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Abstract: For a graph G = (V(G), E(G)), the vertex labeling function is defined
as a bijection f : V(G) — {1,2,...,|V(G)|} such that an edge uv is assigned
the label 1 if one f(u) or f(v) divides the other and 0 otherwise. f is called
divisor cordial labeling of graph G if the number of edges labeled with 0 and the
number of edges labeled with 1 differ by at most 1. In 2011, Varatharajan et al.
[24] have introduced divisor cordial labeling as a variant of cordial labeling. In
this paper, we study divisor cordial labeling for triangular snake and quadrilateral
snake. Moreover, we investigate divisor cordial labeling for the degree splitting
graph of path, shell, cycle with one chord, crown and comb graph.

Keywords and Phrases: Graph Labeling, Cordial Labeling, Divisor Cordial
Labeling, Snake Graph, Degree Splitting graph.

2020 Mathematics Subject Classification: 05C78, 05C76, 05C38.

1. Introduction

We begin with simple, finite, connected and undirected graph G = (V(G), E(G)).
For all standard terminologies and notations we follow Harary [12]. We will give
brief summary of definitions which are useful for the present investigations.

Definition 1.1. A graph labeling is an assignment of integers to the vertices or
edges or both subject to certain condition(s). If the domain of the mapping is the
set of vertices (edges) then the labeling is called a vertex labeling (an edge labeling).
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For an extensive survey on graph labeling and bibliographic references we refer to
Gallian [9].

In 1967, Rosa [19] introduced  — wvaluation labeling of a graph. Golamb [10]
subsequently called such labeling as a graceful labeling. In 1980, Graham and
Sloane [11] introduced harmonious labeling. In 1987, Cahit [7] introduced cordial
labeling as a weaker version of graceful labeling and harmonious labeling, which is
defined as follows.

Definition 1.2. For a graph G = (V(G), E(G)), the vertex labeling function is
defined as f : V(G) — {0,1} and induced edge labeling function f* : E(G) — {0,1}
such that for each edge uv, f*(uv) = |f(u) — f(v)|. f is called cordial labeling of
graph G if the number of vertices labeled with 0 and the number of vertices labeled
with 1 differ by at most 1, and the number of edges labeled with 0 and the number
of edges labeled with 1 differ by at most 1. The graph that admits a cordial labeling
15 called a cordial graph.

Many researchers have explored variants of cordial labeling like product cordial
labeling [20], k-product cordial labeling [15], k-difference cordial labeling [16], k-
prime cordial labeling [17] etc. In 2011, Varatharajan et al. [24] have introduced
divisor cordial labeling as a variant of cordial labeling, which is defined as follows.

Definition 1.3. For a graph G = (V(G), E(Q)), the vertex labeling function is
defined as a bijection f : V(G) — {1,2,...,|V(G)|} such that induced edge labeling
function f*: E(G) — {0,1} is given by

F(e = up) = {1, if )/ F(0) or f(v)/f(u);
0, otherwise.

Denote the number of edges labeled with 0 and 1 by ef(0) and es(1) respectively. f
is called divisor cordial labeling of graph G if |es(0) — ef(1)| < 1. The graph that
admits a diwvisor cordial labeling is called a divisor cordial graph.

Varatharajan et al. [24, 25] have investigated divisor cordial labeling for many
standard graph families. Vaidya and Shah [22, 23] have discussed divisor cordial
labeling for some star related graphs. Raj and Valli [18] have obtained divisor
cordial labeling for some new graphs. Bosamia and Kanani [5, 6] have investigated
divisor cordial labeling in the context of some graph operations.

Barasara and Thakkar [1, 2, 3] have obtained results related to divisor cordial la-
beling for cycle, wheel and ladder related graphs. Also we have discussed divisor
cordial labeling for larger graphs obtained using graph operations. In [4] we have
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studied divisor cordial labeling for degree splitting graph of some graphs and graph
obtained by duplication of some graph elements. Also, Murugan and Devakiruba
[13], Thirusangu and Madhu [21], Devaraj et al. [8] and Muthaiyan and Pugalenthi
[14] have proved results related to divisor cordial labeling.

Definition 1.4. The triangular snake T, is obtained from the path P, by replacing
every edge of a path by a cycle Cs.

Definition 1.5. The quadrilateral snake @, is obtained from the path P, by re-
placing every edge of a path by a cycle Cy.

Definition 1.6. Let G = (V(G), E(G)) be a graph with V =S, U S, U .S, UT
where each S; is a set of all vertices having same degree (at least two vertices) and
T =V \US;. The degree splitting graph of G denoted by DS(G) is obtained from
the graph G by adding vertices wy,ws, ..., w; and joining to each vertex of S; for
1< <t

Definition 1.7. A chord of a cycle C,, is an edge joining two non-adjacent vertices

of C,,.

Definition 1.8. The shell graph S,, is a graph obtained by taking n — 3 concurrent
chords in cycle C,,. The vertex at which all the chords are concurrent is called an
apex vertex.

Definition 1.9. Let G and H be two graphs. The corona product of G and H,
denoted by G ® H, is obtained by taking one copy of G and |V (G)| copies of H,
and by joining each vertex of the it" copies of H to the it" wvertex of G, where
1< < | V(G)).

Definition 1.10. The crown graph is defined as C,, ® Kj.

Definition 1.11. The comb graph is defined as P, ® Kj.

In this paper, we study divisor cordial labeling for triangular snake and quadrilat-
eral snake. Moreover, we investigate divisor cordial labeling for the degree splitting
graph of path, shell, cycle with one chord, crown and comb graph.

2. Main Results

Theorem 2.1. The triangular snake T,, s a divisor cordial graph.

Proof. Let P, be the path with vertices vy, vs3, vs, ..., Va,_1. To construct 7,, from
P,, join vertices vy; 1 and wv9;;1 to a new vertex vy; for ¢ = 1,2,....n — 1. Then
\V(T,)| =2n—1 and |E(T,)| = 3n — 3.

We define the divisor cordial labeling f : V(T,,) — {1,2,...,2n — 1} by following
three cases:
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Case 1: For n = 2.
The graph T3 is isomorphic to cycle C3 and Varatharajan et al. [24] proved that
cycles are divisor cordial graph. Hence, T5 is divisor cordial graph.

Case 2: For n = 3.
fv;))=i+1; forl<i<A4,
f(vs) = 1.
In view of above defined labeling pattern, we have e;(0) = 3 and ef(1) = 3. Thus,
lef(0) — e (1] =0.
Case 3: For n > 4.
f(Uznfg) =1,
flv;) =1x1x2rti=t for 1 <i<ay,
such that 1 x 1 x 2717170 > 1 x 1 x 2;
where p; is largest number such that 2P* < n,
f(vi-‘rcu) =3 x1x 2p2+171‘; for 1 S [ S asz,
such that 3 x 1 x 2P2H174 >3 x 1 x 1;
where p, is largest number such that 3 x 272 < n,
S (Wivayray) = 3 x 3 x 2pst1=i; for 1 <i<as,
such that 3 x 3 x 273170 > 3 x 3 x 1;
where p3 is largest number such that 3 x 3 x 273 < n,
S (Vitartaptas) = 3 X 3% x 2pati=t, for 1 <i < ay,
such that 3 x 32 x 2P4F1=1 > 3 % 32 x 1;
where p, is largest number such that 3 x 32 x 2Pt < n,
S (Vitarvaptagtas) = 3 X 33 x 2ps 1=t for 1 <i <as,
such that 3 x 3% x 27517 > 3 x 33 x 1;
where ps is largest number such that 3 x 3% x 25 < n,
Continuing in this way upto 3™ < n,
f(Uz'+a1+a2+...+am1) =5x1x 20+ for 1 <@ <y,
such that 5 x 1 x 20171 > 5 x 1 x 1;
where ¢, is largest number such that 5 x 1 x 29 < n,
F(Vitarrazttam, +b) = 5 X 3 x 221 for 1 < i < by,
such that 5 x 3 x 2211 > 5 x 3 x 1;
where g5 is largest number such that 5 x 3 x 2% < n,
Fitar+ast.tam +hi+b:) = 5 X 3% x 28417 for 1 <4 < b3,
such that 5 x 32 x 28H1=1 > 5 % 32 x 1;
where g5 is largest number such that 5 x 3% x 2% < n,
F(Vitartast .. tamy +bi+batbs) = 5 X 37 x 2044177, for 1 <i < by,
such that 5 x 33 x 2¢+1-1 > 5 x 33 x 1;
where ¢4 is largest number such that 5 x 33 x 24 < n.
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-3

3
Continuing in this way till we get at least { n J — 1 edges with label 1.

n—3

If we get — 1 edges with label 1, take f(va,_1) = 2p" and f(ve,_2) = P/,

where p’ is largest prime number such that 2p’ < 2n — 1.

Now label the remaining vertices in such a way that they neither divide nor divided
by the label of adjacent vertices.
3n—3

In view of above defined labeling pattern, we have ef(0) = [ —‘ and ef(1) =
3n—3
2
Hence, the triangular snake 7;, is a divisor cordial graph.

J. Thus, |ef(0) —es(1)] < 1.

Example 2.2. The triangular snake T and its divisor cordial labeling is shown in
Fig 1.

Fig 1: The triangular snake Tg and its divisor cordial labeling.

Theorem 2.3. The quadrilateral snake @, is a divisor cordial graph.

Proof. Let P, be the path with vertices vy, vy, v7, ..., U3,_2. To construct @,, from
P,, join vs;_5 to a new vertex vs;_1, v3; 11 to a new vertex vs; and vs;_; to vs; for
i=1,2,...,n—1. Then |V(Q,)| =3n —2 and |E(T,)| = 4n — 4.

We define the divisor cordial labeling f : V(Q,) — {1,2,...,3n — 2} by following
two cases:

Case 1: For n = 2.
The graph @ is isomorphic to cycle C; and Varatharajan et al. [24] proved that
cycles are divisor cordial graph. Hence, (), is divisor cordial graph.

Case 2: For n > 3.
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f(U:sn—s) =1,

flv;) =1 x1x2p+1=t for 1 <i < ay,
such that 1 x 1 x 21178 > 1 x 1 x 2;

where p; is largest number such that 2P* < n,

f(Viga,) = 3 x 1 x 2P0 for 1 <i < ay,
such that 3 x 1 x 2P2F174 >3 x 1 x 1;

where p, is largest number such that 3 x 2P2 < n,

f(Vitartar) = 3 x 3 x 273170 for 1 <i < ag,
such that 3 x 3 x 2,171 > 3 x 3 x 1;

where p3 is largest number such that 3 x 3 x 2P < n,

S (Vitaytaptas) = 3 X 3% x 2pati—t, for 1 <i < ay,
such that 3 x 32 x 2P4F174 > 3 % 32 x 1;

where p, is largest number such that 3 x 32 x 2Pt < n,
F(Vivaytasrazias) = 3 X 33 x 2ps 1=t for 1 <i < as,
such that 3 x 33 x 25171 > 3 % 33 x 1;

where ps is largest number such that 3 x 33 x 275 < n,

Continuing in this way upto 3™ < n,

f(Vitartasttam,) =5 X 1 X 2q+1-i. for 1 <i < by,
such that 5 x 1 x 20171 > 5 % 1 x 1;

where ¢, is largest number such that 5 x 1 x 29 < n,
F(Witar+astotam, +5) = 5 X 3 x 22+ for 1 <14 < bo,
such that 5 x 3 x 22+ > 5 x 3 x 1;

where @5 is largest number such that 5 x 3 x 2% < n,

f(Ui+a1+a2+...+am1 thitby) =D X 32 x 26+ for 1 <@ < bs,
such that 5 x 32 x 28H1=1 > 5 % 32 x 1;

where ¢z is largest number such that 5 x 3% x 2% < n,
f(vi+a1+a2+..,+am1+b1+bz+b3) =5x 3% x 2q4+1—i; for 1 <14 < by,
such that 5 x 33 x 2¢+1=1 > 5 x 33 x 1;

where ¢4 is largest number such that 5 x 3% x 2% < n,

Continuing in this way till we get at least 2n — 3 edges with label 1.

If we get 2n — 3 edges with label 1, take f(vs,—2) = 2p’ and f(vs,—3) = p/, where
p’ is largest prime number such that 2p’ < 3n — 2.

Now label the remaining vertices in such a way that they neither divide nor divided
by the label of adjacent vertices.

In view of above defined labeling pattern, we have e;(0) = ef(1) = 2n — 2. Thus,
ler(0) —ef(1)] = 0.

Hence, the quadrilateral snake @), is a divisor cordial graph.
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Example 2.4. The quadrilateral snake (05 and its divisor cordial labeling is shown
in Fig 2.

Fig 2: The quadrilateral snake Q)5 and its divisor cordial labeling.

Theorem 2.5. The graph DS(FP,) is a divisor cordial graph.

Proof. Let P, be the path with vertices vy, vq, v3, ..., v,. To obtain DS(P,), join
vertices v; and v, to a new vertex v’ and join vertices vy, vs, ..., U,_1 to a new vertex
v"”. Then |V(DS(P,))| =n+2 and |E(DS(P,))| =2n — 1.

We define the divisor cordial labeling f : V(DS(P,)) — {1,2,...,n+2} by follow-

ing three cases:

Case 1: For n = 2.
The graph DS(P,) is isomorphic to cycle C3 and Varatharajan et al. [24] proved
that cycles are divisor cordial graph. Hence, DS(P,) is divisor cordial graph.

Case 2: For n = 3.
The graph DS(P3) is isomorphic to cycle Cy and Varatharajan et al. [24] proved
that cycles are divisor cordial graph. Hence, DS(Ps) is divisor cordial graph.

Case 3: For n > 4.

f") =1,
f(Ul) =2,
f(v2) = 4.

Now label the remaining vertices in such a way that they neither divide nor divided

by the label of adjacent vertices.

2n —1
2

W and e;(1) =

In view of above defined labeling pattern, we have e(0) = [

f”; 1J. Thus, |e;(0) — e;(1)] < 1.

Hence, the graph DS(P,) is a divisor cordial graph.

Example 2.6. The graph DS(F;) and its divisor cordial labeling is shown in Fig
3.
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Fig 3: The graph DS(Fs) and its divisor cordial labeling.

Theorem 2.7. The graph DS(S,) is a divisor cordial graph for n > 5.

Proof. Let S,, be the shell with vertices vy, vq, v3, ..., v,. To obtain DS(S,,), let the
added vertices be v" and v”. Here E(DS(S,)) = {vivis1/1 <i <n—1}U{vv;/3 <
i<n—1}U{vv"/3 <i<n—1}U{v,g, 00, 0,0} Then |V(DS(S,))| =n+ 2
and |E(DS(Sy,))| = 3n — 4.

We define the divisor cordial labeling f : V(DS(S,)) — {1,2,...,n+2} as follows.
f(vl> =1,

f") =2,
f(viy) = 2i; for i > 2, such that 20 <n+ 2.

3
Continuing in this way till we get {nTJ edges with label 1.

Now label the remaining vertices in such a way that they neither divide nor divided
by the label of adjacent vertices.

3n—4

In view of above defined labeling pattern, we have e(0) = [ —‘ and e;(1) =

{37@—4

5 J Thus, |ef(0) —ef(1)] < 1.
Hence, the graph DS(S,) is a divisor cordial graph for n > 5.

Example 2.8. The graph DS(Ss) and its divisor cordial labeling is shown in Fig
4.
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"

Fig 4: The graph DS(Sg) and its divisor cordial labeling.

Theorem 2.9. The degree splitting graph of cycle C,, with one chord is a divisor
cordial graph.

Proof. Let C, be the cycle with vertices vy, vo, v3, ..., v, and graph G be cycle with
one chord. Let v, and v, be the end vertices of chord in cycle. To obtain DS(G),
join the vertices v, and v, to new vertex w; and join all other vertices to wy. Then
[V(DS(G))|=n+2and |[E(DS(G))| =2n+ 1.

We define the divisor cordial labeling f : V(G) — {1,2,...,n + 2} as follows.

f(w2> =1,
f(w1> =2,
f(va) =4,
f(vb) = 6.

Now label the remaining vertices in such a way that they neither divide nor divided
by the label of adjacent vertices.

In view of above defined labeling pattern, we have ef(0) =

{2n+1

[2n~|—1

> W and e;(1) =

J. Thus, |ef(0) —er(1)] < 1.



220 South FEast Asian J. of Mathematics and Mathematical Sciences

Hence, the degree splitting graph of cycle €, with one chord is a divisor cordial
graph.

Example 2.10. The degree splitting graph of cycle C's with one chord and its
divisor cordial labeling is shown in Fig 5.

Fig 5: The degree splitting graph of cycle Cs with one chord and its divisor
cordial labeling.

Theorem 2.11. The graph DS(C,, ® K;) is a divisor cordial graph.

Proof. For crown graph C,, ® K1, let vy, v9, v3, ..., v, be the vertices corresponding
to cycle C,, and v be the pendent vertices attached to v; for i = 1.2, ..., n. To obtain
DS(C, ® Ky), join vertices v; to a new vertex wy and vertices v} to a new vertex ws
fori =1,2,...,n. Then |[V(DS(C, ® K1))| =2n+2 and |E(DS(C,, ® K3))| = 4n.
We define the divisor cordial labeling f : V(C, ® K1) — {1,2,...,2n + 2} as
follows.

f(w1> = 17
fv;))=2i+1; forl1<i<n,
f(w2) = 2)

fi)=2i+2; forl<i<n.
In view of above defined labeling pattern, we have ef(0) = es(1) = 2n. Thus,

e (0) —ef(1)] = 0.
Hence, the graph DS(C,, ® K3) is a divisor cordial graph.

Example 2.12. The graph DS(C7 ® K;) and its divisor cordial labeling is shown
in Fig 6.
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Fig 6: The graph DS(C7; ® K;) and its divisor cordial labeling.

Theorem 2.13. The graph DS(P, ® K1) is a divisor cordial graph for n > 4.
Proof. For comb graph P, ® K1, let vy, v, v3, ..., v, be the vertices corresponding
to path P, and v be the pendent vertices attached to v; for i = 1,2,...,n. To
obtain DS(P, ® K1), join vertices v; to a new vertex wy for i = 2,3,...,n—1, v} to
a new vertex wy for i = 1,2, ...,n and vertices v; and v,, to a new vertex ws. Then
[V(DS(P, ® K1))| =2n+ 3 and |E(DS(P, ® K;))| = 4n — 1.

We define the divisor cordial labeling f : V(P, ® K;) — {1,2,...,2n + 2} by
follows.

f(Ul) =9,
flo))=2i; for2<i<n-—1,
f(wl) =2,
f<w2) =1,

Now label the remaining vertices in such a way that they neither divide nor divided
by the label of adjacent vertices.

dn —1
In view of above defined labeling pattern, we have ef(0) = [ n2 —‘ and ef(1) =

{4”2_ 1J. Thus, e;(0) — e;(1)] < 1.
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Hence, the graph DS(P, ® K;) is a divisor cordial graph for n > 4.

Example 2.14. The graph DS(Ps ® K) and its divisor cordial labeling is shown
in Fig 7.

Fig 7: The graph DS(FPs ® K;) and its divisor cordial labeling.

3. Concluding Remarks

In this paper we have investigated divisor cordial labeling for triangular snake
and quadrilateral snake. Moreover, we have discussed divisor cordial labeling for
the degree splitting graph of path, shell, cycle with one chord, crown and comb
graph. To obtain similar results for different graph families or for other labeling
schemes are open areas of research.
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