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Abstract: Let G be a connected graph and D a minimum convex domination set
of G. A subset T'C D is called a forcing subset of D, if D is the unique minimum
convex dominating set containing 7. A forcing subset for D of minimum cardinality
is a minimum forcing subset of D. The forcing convex domination number of D, de-
noted by Yeon (D), is the cardinality of a minimum forcing subset of D. The forcing
convex domination number of G, denoted by fcon(G) and is defined by freon(G) =
min { fycon (D)}, where the minimum is taken over all minimum convex dominating
sets D in G. Some general properties satisfied by this concepts are studied. The
forcing fair dominating number of certain standard graphs are determined. It is

shown that for every pair a, b of integers with 0 < a < b, there exists a connected
graph G such that f,.,n(G) = a and v, (G) = b.
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1. Introduction

By a graph G = (V,FE), we mean a finite undirected connected graph without
loops or multiple edges. The order and size of G are denoted by n and m respec-
tively. For basic definitions and terminologies we refer to [4]. Two vertices u and
v are said to be adjacent if uv is an edge of G. The open neighbourhood of a vertex
v in a graph G is defined as the set Ng(v) = {u € V(G) : wv € E(G)}, while
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the closed neighbourhood of v in G is defined as Ng[v] = Ng(v) U {v}. For any
vertex v in a graph G, the number of vertices adjacent to v is called the degree of
v in G, denoted by degg(v). If the degree of a vertex is 0, it is called an isolated
vertex, while if the degree is 1, it is called an end-vertex. The minimum degree of
vertices in G is defined by §(G) = min{deg(v)/v € V(G). The mazimum degree
of vertices in G is defined by A(G) = maz{deg(v)/v € V(G). A vertex v is called
an universal verter if degg(v) = n — 1. For any set S of vertices of G, the in-
duced subgraph < S > is the maximal subgraph of G with vertex set S. A subset
S C V(G) is called a dominating set if every vertex v € V(G)\S is adjacent to a
vertex u € S. The domination number, v(G), of a graph G denotes the minimum
cardinality of such dominating sets of G. A minimum dominating set of a graph
G is hence often called as a ~-set of G. The domination concept was studied in
[1, 4]. A vertex v of a connected graph G is said to be a dominating vertex of
G if v belongs to every ~v-set of G. If G' has a unique 7y-set S, then every vertex
of S is a dominating vertex of G. The forcing set in a graph is a very interesting
concept. Let S be a v-set of G. A subset T" C S is called a forcing subset for S if S
is the unique v-set containing 7. A forcing subset for S of minimum cardinality is
a minimum forcing subset of S. The forcing domination number of S, denoted by
f+(S5), is the cardinality of a minimum forcing subset of S. The forcing domination
number of G, denoted by f,(G), is f,(G) = min{f,(S)}, where the minimum is
taken over all y-sets in G. The forcing concept was first introduced and studied in
[1]. The forcing domination number of a graph was first introduced by G. Cha-
trand in [3]. Further studied in [13], [14] and [15]. Many authors have studied
the forcing concept with respect to several parameters like domination, geodetic,
Steiner, hull, detour, monophonic, etc. In this paper we study the forcing concept
with respect convex domination. A convex dominating set, abbreviated con-set in
G. A set S of vertices in a graph G is convex if I(S) = S. Certainly, V(G) is
convex. For a nontrivial connected graph G, the convexity number con(G) was de-
fined in [4] as the maximum cardinality of a proper convex set of G, that is, con(G)
= maz{|S|:S is a conver set of G and S =V(G). A convex set S
in G with |S| = con(G) is called a maximum convex set. A nontrivial connected
graph G of order n with con(G) = k is called a (k,n) graph. The convexity number
was also studied in [6] and [8]. The join of two graphs G and H is a graph formed
from disjoint copies of G and H by connecting every vertex of G to every vertex of
H. The corona G1 ® G4 of two graphs G; and G is defined as the graph obtained
by taking one copy of G and n; copies of G5 , and then join the " vertex of G4
with an edge to every vertex in the i copy of Gy. The cross product a x b is
defined as a vector ¢ that is orthogonal to both a and b, with a direction given by
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the right hand rule and a magnitude equal to the area of the parallelogram that
the vector span.

2. The Forcing convex domination number of a graph

Definition 2.1. Let G be a connected graph and D a minimum convex domina-
tion set of G. A subset T C D is called a forcing subset of D, if D is the unique
minimum convexr dominating set containing T. A forcing subset for D of minimum
cardinality is a minimum forcing subset of D. The forcing convex domination num-
ber of D, denoted by Yeon(D), is the cardinality of a minimum forcing subset of D.
The forcing conver domination number of G, denoted by fvecon(G) and is defined by

Freon(G) = mian{ freon(D)}, where the minimum is taken over all minimum convex
dominating sets D in G.

Example 2.2. For the graph G given in Figure 2.1, S; = {vy,v9,v3},5 =
{v1,v5,v6}, S3 = {vo,v3,04} and Sy = {v1,v4,v5} are the only four 7..,-sets of
G such that fieon(S1) = 2, freon(52) =1, freon(S3) = 2 and fycon(S4) = 2 so that
f'ycon(G) = 1.

U1 Us
® Ug V4
V2
U3
G
Fig 2.1

The following theorem follows from the definition of the forcing convex domination
number of a graph.

Theorem 2.3. For a connected graph G, 0 < freon(G) < Yeon(G).

Observation 2.4. Let G be a connected graph, then

(1) freon(G) = 0 if and only if G has a unique minimum convexr dominating set.
(1) freon(G) = 1 if and only if G has at least two minimum convex dominating sets
one of which is a unique minimum conver dominating set containing one of its
elements, and

(111) freon(G) = Yeon(G) if and only if no minimum convex dominating set of G is
the unique minimum convex dominating set containing any of its proper subsets.
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Definition 2.5. A vertex v of a graph G is said to be convexr dominating vertex if
v belongs to every minimum convexr dominating set of G.

Example 2.6. For the graph G given in Figure 2.2, S; = {vq,v3,v4}, So =
{'U27 Vg, UIO}7 53 - {/027 Vg, Ul()}? S4 = {Ula U3, UB} are the Ol’lly four Yeon~ sets Of Ga S0
that vy is the only convex dominating vertex of G.

G
Fig 2.2

Observation 2.7. Let G be a connected graph and let S be the set of relative
complements of the minimum forcing subsets in their respective minimum convex
dominating sets in G. Then NpegF' is the set of convex dominating vertices of G.

Corollary 2.8. Let G be a connected graph and S a minimum convex dominating
set of G. Then no convex dominating vertex of G belongs to any minimum forcing
set of S.

The following observation is clear from the definition of forcing convex domi-
nation number and the convex dominating vertex of a graph.

Observation 2.9. Let G be a connected graph and W be the set of all convex
dominating vertices of G. Then f,., (G) < Yeon(G) — |[W]|.

Example 2.10. The bound in observation 2.9 is sharp. For the graph G given
in Figure 2.2, D1 = {vy,v3,v9}, Dy = {va,v8,v10}, D3 = {va,v9,v10} and Dy =
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{ve,vs,us} are the only four Yeon- sets of G, such that fieon(D1) = fyeon(D2) =
Freon(D3) = freon(D3) = 2 s0 that freon(G) = 2 and Yeon(G) = 3. Also W = {vy}
is the set of conver dominating vertices of G so that freon(G) = Yeon(G) — |W]|.
Also the bound in Observation 2.9 is strict.

Remark 2.11. For the graph G given in Figure 2.3, Sy = {va,v3,v4}, Sy =
{va,v3,v6}, S5 = {ve,vs,v6}. Here W = {vg} is the set of conver dominat-
ing vertices of G 50 that Yeon(G) = 2 and fyeon(G) = 1. Therefore ficon(G) =
fYcon(G) - |W|

U1
V2
(%3 U3
Vs
Uy
G
Fig 2.3

Theorem 2.12. For the complete graph G = K, (n > 3), fyeon(G) = 2.
Proof. Let vq,vs, ..., v, be the vertex set of K,,. Then D; = {v;,v,}, (1 < i < n)
is & Yeon- set of G. Since D; (1 < i < n) is not unique, it follows that f,.on(G) = 2.

Theorem 2.13. For the complete bipartite graph G = K, (2 < m < n),
f’YCon(G) = 2.
Proof. Let X = {zy,29,...,2,} and Y = {y1, 42, ..., yn} be the two bipartite sets
of G. Let D;; = {x;,y;}, 1 <i<mand 1 < j <n. Then D,; is the yeon-set of G
so that v.on(G) = 2, Since m,n > 2, D;; is unique and so fyeon(D;j) > 1 Vi, j. By
Theorem 1 < f,con(D;;) < 2 for all 7, . We prove that fcon(D;;) = 2 for all i and
J.

Suppose that ficon(Di;) = 1, for some ¢,5. Then D;; is a unique 7.on-set
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containing x; and y;, which is a contradiction to G is a complete bipartite set
of G. Therefore f.con(D;j) =2 Vi, j. Hence it follows that f...,(G) = 2.

Theorem 2.14. For the path G = P, (n > 2), fyeon(G) = 0.
Proof. Let V(P,) = {vs,v3,...,v,}. Then S = {vq,v3,...,v,_1} is the unique Ypn-
set of G so that f,..n(G) = 0.

Theorem 2.15. For a cycle graph G = C,, (n > 4),
fvcmz(G) - {3 an 49

if n>6
Proof. Let V(C,) = {v1,vs, ..., Uy, v1 }.
Case (i):
when n = 4. Let S; = {v1,v2}, So = {v9,v3}, S3 = {vs,v4} and Sy = {vy,v4}
are the only two 7eon-sets of G such that fion(S1) = freon(S2) = freon(S3) =
freon(S1) = 2 so that fieon(G) = 2.
Case (ii):
when n = 5. Then Sl = {Ul,UQ,Ug}, SQ = {UQ,’U37U4}, Sg = {Ug,U4,U5}, 54 =
{v1,v4,v5} and S5 = {v1,ve,v5} are the five yeon-sets of G such that fee,(S1) =
fwcon(SZ) = f’ycon(SS) = f’ycon(S4) = f'ycon(SS) = 2 so that f’ycon(G) = 2.
Case (iii):
Let n > 6. Let S = V(G) is the unique 7.on-set of G so that fcon(G) = 0.

Theorem 2.16. Let G be a connected graph of order n > 3, with at least two
universal vertices. Then fyeon(G) = 1.

Proof. Let x (1 < i < n) be a universal vertex of G. It is easily observed that
Si = {x;} (1 <i < n)is a convex dominating vertex of G such that f,eon(S;) =1
for 1 <i < nso that f,..n(G) = 1.

Corollary 2.17. (i) For the complete graph G = K,, (n > 2), fyeon(G) = 1.

(ii) For the Fan graph G = F,, = K1+ P,_1 (n > 3), fyeon(G) = 0.

(iii) For the graph G = K,, — {e} (n > 4), freon(G) = 1.

(iv) For the graph G = K1+ (mi K1 +meKo+...4+m, K,.), where mi+mao+...+m, >
2, f%on(G) = 0.

Theorem 2.18. For every pair a,b of integers with 0 < a < b, there exists a
connected graph G such that freon(G) = a and Yeon(G) = b.

Proof. For a =0, b > 2, let G = B, Then by a Theorem 2.14 , f,.,,(G) =0
and Yeon(G) = b. For a = 1, b > 2. For the graph G, given in Figure 2.4,
S1 = {1, 29, ..., Tp_3,v1,v5} U{vs} and Sy = {x1, 29, ..., Tp_3,v1,v5} U {va} are the
only two Yeon-set of G so that ficon(G) = 1 and Yeon(G) = b. So let @ > 2 and
b > 3.
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Let Q; : wi,yi,z (1 < i < a)beacopy of Ky. Let P, : us,v; (1 <i<b—a)be
a copy on two vertices. Let G be the graph obtained from @; (1 < i < a) and P,
(1 <i<b—a) by joining each v; (1 <1i < b—a) with each w; and y; (1 < j <a).
The graph G is shown in Figure 2.5.

Vg U3 V4

G
Fig 2.4

First we prove that Y.on(G) = b. Let z = {v1, vg, ..., 0p_} be the set of all cut
vertices of G. By Theorem z is a subset of every convex dominating set of G.
Let H; = {w;, z;} (1 < i < a). Then every convex dominating set of G contains
exactly one vertex from each H; (1 < i < a) and 80 Yeon(G) > b—a+a = 0.
Let S = X U{x,z21,29,...,2,}. Then S is a convex dominating set of G' so that
Yeon(G) = .

Next we prove that f.,.o,(G) = a. By Theorem, f.con(G) < Yeon(G) — | Z]. Since
X is a subset of every convex dominating set of G and every 7..,-set of G contains
exactly one vertex from each H; (1 < ¢ < a), every 7eon(G)-set is of the form
S =ZU{cr,¢a,...5¢q}, where ¢; € H; (1 < i< a). Let T be any proper subset of
S with |T| < a. Then for some i, there exists H; such that H; N T = ¢, which is a
contradiction. Therefore f..on(G) = a.
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Fig 2.5

Theorem 2.19. Let G and H be two non trivial connected graphs.
Then fyeon(H o K) = 0.
Proof. Since S = V(H) is the unique veon-set of G, fyeon(H o K) = 0.

Theorem 2.20. For the graph G = Ko+ K, _o, freon(G) =1 (n > 4).

Proof. Since V(K3) = {z,y} and V(K,_2) = {v1,v2, ..., vy_2}. Then S; = {x,v;}
(1<i<n-—2)and S; ={y,v;} (1 <j <n—2) are the y.,-sets of G such that
freon(Si) =1 and frcon(S;) = 1 so that fen(G) = 1.

Theorem 2.21. Let H and K be two connected graphs of order ny and no respec-
tively. Then fyeon(H + K) = 1.

Proof. Since V(H) = {v1,vq, ..., vy, } and V(K) = {uy, ug, ..., un, }. Then S; = {v;}
(1 <i<mny)and S; = {u;} (1 < j < ny) are the only 7eon-sets of G such that
Freon(Si) =1 (1 <i < ny)and freon(S;) =1 (1 < i < ny)sothat fren(H+K) = 1.
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3. Conclusion
In future study, we compare the results regarding the forcing convex domination
number to other forcing domination concepts in graphs.
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