp(n > 2) be the components of G — {u}. Then by
Observation 2.5(i), S contains at least two vertices v and w (say) of G. Since v
and w are not adjacent, S — {v} and S — {w} are not a dominating set of G. This
implies that v,7(G) > 3.

Theorem 2.9. Let G be a connected graph. Then v,7(G) = 3 if there exists a y—
set D = {z,y} such that N(z) = N(y).

Proof. Let D = {x,y} be a y— set of G and N(z) = N(y) = {v1,v9,...,v,}. Then
dim(G) = 2. Moreover z and y are peripheral vertices of GG, and so every vertex
of G lies on the diametral path of z and y. Since D — {z} and D — {y} are not
a dominating set of G, v,7(G) > 3. Let F' = D U{v;}(1 <i < n). Then F is a
vgre-set of G so that v,7(G) = 3.
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In the following we determine the geodetic fault tolerant domination number of
some standard graphs.

U1

Us

G
Figure 2.2

Theorem 2.10. For the complete graph K,(p > 3) ,yy1:(K,) = p.
Proof. Since every vertex of complete graph is extreme vertex, the result follows
from Observation 2.5(ii).

Theorem 2.11. For the complete bipartite graph G = K, 5,

p, if m=1
Yot Kmn) =< 3, if m=2
4 if m,n > 3.

Proof. Let U = {uy,ug,...;un} and W = {wy, ws....w,} be the bipartite sets of
G. (i) If m = 1,then the proof follows from Theorem 2.6.

(i))If m = 2, then the proof follows from Theorem 2.9.

(ili)Let m > 3. Clearly F = {u;,w;}(1 < ¢ < m),(1 < j < n) is a minimum
dominating set of G. However F' is not a geodetic set of G. Let F} = F U
{us, wi},(1 <i#s<m),(1 <j#k<n). Then F; is a geodetic fault tolerant
dominating set of G and so v (G) < 4. Suppose v,7:(G) = 3. Let F' be a fault
tolerant dominating set of G such that |F'| = 3. If F' C U, then F’ — {u;}, where
u; € F', is not a dominating(as well as geodetic) set of G. This implies that F’
is not a geodetic fault tolerant dominating set of G, which is a contradiction. If
F' C W, then F' — {w;} is not a dominating(as well as geodetic) set of G. Hence
F’ is not a geodetic fault tolerant dominating set of GG, where w; € F’, which is
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a contradiction. Therefore F' & UUW. Let F' = {u,,w;,wy},(j # k). Then
F’'—{u} is not a dominating set of G and hence F” is not a geodetic fault tolerant
dominating set of GG, which is a contradiction.Therefore v,7(G) = 4.

Theorem 2.12. For the wheel graph G = Wi ,,_1 7,5:(G) = [E+] + 1.

Proof. Let V = {x,vy,v9,...,v,-1} be the vertex set of G, where x is the central
vertex of G. Since the diameter of G is two and |V —{z}| vertices form a cycle, every
vertex of G lies in the v; — v; geodesic of [25+] vertices of V — {«}. Moreover {z}
dominates G. Clearly {z} and [2}] vertices (alternative vertex of < V —{z} >) of
V — {z} form a ~,p-set. Hence v,1(G) < [2] + 1. Suppose that 7,5 (G) < [E].
Let F’ be a geodetic fault tolerant dominating set of G such that |F’| < |F|. Then
there exist a vertex v; € F such that v; ¢ F’. This implies that there exist a
shortest v;_1,v;11(vi—1,vi41 € F’) path including z such that v; not lies on any
geodesic path of vertices of F’. Thus F” is not a geodetic fault tolerant dominating
set of G, which is a contradiction. Therefore v, (G) = [5] + 1.

Theorem 2.13. For any cycle G = C,, v5(Cp)(p > 3) = 2k +7(0 < 7 < 2) where
p=3k+r.

Proof. Let vy,vs, ...,v, be the vertices of G. Since G is 2-regular, every vertex of
G dominates exactly three vertices of G, v = [£]. Then by Observation 2.5(iii),
Yore(G) > [E]. Let p =3k +7,(0 <r <2).

Case i. Let r = 0. Then p=3k. Let F' = {vq,v3,v5,Vg......, U3g_1, U3k }. Then
F is both geodetic and dominating set of G. Thus F' is a geodetic fault tolerant
dominating set of G and so 7,5 < 2k. Suppose that v,7(G) < 2k. Then there
exists a geodetic fault tolerant dominating set F” such that |F’| < |F|. Therefore
there exists a vertex v; € F' such that v; ¢ F’. Since v; € F either v;_1 or vy
belongs to F’. Suppose v;_1; € F’ then F' — {v;_1} is not a dominating set of G,
which is a contradiction. Similarly if v;.; € F’, then F’ is not a geodetic fault
tolerant dominating set of G, which is a contradiction. Therefore v4(G) = 2k.
Case ii. Let r = 1. Then p = 3k + 1. Let V = {v1,v9,...,v3x11} be the set of
vertices of G. From the case(i), F' is a geodetic fault tolerant dominating set of
(V- —{wvsry1}). Since only one neighbor vs; of vg1 belongs to F, F' — {vs;} is not
a geodetic fault tolerant dominating set of G. Therefore either F} = F U {vg41}
or Fi = FU{v1} is a y,p-set of G. Thus v,4(G) = 2k + 1.

Case iii. Let r=2. Let V' = {wvy,v9, ..., U3k, Usk11, V3o } be the set of vertices of G.
From case(ii), Fy = F1U{vsp11} or F1U{v;} is a geodetic fault tolerant dominating
set of (V —vsg12). Moreover Fy — {341} is not a dominating set of G. This implies
that F} is not a geodetic fault tolerant dominating set of G, so that |F| > 2k + 1.
Then F U {vsp2} or Fy U{v1} is a vy p-set of Cp, and so that v,(C,) = 2k + 2.
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Theorem 2.14. For the path G = P,

Yosupy =3 A+ [2EE], if (p—4)mod3 <1

5+ L2(p;4)J, otherwise.

N

Proof. Case (i). Let p < 4.Then the proof follows from Theorem 2.6

Suppose p > 5. Let {u,v,v1,v2,v3, 04, ..., Up—3, Up—4, y, 2} be the set of vertices of
P,, where {u,v} is the set of end vertices and {y, z} is the set of its adjacent ver-
tices in G. Take H = {u,v,y, z}. By Theorem 2.6, H contained in every -, p-set
of G. Let Hy =V — H = {v1, 09, ...,vy_4} be the set of p — 4 vertices of G. Let us
assume that p —4 =3k +r, (0 <r < 2).

Case (ii). Let (p —4)mod3 < 1. Thenr=0orr=1

Subcase (i). Let r = 0. Thenp—4 =3k and H; =V — H = {v1,v9, ..., U3 1, U3k }
Let F' = HU{vq,v3, Vs, Vg, ..., U3x_1, Us } (from every path P3 two vertices belongs to
F except {u,v,y,z}). Since for every vertex v € F', F'—{v} is a dominating set of G
and every vertex of G lies in the diametral path of u and v so that F' is a geodetic
fault tolerant dominating set of G. Hence |vy,5:| < 2k 4 4. Suppose |v,¢:| < 4+ 2k,
then there exists a geodetic fault tolerant dominating set F’ such that |F'| < |F|.
Hence there exists a vertex u; € F' such that u; ¢ F’. Since u; € F', either u;_; or
u;+1 belongs to F’. Suppose that w;_; € F’ then F' — {u;_1} is not a dominating
set of G, which is a contradiction. Also the same if u; 11 € F’. Hence F'is a 7,p-set
of G and so that |y,s| = 4+ 2k, where k is the integer part of %.

Subcase (ii). Suppose r=1. Then p — 4 = 3k + 1. Let {u, v, uq, us, ..., Usgy1,y, 2}
be the set of vertices of P, and Hy = V — H = {uy,us, ..., us, uskr1}. Let
F = H U {usy, us, us, ug, ..., usg_1, Uz }. By subcase(i), geodetic fault tolerant dom-
inating set of (V' — {ug4+1)} is F'. Moreover usi4q is dominated by ugg, vs. Hence
F is a vy p-set of G and so that |vy,p| = 4 + 2k.

Case (iii). Let r = 2. Then p—4 = 3k+2. Let {v1, va, uq, ua, ..., Usgy1, Uskt2, V3, Vs }
be the set of vertices of P,. Then Hy =V —H = {uy,ug, ..., Ugk11, Usk42 }. From the
subcase(ii) V—{usg1o} is dominated by F' = HU{uy, us, us, ug, ..., Ugk_1, Usg - Since
N(U3k+2> = {ng+1, Ug} and V3 € F, either FU{ng_H} or FU{U3k+2} isa vgft—set of

G. Otherwise F” —{v3} is not a dominating set of G and then |y, | = 5+ 2k,where

(»—4)

= Hence the result.

k is the integer part of

3. Some Results on Geodetic Fault Tolerant Domination Number of a
Graph

Theorem 3.1. For any connected graph G, v4(G) > 1+ v(G). Moreover
Y1e(G) = 1+ y(G) if and only if D is a geodetic set and there exists a vertex
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v €V — D such that u € N(v) for all w € D, where D is a y-set of G.

Proof. Let S be a v,p-set of G and D be a 7- set of G. Then it is clear that
D —{v} for all v € D is not a dominating set of G so that v (G) > v(G). Assume
that v7(G) = 1+~(G). Then S = DU{z},z € V —D. To prove u € N(x) for all
u € D. Assume the contrary that there exists at least one vertex v € D such that
v ¢ N(z). Then S — {z} is not a dominating set of GG, which is a contradiction.
Conversely suppose that D is a geodetic set and there exists a vertex v € V — D
such that v € N(v) for all w € D. Then S = DU {z},2 € V — D. Since every
vertex in D is adjacent with z, S — {u}, for all u € S is a dominating set and S is
geodetic set of GG. This implies that S is a geodetic fault tolerant dominating set
of G and so v4(G) = 1+ v(G). Hence v4(G) > 1+ v(G).

Theorem 3.2. For any connected graph G, 2 < maz{l +v(G), g(G)} < v,(G) <
’Ygft(G) <p.

Proof. By Observation 2.5(iii), 7,(G) > ¢(G) and from the definition every
g—set is a subset of every geodetic fault tolerant dominating set of G. Then
by Theorem 3.1, maz{l + v(G), g(G)} < v45:(G). Moreover a geodetic dominat-
ing set is a subset of geodetic fault tolerant dominating set of G. This implies
that 7,(G) < v,5:(G). Also by Theorem 2.6, v4(K>2) = 2. This conclude that
2 < maz{l +7(G), 9(G)} < 74(G) < 750:(G) < p.

Theorem 3.3. Let S be a minimum geodetic set of G. Then v,1(G) > 74(G) and
Yort(G) = v4(G) if and only if S — {v}, for all v € S is a dominating set of G.
Proof. Let S be a geodetic fault tolerant dominating set of G. Since every geodetic
fault tolerant dominating set of G contains a geodetic set of G, v,1(G) > 7,(G).
Since S is a minimum geodetic set of G and S — {v}, for all v € S is a dominating
set of G, S is a 7,5~ set of G. This implies that v,7(G) = 7,(G).

Theorem 3.4. For any tree T, { +1 < v,7(T) < p. Moreover vy7(T) = £ + 1 if
and only if G is a star and v,p(T) = p if and only if V = LU S, where L is the
set of end vertices and S is the set of support vertices of T'.

Proof. Let T be a tree having ¢ end vertices. Then by Corollary 2.7, { + 1 >
Yort(T). Suppose that v,¢(7) = £ + 1 to prove T is a star. Assume the contrary
that 7" is not a star. Then diam(7T) > 3 and T has more than one support vertex.
Then by Theorem 2.6, v,7(7") # ¢ + 1 and which is a contradiction. Conversely
suppose that T is a star. Then by Theorem 2.6, v,7:(7T) = ¢ + 1. In addition
suppose that v,¢(7") = p. To prove V. = LU S. Assume the contrary that 7" has
at least one vertex u (say), which is neither a support vertex nor an end vertex. If
u € N(v) N N(w) where v,w € S, then v,7(T") = p — 1, which is a contradiction.
Moreover if more than one vertex of 71" is neither a support vertex nor an end ver-
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tex, then by Theorem 2.14, v,7(T) < p — 1, which is a contradiction. Therefore
Ye5t(T) = p. Conversely suppose that V' = LU.S, where L is the set of end vertices
and S is the set of support vertices of T'. Then the result follows from Theorem
2.6. This implies that £ +1 < ,(T) < p.

Theorem 3.5. For the caterpillar T, A(T) < v,1(G) < €+ d — 1, where { is the
number of end vertices of T and d is the diameter of T

Proof. Let A(T) = n and u be a maximum degree vertex of 7. Since T is a
caterpillar, at least n — 2 neighbors of u are end vertices. Then by Observation
2.5(i1), A(T) — 1 < 4,1(G). Moreover if diam(T') > 2, T has T has at least two
end vertices other than the neighbors of u and so A(T') < v,4(G). In addition, if
diam(T) = 2, T is a star and by Observation 2.5(ii), A(T") < 745(G). On other
hand for any caterpillar of order p, p=¢+d —1. If V = L U.S, by Observation
2.5(i1), v47:(G) = p, where S is the set support vertices and L is the set of end
vertices. This implies that v,7(G) < {+d — 1.

Theorem 3.6. Let G # C), be a unicyclic graph. and S be the set of allv € V
such that v is neither end vertex nor support vertex of G. Then v, (G) =p — 1 if
and only if (S) is either Ky or Ky or Ps.

Proof. Let GG be a unicyclic graph and S be the set of adjacent vertices which are
not support vertices of G. Let (S) is either K or Ky or P3. Then 1 <| S |< 3. By
given condition each vertex u; € V' — S of degree more than one is adjacent with
at least one pendent vertex.

Case (i). Let (S) = K;. Then G has exactly one vertex v which is not adjacent
with any end vertex of G and by Theorem 2.10, V' —{v} is subset of every geodetic
fault tolerant dominating set of G. Since v is dominated by at least two vertices of
V —{v}, V —{v} is a y,p— set of G so that v,4(G) =p— 1.

Case (ii). Let (S) = K. Then G has exactly two adjacent vertices S = {u,v}
which are not adjacent with any end vertex of G and by Theorem 2.6, V' — {u, v}
is subset of every geodetic fault tolerant dominating set of G. It is easily verified
that V — {u} or V — {v} is a v,5,— set of G so that v, (G) =p — 1.

Case (iii). Let (S) = P3. Then G has exactly three vertices S = {u, v, w} which
are not adjacent with any end vertex of G and exactly one vertex v (say) of S has
degree 2. As in the previous cases F' =V — {u, w} is subset of every geodetic fault
tolerant dominating set of G. Moreover F' — {v} is not a dominating set of G.
Hence F' U {u} or F' U{w} is a geodetic fault tolerant dominating set of G. Thus
ngt(G> =p—1L

Conversely suppose that G # C, be a unicyclic and v,7(G) = p — 1. To prove (S)
is either K7 or Ky or Pj. Let us assume the contrary.
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Case (i). Let |S| = 0. Then by Theorem 2.6, v,(G) # p — 1.

Case (ii). Let G has at least two non adjacent vertices {x,y} which are not adja-
cent with any end vertex of G. Then z,y are adjacent with more than one vertices
of V.— {x,y} so that V' — {z,y} is a geodetic fault tolerant dominating set of G.
Hence 7,4(G) < p — 2, which is a contradiction.

Case (iii). Let | S |> 4 and S = {uy,us,....u, }(m > 4). Since G is unicyclic
< S > is a path P, (m > 4). Without loss of generality assume that uy,u,, are
the end vertices of the path. Hence uq, u,, are adjacent with at least one vertex of
V' — S. This implies that .5 (< S >) < m — 2 and also by Theorem 2.6, V' — S is
a subset of every v,p— set of G. Thus v,45(G) < p — 2, which is a contradiction.

Theorem A. No cut vertex of a connected graph G belongs to any minimum geode-
tic set of G.

Ug %)
(% U3
U7 @ | V10
U1 V4
Us @ @ V11
Vg V12
G
Figure 3.1

In Figure 3.1, S = {vy,v9,v3,v4} is the set of cut vertices of G and V' — S is the
unique geodetic fault tolerant dominating set of G
We can now present a characterization of exclusion of cut vertices.

Theorem 3.7. Let G be connected graph of order p and G has n(> 1) cut vertices.
Then v47:(G) = p — n if and only if §(G) > 2 and each components of V — S are
K, for some r > 2, where S is the set of cut vertices of G.
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Proof. Assume that v,4(G) = p — n. To prove 6(G) > 2 and each components
of V.— S are K, for some r > 2. Let us assume the contrary. If §(G) = 1, by
Theorem 2.6, v,4(G) > p—n, which is a contradiction. On the other hand assume
that at least one component G, (say) of V' — S is non complete. Let |V (G,)| = p,.
Then G, has at least one vertex which is neither extreme or support vertex. This
implies that v,7:(G,) < p, —2 and s0 7,4(G) < p—n —1, which is a contradiction.
Conversely suppose that 6(G) > 2 and each components of V' — S are K, for some
r > 2, where S is the set of cut vertices of G. Then V — S is the set of extreme
vertices of G. Moreover by Observation 2.5(ii), V' — S is a subset of every 7,5, —
set of G. In addition, by Theorem A, S is not a subset of any geodetic set of G.
This implies that I[V —S] = V. Moreover every v € N[v;] N N[v,] for all v € S,
where v;, v; € V — 5. Hence V' — S'is a yp,— set of G and so v4(G) = p — n.
In view of Theorems,we have the following realization results.

Theorem 3.8. For each positive integers 2 < a < b < a+ b — 2, there exist a
connected graph G such that v(G) = a, v,(G) = b and v,4(G) = a+ b — 2.

u v

Figure 3.2

Proof. Case (i). a = b. Let P : u,v be a path on two vertices and let P; :
u;, v;(1 < i < a—2) be copy of path on two vertices. Add new vertices w;(1 < i < a)
and introducing new edges u;w;(1 < i < a—2) and v;w;(1 < i < a—2). The graph
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GG can be obtained by introducing new edges uu;(1 < ¢ < a) and vy;(1 < i <
a — 2). The graph G is given figure 3.2. First we show that v(G) = v,(G). Let
Z = {wy,wa,...,ws_2}. Since {u,v} dominates u;(1 < i < a) and v;(1 < i < a),
{u,v} is a subset of every dominating set of G. Let D = {u, v} U{w;, ws, ..., we_2}.
Then it is easily verified that D is a minimum dominating set of G so that v(G) = a.
By Theorem 1.1, Z is a subset of every geodetic dominating set of G. Moreover
I[D] = V. Hence D is a geodetic dominating set of G so that v(G) = v,(G). Let
F =DU{uy,ug, ..., uq—2}. Moreover F' — {v} for all v € F' is geodetic dominating
set of G so that v,7(G) = 2a — 2

Uq—2 Vg—2 Wg—2

G
Figure 3.3

Case (ii). a < b. Let P, : u;,vyw;(1 < i < a — 2) be copy of path on three
vertices. Let H be the graph obtained from P; by adding new vertices x and y.
Introducing the new edges xu; and v;y(1 < i < a—2). The graph G can be obtained
from H by adding new vertices z1, 29...25_, and introducing new edges yz;(1 < i <
b — a). The graph G is given figure 3.3. First we prove that v(G) = a. Let
Dy = {v1,v2, ..., v4_2}. Then D is not a dominating set of G. Let D = Dy U{z,y}
Then it is clear that D is a minimum dominating set of G so that v(G) = a. Next
to prove that 7,(G) = b. Let Z = {z1, z2...2p_q} be the set of end vertices of G.
Then by Theorem 1.1, Z is a subset of every 7,- set of G so that |y,(G)| > b — a.
Let S = DU Z. Then it is clear that S is a minimum geodetic domination set of
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G so that 7,(G) = b. Next to prove that v,4(G) = a+b—2. By Theorem 1.1 and
Theorem 2.6, S is a subset of every geodetic fault tolerant dominating set of G.
Let FF'= S U {uy,us, ....,uq—2}. Then it is easily verified that F' is a geodetic fault
tolerant dominating set of G so that v,7(G) =a+b— 2.

4. Conclusion

We have discussed geodetic fault tolerant dominating set and geodetic fault
tolerant domination number of graphs, which has applications in location theory
and networking. This concept is extending to monophonic and edge geodetic.
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