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Abstract: In a simple connected graph G = (V, F), a subset S of V' is a defensive
alliance if every vertex v € S has at most one more neighbour in V' — S than it
has in S. The minimum cardinality of a defensive alliance in G is called the de-
fensive alliance number of G, denoted by a(G). A k-strong defensive alliance S is
a defensive alliance in G, in which removal of any set of at most k£ vertices does
not affect its defensive property. The k-strong defensive alliance number of G is
the minimum cardinality of a k-strong defensive alliance in G, denoted by a*(G).
In this paper, some properties of k-strong defensive alliances are discussed and the
k-strong defensive alliance numbers of some classes of graphs are obtained.
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1. Introduction
The notion of alliances are introduced by Kristiansen et al. in [9]. Let G =
(V, E) be a simple connected graph and ) € S C V. For any v € V, N(v) =
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{u € V :uv € E} is the open neighbourhood of v and N[v] = N(v) U {v} is the
closed neighbourhood of v. For v € S, the vertices of N(v) — S are the attackers
of v with respect to S and those of N[v] NS are the defenders of v with respect
to S. We denote |N[v] N S| by Defs(v) and |N(v) — S| by Atts(v). The set S
is said to be a defensive alliance [9] if Attg(v) < Defg(v) ¥V v € S. More results
on various alliances are found in [1, 2, 3, 4, 6, 7, 8, 10]. For k > 0, a defensive
alliance S is said to be a k-strong defensive alliance [4] if for any [ with 1 <1 < k,
S — 5 is a defensive alliance, where S; is any subset of S with [ elements. The
minimum cardinality of a k-strong defensive alliance in a graph G is the k-strong
defensive alliance number of G, denoted by a*(G). A k-strong defensive alliance
S in G is said to be a minimal k-strong defensive alliance if no proper subset of
S is a k-strong defensive alliance in G. The maximum cardinality of a minimal
k-strong defensive alliance is the upper k-strong defensive alliance number, denoted
by A*(G).

A set S CV is said to be a dominating set if sgsN [s] = V. Some recent results

on domination are found in [5, 11]. A k-strong defensive alliance S in a graph is
said to be a k-strong global defensive alliance if S is also a dominating set. The
k-strong global defensive alliance number 7,x(G) and the upper k-strong global
defensive alliance number 4« (G) are defined similar to a*(G) and A*(G).

The concept of k-strong defensive alliances is applicable to analyze war like
situations. It can also be used to build strategies in the business field. Consider
a graph model of different cities and the connection between them. Suppose a
company wants to set up its manufacturing units in some of the cities so that
these units can fulfill the demands of the cities where they are set up and the
adjacent cities. Then a k-strong defensive alliance represents the cities where the
manufacturing units can be set so that company will be able to fulfill the demands
even if any k manufacturing units fail. A 0O-strong defensive alliance is nothing
but a defensive alliance. Throughout the article, only simple connected graphs are
considered. The terms not defined here may be found in [12].

2. Properties of k-Strong Defensive Alliances

In this section, some properties of k-strong defensive alliances are discussed.
For any v € V| |[N(v)| = deg(v) is the degree of v. A vertex of degree 1 is called a
pendant vertex.

Remark 2.1. For any S CV, Atts(v) + Defs(v) =1+ deg(v) Vv e S.
We recall the following results for immediate references.

Theorem 2.1. [4] Let G = (V, E) be a graph of order n > 1. Then V is a 1-strong
defensive alliance in G.
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Remark 2.3. [4] Let G = (V, E) be a graph. For any defensive alliance S in G

andv € S, |S| > [%@g(v)-‘ and hence |S| > {%(G)-‘ where 6(G) = mz"r/L deg(v).
vE

Theorem 2.2 proves the existence of a 1-strong defensive alliance in any graph
with n > 1. For k > 1, vertex set V' need not be a k-strong defensive alliance; but
a proper subset may be a k-strong defensive alliance. For the graph G of Figure
1, S = {v1,v2,v3,v4,v5} is a 2-strong defensive alliance, while the entire vertex
set is not. However for k£ > 1, the existence of a k-strong defensive alliance is not
assured. For n > 3, the cycle (), does not contain k-strong defensive alliance for
k > 3. The existence of a k-strong defensive alliance is assumed while discussing
the results on k-strong defensive alliance number of a graph. By definition, any
k-strong defensive alliance is also a (k — 1)-strong defensive alliance.

Y2 U7 d4 d3
V1 (%] I ai
Ve d2
a9 v
Us V4 dy
Figure 1: Graph G Figure 2: Graph H

Remark 2.4. Let G be a graph and k be a positive integer.
1. For any k > 1, a*1(G) < a*(G) < A*(G) and A*1(G) < A*(G).

2. Let S be a k-strong defensive alliance. Then |S| >k + 1 and hence a*(G) >
k+ 1.

Proposition 2.5. If S and T are k-strong defensive alliances in a graph G, then
SUT is a k-strong defensive alliance in G.

Lemma 2.6. Let k > 0 and G be a graph of order n > k+ 1. A set S CV with
|S| = k + 1 is a k-strong defensive alliance if and only if every vertex in S is a
pendant vertez.

Proof. Since G is connected, deg(z) >0V z € V. Let S C V with |S| = k + 1.
Then S is a k-strong defensive alliance if and only if for any z € S, {z} is a
defensive alliance. This is true if and only if deg(z) < 1. Since G is connected,
deg(x) =1V z €S,

The following theorem follows by Lemma 2.6.

Theorem 2.7. For any graph G of order at least k+ 1, a*(G) = k + 1 if and only
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if it has at least k 4+ 1 pendant vertices.

Theorem 2.8. For any graph G, a’f(G) >k + [1+5(G)-‘_
Proof. Let S be a k-strong defensive alliance in G. By Remark 2.3, for any v € S,
|S| >k + [%g(”)-‘. Hence a*(G) > k + [1+5(G)-"

Corollary 2.9. Forn >3, o*(K,) = [2]+kV ke {0,1,..., |2]}.
Proof. By Theorem 2.8, a*(K,,) > [2] + k. Further it can be easily observed that
any set of [§] + k vertices of K, is a k-strong defensive alliance.

Theorem 2.10. Let S be a k-strong defensive alliance and v € S with deg(v) > 1.
Then Defs(v) > LdegT(”)j +k+1.

Proof. Let deg(v) = s and N(v) NS = {v1,vs,...,v}. Then [ > [5] and
Defs(v) = 1+ 1. Suppose [ < [3] + k. Then 1 <1 — |5 +1 < Kkl Let S
be a set obtained by removing [ — | 3] 4 1 adjacent vertices of v from S. Then
Defs(v) = |5]. By Remark 2.1, Attg(v) = [5] + 1. Then S’ is not a defensive
alliance which is a contradiction to the fact that S is a k-strong defensive alliance.
Thus I > [5] + k and Defs(v) > |5] +k+ 1.

Theorem 2.11. Let k > 0 and G be a graph of order n > 2. If S is a k-strong
defensive alliance in G, then deg(v) > 2k — 1 for any non pendant vertex v € S.
Proof. Let v € S with deg(v) = s > 1. Suppose s < 2k—1. Then by Theorem 2.10,
IN(v)NS| > |5]+k. Let N(v)NS = {v1,vy,...,v}. Then [5|+k <1< s <2k-2.
Since [£] < [#2] =k—1,weget k+1<I—[$|+1<s—[E|+1=[5]+1<k
which is a contradiction.

Corollary 2.12. If S is a k-strong defensive alliance and v € S is any non pen-
dant vertex, then |[N(v) N S| > 2k — 1.

Theorem 2.13. Let G be a graph of order n > 2 and p be the number of pendant
vertices in G. For any k > p, G contains a k-strong defensive alliance only if there
exist at least k — p + 1 vertices of degree at least 2k — 1.

Proof. Let S be a k-strong defensive alliance. Then |S| > k + 1 and hence by
Theorem 2.11, S has at least £ — p + 1 non pendant vertices with degree at least
2k — 1.

Theorem 2.14. Let S be a minimal k-strong defensive alliance that has at most
k pendant vertices. Then (S) is connected.

Proof. Let S be a minimal k-strong defensive alliance that contains at most &
pendant vertices. By (2) of Remark 2.4, S has a non pendant vertex v. Then by
Theorem 2.11, deg(v) > 2k — 1. Suppose (S) is not connected. Let (S;) be the
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component of (S) that contains v. By Corollary 2.12, |[N(v) N S| > 2k — 1 and
hence |N(v)NSy| > 2k —1. Thus |S1| > 2k > k+ 1. Since Attg, (v) = Atts(z) and
Defs, (x) = Defs(x) ¥V x € Sy, it follows that S is a k-strong defensive alliance,
which contradicts the minimality of .S.

Corollary 2.15. If S is a munimal k-strong defensive alliance which is not con-
nected, then |S| = k + 1. The converse holds for all k > 1.
Proof. By Theorem 2.14, S has at least k + 1 pendant vertices. Minimality of
S proves that |S| = k + 1. Conversely, suppose |S| = k + 1 where k& > 1. Then
by Lemma 2.6, all the vertices of S are pendant vertices and hence (S) is not
connected.

Converse part of Corollary 2.15 fails in path P, when k£ = 1. For the graph H
of Figure 2, S = {v,dy,ds,ds,ds} is a minimal 1-strong defensive alliance with 1
pendant vertex, which shows that there exists a k-strong defensive alliance with at
most k pendant vertices. This leads to the following.

Corollary 2.16. Let S be a minimal k-strong defensive alliance with at most k
pendant vertices. If v is a pendant vertex in S and w s the adjacent vertex of v,
then u € S.

3. Bounds for k and a*(G)

Let S be a minimal k-strong defensive alliance. Then there is a subset {vy, v,
oy Upy1} of S such that S — {vy,va, ..., 0641} is either empty or not a defensive
alliance.

Theorem 3.1. Let G be a graph of order n > 2k + 1. If there is no vertex of
degree 2k or 2k — 1, then a*(G) <n — 1.

Proof. Suppose a*(G) = n. Then V is a minimal k-strong defensive alliance in G.
Then there exists a set {v1,vs,..., 0541} € V such that S =V — {vy,v9, ..., 0511}
is not a defensive alliance. Then there exists z € S such that Attg(z) > Defs(z).
For 1 <i < k+1, each S; = S U {v;} is a defensive alliance, which shows that
zv; € E for each i. Hence Defs(z) < Atts(z) = k+1 and Defs,(z) > Attgs,(2) = k.
Thus Defs(z) = k or k — 1. Then by Remark 2.1, it follows that deg(z) = 2k or
2k — 1, which completes the proof.

Theorem 3.2. For any graph G, a*(G) =k + 1 or a*(G) > 2k.

Proof. Suppose a*(G) # k+1. By Theorem 2.7, G has at most k pendant vertices.
Let S be any minimal k-strong defensive alliance in G. Then by (2) of Remark
2.4, S has a non pendant vertex v. By Corollary 2.12, |N(v) N'S| > 2k — 1. Thus
|S| > 2k.

Theorem 3.3. For any graph G and k > 1, a*(G) = 2k if and only if G = Ko.
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Proof. By Corollary 2.9, a*(Ky,) = 2k. Conversely, let a*(G) = 2k and S be
a minimal k-strong defensive alliance in G with |S| = 2k. Let [ be the number
of pendant vertices and m be that of non pendant vertices in S respectively. Let
Attg(x) =t, Vo e S.

Claim-1. [ = 0.

Suppose [ > 0. By Corollary 2.12, every non pendant vertex in S is adjacent to
every other vertex in S. Thus m < 1. Since S is a minimal k-strong defensive
alliance, [ < k. Therefore |S| = [+m < k+1 < 2k which is a contradiction. Hence
the claim holds.

Claim-2. ¢, =0V z € S.

Suppose t, > 1 for some x € S. By Corollary 2.12, |[N(xz) N S| > k. Let S” be a set
obtained by removing any k vertices of N(z)NS from S. Then Attg/(x) =t,+k >
k = Defs (x) which is a contradiction to the fact that S is a k-strong defensive
alliance. Hence the claim holds.

By Claim-1 and Claim-2, (S) = G and m = 2k. Thus by Corollary 2.12, (S) = Ka.

The following theorem gives a bound for k.

Theorem 3.4. Let G = (V, E) be a graph wz’th [ pendant vertices. For k > 1, if G

has a k-strong defensive alliance, then k < |24 HJ where A(G) = mag deg(v).
ve

Proof. Let S be any k-strong defensive alliance in G. Since G has at most k

pendant vertices, by (2) of Remark 2.4, S has a non pendant vertex v. By Theorem
2.11, 2k — 1 < deg(v). Thus k < L%J and hence k < |2 )+1J
Theorem 3.5. Let k > 0 and G be a graph of order n with §(G) > 2k + 1. Then
(G) <n-— L(S(G) (2k— 1)J
Proof Let v € V with deg(v) = §(G) and vy, vg,...,v 8G)=1 | € N(v). Let
2
S =V —A{v,u, ..."ULS(C;)—lJik}. Then Attg(z) < L%J — k+ 1 for each x € S.

By Remark 2.1, Defs(x) > 1+06(G) — L%J +k—1= [%1 +k+1. Thus S

is a defensive alliance with |S| > k+ 1. Let S’ be a set obtained by removing any [

vertices from S, where [ < k. Then for any z € S’, Attg/(z) < L‘S(G%J —k+1+k =

L‘“G%J + 1. By Remark 2.1, Defg/(z) > [%1 + 1. Therefore S’ is a defensive

alliance. Thus S is a k-strong defensive alliance and a*(G) < |S| = n— LWJ .
For the complete graph K, equality holds in Theorem 3.5 when k = |7 ].

4. k-Strong Defensive Alliances in Some Classes of Graphs

The join G; V Gy of two graphs G; = (Vi, Ey) and Go = (Va, Es) is the graph
with vertex set V3 U V5 and edge set Fy U Fy U {uv : uw € Vi,v € Va}. The
graph K; V (), is referred as wheel on n vertices, denoted by W;,. The vertex
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corresponding to K is the central vertex and the vertices corresponding to C), are
the rim vertices of W;,. Some results on 1-strong defensive alliance number of
Wi, P, C, are found in [4]. By Theorem 3.4, C,, and P, do not have k-strong
defensive alliances for k > 1.

Theorem 4.1. For anyn > 3, a2(W17n) = n+1 and Wi ,, has no k-strong defensive
alliance for k > 3.

Proof. Let V' be vertex set of Wy,. Then V is a 2-strong defensive alliance. For
any 2-strong defensive alliance S, note that at least one rim vertex lies in S. Let
v € S be a rim vertex. Then by Theorem 2.10, N(v) C S. Hence it follows that
S =V. Thus a*(Wy,) =n+ 1. Let k > 3. Since V is the only 2-strong defensive
alliance in W ,,, there can not exist any k-strong defensive alliance other than V.
Further V is also not a k-strong defensive alliance, which completes the proof.

Theorem 4.2. For m,n > 2 and 0 < k < min{[™2], [2£2]}, a*(P, V P,) =
| 22] + |22 + 2k — 4.
Proof. Let S be a k-strong defensive alliance. Let U = {u; : 1 < ¢ < m} and
W ={v; : 1 < j < n} be vertex sets of P,, and P, such that v, is adjacent to
U1 for 1 <@ < m — 1 and v, is adjacent to vj;; for 1 < j <n — 1. Note that no
subset of U and W is a k-strong defensive alliance in P,, V P,. Thus SNU # () and
SNW # 0. Then by Theorem 2.10, it follows that |[SNU| > [™2] + k — 2 and
ISAW| > |22] + k — 2. Thus a* (P, + P,) = "2 + [ 22| + 2k — 4. Equality
holds by noting that the set {uy, ... JU ez o UL ,anTJrszfQ} is a k-strong
defensive alliance.

The following theorem can be proved similarly as above by using Theorem 2.10.

Theorem 4.3. Let m > 1, n > 1 be any integers. Then

1. @ (Kpny) = 2]+ [2] + 2k form > 1 and k < min{[2], [2]},

2. a*(Cr, VEK,) = ["2] + | 2] +2k — 2 form >3, 0 < k < min{[%2], [2]}.
I

3. a(P VD)

)4 %2 42k -2, m > 3,0 < k <min{[%], [%2]}.
4. d"(PVEK,) =" +2k forn>1and 0 <k < 1.

The Cartesian product G x Gy of two graphs G1 = (Vi, Ey) and Gy = (V3, Ey) is
the graph with vertex set V; x V5 and edge set {(u;, v;)(uj,vj) : u; = u; and vv; €
E,, or v; = v; and wu; € Ey}. The graphs of the form P, x P,, P, x C,, and
Cp x C,, are called grid-like graphs.

Lemma 4.4. A 1-strong defensive alliance in P,, X P, contains a vertex of degree
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3.

Proof. Let uq,...,u,, be vertices of P,, and vy, ...,v, be vertices of P, such that
u; is adjacent to u;4; and v; is adjacent to v;4q for1 <7 <m—-land1 <j <n-1.
Choose v € S. Suppose deg(v) # 3, then we have following cases.

Case-1. deg(v) = 2. By Theorem 2.10, N(v) C S. Note that there is an adjacent
vertex of v with degree 3.

Case-2. deg(v) = 4. Then v = (u;, v;) for some ¢, j with 1 <i <mand1 < j < n.
By Theorem 2.10, |[N(v) 0S| > 3. Then either both (u;,v;41) and (u;,vj_1) lie in
S or both (u;11,v;) and (u;—1,v;) lie in S. Since i and j vary over a finite set, it
follows that at least one vertex of the form (uy, v,) or (u;,v1) or (uy,vy) or (U, vy)
lies in S. The vertices of this form have degree 3.

Remark 4.5. In Case-2 of Lemma 4.4, note that S intersects every row or every
column of P,, x P, such that at least two vertices of every column or every row
belong to S. Thus |S| > min{2m,2n}.

Theorem 4.6. For integers m,n > 1, a*(P, x P,) = min{2m,2n}. Further
P,, x P, does not contain k-strong defensive alliance for k > 2.

Proof. Let wuy,us,...,u, be the vertices of P, with u; adjacent to wu;;, for
1 <i<m—1and vy,vy,...,v, be the vertices of P, with v; adjacent to vj;,
for 1 <7 <n-—1. Let S be a 1-strong defensive alliance in P,, x P,. Suppose
2 < deg(v) < 3Vwe S By Theorem 2.10, |[N(v) N S| > 2V v € S. Then it
follows that S = {(u1,v;), (um, v;), (Wi, v1), (ui,v,) 1 1 <i < m,2 <j<mn-—1}
Then |S| = 2m + 2n — 4. Suppose there is a vertex v € S with deg(u) = 4. Then
by Theorem 2.10, |N(u) NS| > 3. Then by Remark 4.5, |S| > min{2m, 2n}. Since
S1 = {(us,v1), (us,v2) : 1 <@ <m} and Sy = {(u1,v;), (uz,v;) : 1 < j < n} are
1-strong defensive alliances, we get a'(P,, x P,) = min{2m,2n,2m + 2n — 4} =
min{2m,2n}. For k > 2, suppose S is a k-strong defensive alliance. Since S is
also a 1-strong defensive alliance, by Lemma 4.4, it contains a vertex of degree 3.
Let v € S with deg(v) = 3. Then by Theorem 2.10, N(v) C S. By repeating this
argument finitely many times, it follows that S contains a vertex of degree 2, which
contradicts Theorem 2.11.

Theorem 4.7. For any integers m > 3 and n > 2, a'(C,, x P,) = min{m, 2n}.
Proof. Let uy,us,...,u, be the vertices of C,, with u; adjacent to u;,; for
1<i1<m-—1, u, adjacent to u; and vy, vs,...,v, be the vertices of P, with
v; adjacent to v for 1 < j < n. Let S be a 1-strong defensive alliance. If S does
not contain any vertex of degree 4, then by Theorem 2.10, S must be one of the
following.

LS = {(u1,v5), (U, vj), (s, v1), (Wi, v,) 1 1 < <m,2<j5<n—1}.



k-strong Defensive Alliances in Graphs 209

2. S ={(ujv1): 1 <i<m}.
3.5 ={(uj,vn) : 1 < i <m}.
Then |S| > m. Suppose S has a vertex of degree 4. Then similar to Remark 4.5,
we get |S| > min{2m, 2n}. Thus a*(C,, x P,) > min{m, 2m,2n} = min{m,2n}.
To achieve the equality, note that the sets S; = {(uj,v1) : 1 < i < m} and
Sy = {(u1,vj), (uz,v;) : 1 < j < n} are l-strong defensive alliances.

The following theorem can be proved similarly.
Theorem 4.8. For integers m,n > 3, a*(C,, x C,,) = min{2m, 2n}.

Note that every vertex in C,, x C,, and C,, X P, is of degree at most 4. Then
the proofs of following results are similar to that of Theorem 4.1.
Theorem 4.9. For m,n > 3, a*(C,, x B,) = mn. Further there is no k-strong
defensive alliance in Cp, x P, for k > 3.
Theorem 4.10. For m > 3 and n > 1, a*(C,, x C,) = mn. Further there is no
k-strong defensive alliance in C,, x C,, for k > 3.

Figure 3, Figure 4 and Figure 5 illustrate minimal 1-strong defensive alliances
in grid like graphs. The vertices of both S; and S; are minimal 1-strong defensive
alliances in each of the graphs of Figure 3, Figure 4 and Figure 5.

Sz 82

S, S S1{] ] 1]

Figure 4: Cy x Py ‘
Figure 3: Ps x P Figure 5: C5 x Cr

5. Conclusion

In this paper, the existence and some properties of k-strong defensive alliances
are discussed. The k-strong defensive alliance numbers are determined for some
classes of graphs. One may think to determine A*(G), s (G), vax(G) for some
classes of graphs.
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