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Abstract: This manuscript consists a common fixed point result for four weakly
compatible self-maps P, @, S, T on a metric space (M, d*) satisfying the following
contractive inequality of integral type:

d*(’fu,gu) Aq(p,v)
[ o <@ [ e,
0 0
where (&, 8) € & x & and for all p, v in M.

Ay (p,v) = maz{d* (Tp, Sv), d* (T, Pp), d*(Sv, Qu),
d*(pu, Tu).d*(@y, S'l/)
1+ d*(Tu, Sv)
d*(Pp, Sv).d*(Qu,Tu) .~ = 1+d*(Tu,Qu)+ d*
(Pp, Sv).d"(Q M),d(T,%PM)[ (T, Q) + d*(
14+ d* (T, Sv) 1+ d*(Tu, Pu) + d*(

1 N “ N “
§[d*(Pu7 Sv) +d*(Qu, )],
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Also, some common fixed point results for the above mentioned weakly compatible
self - maps along with E.A. property and (CLR) property are proved. A suitable
illustrative example is also provided to support our result.

Keywords and Phrases: Fixed Point, Coincidence Point, Weakly Compatible
Maps, E.A. Property, (CLR) Property.
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1. Introduction

All around this paper we postulate that RT = [0, +00), Ny = N[ J{0}, where N
stands for the set of positive integers and
o & ={{£: RT — RT" saisfies that £ is Lebesgue integrable, summable on each
Compact subset of R and fo t)dt > 0 for each § > 0},
3 ={r|t: RT = [0,1) satlsﬁed that limsup,_,, 7(s) < 1 for each t € R*},
) §3 = {7|7 € & and limsup,_,, , 7(s) < 1}.
The concept of conractive mapping of integral type was introduced in 2002 by
Branciari [2] and obtained the following fixed point result for the mapping:

Theorem 1.1. Let (M, d*) be a complete metric space and T be a self map on M

satisfying fo “(TT) 5( t)dt < Bfo () E(t)dt for all p,v in M, where g € (0,1) is
a constant and § € &;.
Then T has a unique fized point b € M such that lim,, ., " i ="> foreach € M.

Definition 1.2. A coincidence point of a pair of self - mappings P Q M — M
is a point p € M for which Pu = Qu A common fized point of a pair of self -
mappings P .Q: M — M is a point w € M for which Pu Qu = p.

The concept of weakly compatible maps was introduced in 1996 by Jungck [4],
to study common fixed point theorems as follows:

Definition 1.3. [4] Let (M,d*) be a metric space. A pair of self - mappings
P, Q M — M s weakly compatible if they commute at their coincidence points,
that s, if there exists p € M such that PQ,u QP/L, where p s coincidence point
of P and Q.

The conception of E.A. property was firstly explained by Aamri and EI Moutawakil

[1] in 2002 as follows:

Definition 1.4. [1] Let (M,d*) be a metric space. Two self - mappings P,Q :
M — M are said to satisfy the E.A. property, if there exists a sequence ., in M
such that, lim,, . pun = lim,, oo Q,un =t, for somet € M.

The concept of (CLR) property was introduced by Sintunavarat et al. [6] in
2011 as follows:
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Definition 1.5. [6] let (M,d*) be a metric space. Two self - mappings P,Q :
M — M are said to satisfy the CLR property, if there exists a sequence ju, in M
such that, lim, ., o Pu, = lim,_, . Qu, = Pt, for some te M.

Lemma 1.6. [5] Let £ € & and {ji, }nen be a non negative sequence with
lim,, o0 ptn = b. Then

n b
i /O £(t)dt = /0 £(t)dt

In 2011, Feng et al. [5] proved the following Theorem :
Theorem 1.7. Let A, B,S and T be self maps on a metric space (X, d) such that

(A, T) and (B, S) are weakly compatible; (1.1)
TX C BX andSX C AX;
One of AX, BX,CX and DX is complete;

d(Tx,Sy) Mi(z,y)
| < st [ ewa, (14
0 0
where (¢, ) € ¢1 X ¢z and for all z,y in M.

1
M (z,y) = maz{d(Az, By),d(Az,Tx),d(By, Sy), §[d(A:r, Sy) + d(Tz, By)],

1+ d(Az, By) 1+ d(Az, By)
1+ d(By, Sy) ), d(By. Sy)[l + d(Ax, Tx)]’
d*(Az,Tx))  d*(By, Sy)
1+d(Tz,Sy)’ 1+ d(Tz, Sy)’

1+ d(Az, Sy) +d(Tz, BY)
1+ d(Ax, By) + d(Tx, Sy)
1+ d(Ax, Sy) + d(Tx, BY)
1+ d(Ax, By) + d(T'z, Sy

d(Az,Tx)]

d(Az,Tx)]

J

d(By, Sy)| 1}

Then :
(i) There exist w,u € X such that Aw = Tw = Bu = Su;

(1)) A, B,S and T have a unique common fized point in X if T and A as well as
S and B are weakly compatible.
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2. Main Results

Theorem 2.1. Let (M, d*) be a metric space and let P,Q,S and T be self mappings
on M satisfying the followings:

TM C QM,SM C PM; (2.1)

(]5, T) and (Q, S)are weakly compatible; (2.2)

One of PM,QM, SMor TMis complete; (2.3)
d*(Tp,Sv) Aq(p,v)

[ e s [ e (24)

where (&, B) € & x & and for all p,v in M.

Ay (p,v) = max{d*(T,u, Sl/),d*(Tu,P,u),d*(gy, Ql/),
d*(Pp, Tp).d*(Qu, Sv)
1+ d"(Tp, Sv)
d*(P ,S’V.d* QV,T S 1+d*T,QV + d* S'V,]f’
(Pp, Sv).d"(Q u)’d(Tﬂ’Pu)[ (T, Qu) + d*(Sv, Pu)
1+ d*(Tp, Sv) L+ d*(Tp, Pp) + d*(Sv,Qu)

1 ~ ~ ~ ~
§[d*(Pu, Sv) + d*(Qu, T,

I}

Then we prove the followings:
(i) There exist a,b € M such that Pa=Ta= Qb= Sb;
(11) }5, Q, S and T have a unique common fixed point in M.

Proof. Let pp € M be an arbitrary point in M. From (2.1), we can construct two
sequences ji, and v, in M as follows:

Vop+1 = Tu% = Qﬂ2n+17 Von+2 = S’Mgn+1 = p[tgn_i_g, for alln € N. (25)

Since TM C QM,SM C PM.
Now, we define d = d*(vp, Vy41) for each n € N.
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On putting, g = po, and v = pg, 41 in (2.4) and using (2.5), we get
Ay (pon,pony1) = max{d*(fugn, g,u2n+1), d*(T,Mzn, p/@n), d*(§#2n+1, Q#2n+1),

1 ~ ~ ~ ~
é[d*<P,u2n7 Stant1) + A (Quant1, Tzn)],

d*(p,uzmTAum)d*(QMan,S,u2n+1) d*(p/wm§M2n+1)-d*(QM2n+17T,u2n)
14 d* (T pon, Spont1) ’ 1+ d* (T pon, Stion+1)
' > 1 d* T ) ) n d* S’ n 7p n
&* (Tt Ppion) + *(AM2 C?Mz +1) ‘|'* A( Hant1, Dpiz )]}
1+ d*(T tion, Ppioy) + d*(Spiont1, Qlant1)
= max{d*(VQn—i—l; V2n+2)7 d*(l/2n+1, V2n)a d*(V2n+27 V2n+1)7
1

§[d*(V2n, Vant2) + A" (Vant1, Vant1)],

d* (Von, Van+1)-d* (Vans1, Vant2)  d* (Van, Vant2)-d* (Vont1, Vont1)
1+ d*(vans1, Vanto) ’ 1+ d*(Vant1, Vons2)

1+ d*(Vant1, Vant1) + d*(Vonto, Van)

1+ d*(vant1, Von) + d* (Vont2, Vont1)

= maz{d;,, d5, 1}

It d3, < d5, 4

Y

Y

d* (Vang1, Von)|

Al(/’LZna ,u2n+1) = d;nJrl'
And

*

/0 o £(t)dt

d*(Van+1,V2n+2
-/ (t)dt
0

d* (Tuan,Spznt1)

0

A

0

Ay (N2n7ﬂ2n+1)
< B(d"(ttam fiomsr) / £(t)dt
0

*
d2n+1

= B(d" (p2n, pont1)) /0 £(t)dt
< / B £(t)dt.

a contradiction. Hence,
ds, 1 < ds, = Ay(fgn, pton+1) for all nin N.
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Similarly,
ds, < ds, 1 = Ay(pan—1, pon) for all n in N,
which implies that

dpyy < dy,ds, = Ai(pion, pont1), Ao,y = A1 (Hon, fi2n-1) (2.6)

which implies that {d}} is monotonic decreasing sequence bounded below and there
exists a constant k such that,

lim df =k > 0.

n—-+4o00o

Suppose that £ > 0. Then from (2.6) and Lemma 1.6, we get

0< /Okg(t)dt

d;nJrl
= lim Sup/ E(t)dt
n—4o0o 0
d* (Van+1,V2n+2)
= lim Sup/ E(t)dt
n—-4o0o 0
d* (Tpzn,Sp2nt1)
= i t)dt
Jim i &(t)
Al(ﬂ?n:l’@n#»l)
< lim sup Bd* (uzn, /~L2n+1)/ £(1)
n——+oo 0

. d3n+1
= limsup Bd" (pi2n, Hon+1) / §(t)dt
0

n—-+o0o

d;n«kl
< lim Sup/ &(t)dt
0

n—-+o00
k
< / E(bt,

which is a contradiction. Thus, k£ = 0, which implies that

lim d* = 0. (2.7)

n—-+00

Now, we prove that {v,} is a cauchy sequence. For this it is sufficient to show that
{vo,} is a cauchy sequence. Let, if possible {v9,} is not a cauchy sequence. Then,
there exists € > 0 and n,m > 0 with 2m(«) > 2n(a) > 2« satisfying

d*(VZn(a)7 VQm(a)) > €, (28)
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for all @ € V.
where 2m(«) is the least positive integer exceeding 2n(«) satisfying (2.8). It follows
that

d*<1/2n(a), V2m(a)) > ¢, for all « € N.
Now, using (2.8) and triangular inequality, we obtain the following:
€ < d"(Van(a), V2m(a))s
< d*(Van(a), (Vam(a)—2) + A" (Vam(a)—2, Vom(a)-1)

+d* (V2m(a) 15 V2m(a)) (29)
<€+ d -2 + d2m(a

And

|d*(V2n(a), V2m(a)*1) - d*(VZn(a)a V2m(a))| < d;m(a)—l for all o € N.
|d* (Van(a)+1, Vam(a)) — A" (Van(a)s Vam(a))| < A3y forall a €N (2.10)
|d*(V2n(a)+1, ng(a)_l) — d*(Vgn(a) Vom(a)— )| < d2n(a) for all o € N.

Letting @ — +o00 in (2.9) and (2.10) and using (2.7), we obtain

QETOOCZ (VQn (@) V2m(a)) = agrfood (VQn (o) VQm(a)*O
= QLHJPOOd (V2n (0)+1>5 V2m(oé)>
= al—l>r—lr-loo d” (V2n V415 V2m(a)— 1)
. 2.1

Now, on putting p = pon) and v = fioma)—1 in (2.4), using (2.11), Lemma 1.6
and (¢, 5) € & x &, we obtain that
Al(,UZn(a)y,uZm(a)—l) = mam{d*(TNQn(a)a SMZm(a)—l)a
d* (T pan(ays Plian(a)), @ (Spam(a)-1, Qlam(a)—1);
1 % (15 _ Y a T
§[d (PMQn(a)7 SMQm(a)—l) +d (Q,U/Qm(oz)—la T/L2n(oz))]7
d* (Ppian(e), Tpane))- 4" (Qpizm(a) 15 Sttam(e) 1)
1+ d*(TM2n(o¢)7 S:U/Zm(oc)—l) ,
d*(Pﬂ'?n(a)7 S,u2m(oz)—1)-d*(Q/J’2m(a)—la T,“/Qn(a))
1+ d*(TM2n(a)7 S:U/Zm(oc)—l)

Y
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1+ d (TMQn(a)u @MQm(oz)—l) + d*(SMQm(a)—la pﬂQn(a))]}
1+ d*(T pian(ay, Plion(a)) + d* (S tom(a)-1, @lom(a)-1)

- maw{d*(VQn(a)—‘rlv V2m(a))7 d*(V2n(a)+17 V2n(o<))7 d*<7/2m(oz)7 V2m(oz)—1)7

1 * *
§[d (VZn(a)a V2m(a)) +d (V2m(a71)7 V2n(a)+1)]7

d* (T,MQn(a)? pﬂ2n(a))[

d* (Van(a), Van(a)+1) 4" (Vom(a)=1, Vam(a)) " (Von(a)s Vom(a))-&" (Vam(a)—1, Von(a)+1)
1+ d*(Van(a)+1> Vam(a)) 7 1+ d*(Van(a)+1> Vam(a)

L+ d*(Van(a)+1; Vam(a)—1) + A" (Vam(a)s Van(a)) i

1+ d*(Van(a)+1, V2n(a)) + &* (Vam(a) Vam(a)-11)

Y

d* (l/2n(a)+17 V2n(a)) [

1 €.€
= 0,0, = 0,—.0}.
max{e, 0, ,2[e+e], ’1—|—O~|—e’}
=€ as o — +oo.

And

0 < /Oef(t)dt

ar (VZn(a)+l Voam(a)
= limsup / E(t)dt
0

a—r—+00

ar (T.U‘Qn(a)vsA/JQm(a)—l)

— lim £(t)dt

a—-+00 0

. Al(“2n(a) H2m(a) 1)
< limsup B[d"(kan(a)s H2m(a)-1) / §(t)dt]
0

a——+00

. ' A1 (B2n () H2m(a)—1)
= limsup Bd" (tan(a): H2m(a)—1) lim sup/ E(t)dt
0

a—r—+00 a—r—+00

< /Oeg(t)dt

which is impossible. Hence {v, }is a cauchy sequence.
Without loss of generality, let us assume that PM is complete subspace of M.

Therefore, there exists ¢ € PM such that lim,, ., v, = c.
Now, there exists d € M such that ¢ = Pd. Also, we can obtain that
c= lim vy,
n—-+00

= lim T:“’Qn 1

n—+oo

= lim Qo

n—-+o00
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= lim SM2TL—1

n—-+00

= lim Py, (2.12)

n—-+o0o

Now, we prove that T'd = ¢. On putting 4 = d, v = figp,1 in (2.4), using (2.12),
Lemma 1.6 and (£, 3) € & X &3, we obtain that

A1(d, ,u2n+1) = max{d*(Td, gﬂ2n+1)a d*(Td; Pd);d*(gﬂan,Q,uan)’
1 N ~ A ~
§[d* (Pd7 S:u2n+l) + d*(Qlu?n-‘rl? Td)]?

d*(Pd, Td).d*(Qpuans1, Spizns1) d*(Pd, Spanir)-d* (Qpizasr, Td)
1+ d*(Td7 5YM2n+1) ’ 1+ d*(Td7 Sﬂ2n+1)

1+d (Tfia QN%H) 4: d*(S’M27+17 Pd)]}

1+d* (szd) + d*(Spans1, Qpony1)

)

d*(Td, Pd)|

Taking limit as n — 400

n—-+00

A A 1 A
lim Ai(d, poni1) = max{d*(Td,c),d" (Td,c),d*(c,c), §[d*(c, c)+d* (¢, Td)],
d*(c, Td).d*(c,c) d*(c,c).d*(c,Td) - 1+ d*(Td, c) + d*(c,c)

- , - d*(Td, c)] -
1+d*(Td,c) 1+ d*(Td,c) 1+ d*(Td,c)+ d*(c,c)
) ) 1 . A+ d*(Td,c) + 0
= max{d*(Td,c),d*(Td,c),0, =0+ d*(c,Td)],0,0,d*(Td, c - .
{d*(T'd, ), d"(Td, c), 0, 5| (c,Td)] ( )[1+d*(Td,c)+0]}
= d*(Td, c).
And
d*(Td,c)
0< / &(t)dt
0
d*(Td,Sp2n+1)
= lim E(t)dt
n——+0o 0
A1 (d,p2nt1)
< timsup B (d, ) [ (1)
n——+00 0

Ax(d,p2n+1)
— lim sup{3d” (d, ) amsup | (bt
0

n—-+o0o n—-+o0o

d*(Td,c)
< / &(t)dt,
0
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a contradiction. Hence T'd = ¢. Since TM C QM , therefore, there exists a point
be M with ¢ = Qb = T4d.
Now, we prove that Sb = c. Let, if possible Sb # c.

Now, in the view of (2.4), (2.12), Lemma 1.6 and (&, 5) € & x &, we obtain
that

A1 (pizn, b) = maz{d* (T pizn, Sb), d* (T pizn, Ppian), d*(Sb, Qb),
1 R . i
5[4 (Phan, 5b) + d*(@Qb, Thiza)],
d*(Ppign, Tpioy)-d*(Qb, Sb)  d*(Pjig,, Sb).d*(Qb, T'pizy,)
1+ d*(Tugn, Sb) 1+ d*(Tpign, Sb)
e ) 14 d* (T o, Qb) + d*(Sb, P,
0" (T iz, Pz e Ltz O) 1 A5, Prion)

Letting limit as n — 400, we have

Y

lim Ay (piz, b) = mas{d’(c, Sb), d*(c,¢), d*(Sb, ¢), %[d*(c, Sb) + d* (¢, ¢)],
d*(c,c).d*(c,Sb) d*(c, Sb).d*(c, c)
1+d*(c,Sb) = 1+ d*(c,Sb)
1+ d*(c,c) + d*(Sb, c)]}
1+ d*(c,c) +d*(Sb,e)
N N 1 ~
= maz{d"(c, 5b),0,d"(Sb,c), 5 [d" (¢, 5b) +0],0,0,0}.
= d*(c, Sb)

)

d*(¢c,c)|

And
d*(c,Sb)
0 < / &(t)dt
0

d* (T pizn ,Sb)
= lim sup/ E(t)dt
0

n—-+00

n—-+o0o

A1 (p2n,b)
< lmswp ) [ €t
0

Al(ru'anb)
= limsup[Bd* (12n, b)] lim Sup/ E(t)dt
0

n—-+0o n—-+0o0o

d*(c,5b)
< / &(t)dt,
0
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which is a contradiction. Hence Sh = Qb = cand Td = Pd = c¢. Next we prove
that P, @, S and T have a unique common fixed point. Since (P,7T) and (Q, S) are

weakly compatible. Therefore,

Pc=PTd=TPd="Tec.

Qc=QSb=5Qb = Se.
Now, we show that Tc = Se. Let, if possible Tc # Sc. Now, from (2.4), and
(&, 8) € &1 x &3, we obtain that

oA PN A A 1 A A A A
Aq(c,c) = max{d*(Tc,Sc),d*(Tc, Pc),d*(Se, Qc), Q[d*(Pc, Sc) + d* (Qc,Tc)],
d*(Pc,Te).d*(Qc, S¢) d*(Pe, Sc).d*(Qc, Tc)
1+d(Te,S¢)  ~ 1+d*(T¢, Sc)
& (e, Py it Lo Q) £ d'(Se, Pe)yy
1+ d*(Tec, Pc) + d*(Se, Qc)

d*(Te, Sc).d*(Se,Te)
1+ d*(Tc, Se)

= maz{d*(Te, S¢), 0,0, =[d*(Tc, S¢) + d*(Se, Tc)], 0,

1
= 0f.
2 0}

= d*(T¢, Sc).
And

d*(Tc,Sc)
0 t)dt
< /0 §(t)
A1 (e,c)
< Bd*(e, t)dt
< aaeo [ e

d*(Tc,Sc)
— 3(0) / £(t)dt

d*(Te,S¢)
< / §(t)dt,
0

which is a contradiction. Hence Sc=Tc=c. That is Pc = Qc = Sc="Te.
Now, let, if possible T'c # c.
Now, in the view of (2.4) and (&, 5) € & x &, we obtain that
A oA PN A A 1 P A A
Aq(c,b) = maz{d*(Tc, Sb),d"(Tc, Pc),d"(Sb, Qb), é[d*(Pc, Sb) + d* (@b, T'c)],
d*(Pe,Tc).d*(Qb, Sb) d*(Pe, Sb).d*(Qb, Tc)
1+d(Te,Sb) ~ 1+4d*(T¢c, Sb)
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& (Te. PC>[1+d*(Tc Qb)+d*(§

P)]}
1+ d*(Te, Pc) + d<(Sb, Qb)
d*(Tc,c).d*(c, T¢c) 0

= ma:v{d*(Tc, ¢),0,0, d*(TC, c),0, ,
1+ d*(Tc,c)

= d*(T¢, c).

d*(Te,c)
0 < / &(t)dt
0
d*(Te,Sb)
- [ e
0

Al(c,b)
< Bd'(c,b) / £(t)dt
0

And

d*(Te,c)
Al eD) | awa
d*(Tc,c)
d
< /0 §(t)dt,

which is not possible. Therefore, Tc = ¢. Hence Pc = Qc = Sc = Te = ¢ which
implies that }5, Q, S and T have a fixed point, that is, c. Now, for the uniqueness,
suppose that P, Q, S and T have two fixed points r and s such that r # s.

Now, in the view of (2.4) and (&, 5) € & x &, we obtain that

Ay (r, s) = maz{d*(Tr,Ss),d*(Tr, Pr),d*(Ss, Qs), [d*(Pr Ss) + d*(Qs, Tr)),

d*(Pr,Tr).d*(Qs, Ss) d*(Pr,Ss).d*(Qs, Tr)
1+ d*(Tr, Ss) 1+ d*(Tr, Ss)
1+ d*(Tr,Qs) + d*(Sr, Pr)

1+ d*(Tr, Pr) + d*(gs Qs)
= max{d*(r,s),d*(r,r),d"(s, s), [d*(r, s)+d*(s,r)],
d*(r,r).d*(s,s) d*(r,s).d*(s,r) o )[1 + d*(r, s) + d*(r, r)]}

1+d*(r,s) = 1+4d*(r,s) ’ T d=(r,r) +d*(s,s)"
d*(r,s).d*(s,r)

1+d*(r,s) ’ b

d*(Tr, Pr)|

&MI

= max{d*(r,s),0,0,d"(r,s),0,
=d*(r,s).
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And

d*(r,s)
0 < / £(t)dt
0
d*(Tr,Ss)
_ / £(t)dt
0

Aq(r,s)
d* d
< 3 <r,s>/0 £(t)dt
d*(r,s)
= d* d
B(d(r, ) / ()t
d*(r,s)
d
< / £(t)t,

which is a contradiction. Hence P, Q, S and T have a unique common fixed point.
This completes the proof of the theorem.

Theorem 2.2. Let (M, d*) be a metric space and let P, Q, S and T be self mappings
on M satisfying (2.1),(2.4) and the followings:

(Q )a,re weakly compatible; (2.13)

Pairs (P,T)an
or ( 5') satisfy the E.A. property; (2.14)

Pair (P,T)
if one of ]5M, QM, SM or TM is complete. Then, P,Q,S’ and T have a unique
common fized point in M.

Proof. Suppose the pair (p,T) satisfy the E.A. property. Then there exists a
sequence {u,} in M such that,

lim Pu, = lim Tun = ¢, for somec € M

n—-o0 n—-+00

Since TM C QM, therefore there exists a sequence {v,} in M such that
Tty = Quy.

Hence, lim,, 1 Qz/n =c.

Now, we shall prove thaic lim,, 4 oo S Up = C.
Let, if possible lim,, ., Sv,, = d # c.
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Now, from (2.4), Lemma 1.6 and (&, 5) € & X &3, we obtain that
Ay (fin, V) = max{d*(fun, S’z/n), d*(Tun, Pl/n), d*(S’yn, Qyn),
1 A N A A
S (P Sua) + Qi Ty,

d*(lf’,un, T,un).d*(QVn, S’nun) d*(]f’un, S'un).d*(@yn, Tpn)
1+ d*(Tin, Svy) ’ 1+ d*(Tpin, Svy)
o A 14+ d* T,un,QVn + d* S'l/n,]su n
d* (T pin, Ppin)| <A - )+ 4 O )]}-
1+ d*(Tuan, Py) + d*(Svp, Quy)

Taking limit asn — oo, we get
1
lim Ay (pnvy) = maz{d*(c,d),d*(c,c),d*(d,c), §[d*(c, d) + d*(c, c)],
n—oo

d*(c,c).d*(¢,d) d*(c,d).d*(c,c) (e C)[l + d*(c,d) + d*(d, c)]}
1+d*(c,d) = 1+4+d*(c,d) == 7 ""1+d*(c,c)+d*(d,c)"

1
= maz{d*(c,d),0,d"(d,c), é[d*(c, d) +0],0,0,0}.
=d*(c,d).

And
d*(c,d)
0 < / c(t)dt
0

d*(Tun ,Svn)
= limsup/ E(t)dt
0

n—-+00

AI(M”“V")
< timsupl3d () isup [ (o)
0

n—-+o0o n—-+o0o
d*(c,d)
< [ ewa
0

a contradiction. Tht}s ¢ = d, that is, lim,, . gyn =c. R
Now, suppose that QM is closed subspace of M . Then ¢ = @b, for some b in M.
Subsequently, we have

lim Sv, = lim Pu, = lim Tu, = lim Qu, =c= Qb.

Now, we show that S’lz = Qb.
Let, if possible Sb # Qb.
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Now, from (2.4), Lemma 1.6 and (&, 5) € & X &3, we obtain that
Ay (pin, b) = maz{d* (T in, Sb), d* (T pin, P ), d*(Sb, Qb),
1 %[ T _ Y a 7~
d*(Ppin, Tpin).d*(Qb, Sb)  d* (P, Sb).d*(Qb, Ty,
1+ d (T, Sb) 14 d* (T, SD)
e o 14+ d* (T, Qb) + d*(Sh, P,
8" (T, Py [ LTt Q) (5, Pin)
1+ d*(Tpn, Pun) + d*(Sb, Qb)

Letting limit as n — 400, we have

)

lim A (1, b) = maz{d"(c, Sb), d*(c,c), d*(Sb, ), %[d*(c, Sb) + d* (¢, ¢)],
n—-+0oo

d*(c, ¢).d*(c, Sb) d*(c, Sb).d*(c, c)

14 d*(c,Sb) 1+ d*(c, Sb)

. 1+d*(c,c)+d* S’b,c

&( (R ILLI £ I )y,

1+ d*(c,c) + d*(Sb, c)
N N 1 N

= maz{d"(c, 5b),0,d"(Sb,c), 5 [d" (¢, 5b) +0],0,0,0}.

= d*(c, Sb)

d*(c,5b)
0 < / E(t)dt
0

d* (T pin,Sb)
= limsup/ E(t)dt
0

n—-+o0o

Y

And

Aq (pn,b)
SmmwﬂWW@A £(t)d]

n—-+4o0o

Al(;un’b)
= limsup|Bd* (pn, b)] lim sup/ E(t)dt
0

n—+oo n—+o0o

d*(c,Sb)
< / &(t)dt,
0

which is impossible. Hence Sh= @b =c. o =
Since the pair (@, 5) is weakly compatible. Therefore, QSb = SQb, implies that

QSb = Q0Qb = SSb = SQb.
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Since SM C PM, there exists a € M, such that
Sb= Pa=c.

Now, we claim that Pa=Ta
Now, from (2.4) and (&, 5) € & X &3, we obtain that

A ~ A A 1 A A A A
Aq(a,b) = maz{d*(Ta,Sb),d"(Ta, Pa),d"(Sb, Qb), §[d*(Pa, Sb) + d*(Qb, T'a)],
d*(Pa,Ta).d*(Qb, Sb) d*(Pa, Sb).d*(Qb, T'a)
1+d<(Ta,Sb) = 1+d*(Ta,Sh)
& (Ta, Py L T0Q0) + d'(Sa, Pa),,
1+ d*(Ta, Pa) 4+ d*(Sb, Qb)
= maz{d*(Ta,c),d*(Ta,c),d"(c,c), %[d*(c, ¢)+d*(c, Ta)),

d*(c,Ta).d*(c,c) d*(c,Ta).d*(c,c) ., - 14 d*(Ta,c) + d*(c,c)
; : ; yd*(Ta, )] - I}
1+ d*(c,c) 1+ d*(c,c) 1 +d*(Ta,c)+d(c,c)

I

o ~ 1 ~ ~
= maz{d*(Ta,c),d" (Ta,c), 5[0 + d*(Ta,c)]0,0,d*(Ta,c)}.
= d*(Ta,c).

And
d*(Ta,c)
0
< /O E(t)dt
d*(T'a,Sb)
= /0 E(t)dt
A1 (a,b)
< Bd*(a,b t)dt
< pren [
d*(T'a,c) d*(T'a,c)
— B(d*(a,b t)dt t)dt,
paren) [ ewi< [ e

which is a contradiction. Hence Pa = Sb = Ta. Thus, we have Sh = @b = Pq =
Ta. Since the pair (]5, T ) is weakly compatible. Therefore, TPa=1TTa= PPa=
PTa.

Now, we claim that Sb is common fixed point of P , Q, S and 7.
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Suppose that, SSb = Sb.
Now, from (2.4) and (&, 5) € & X &3, we obtain that

Ay (a, Sb) = maz{d*(Ta, SSb), d*(Ta, Pa),d*(SSb, QSb),
d*(Pa,Ta).d*(QSb, SSb)

1+ d*(Ta, SSb)
d*(Pa, SSb).Ad (C?i%’ Ta),d*(Ta,Pa)[ 1+d (Ta, QSb) + dA(tS’a,foz)
1+ d*(Ta, 55b) 1+ d*(Ta Pa) + d*(S5b, QSb)
= maz{d*(Sb, SSb), d*(Sb, Sb), d*(SSb, SSb), [d*(Sb SSb) 4 d*(SSb, Sb)],

d*(Sb, Sb).d*(SSb, SSb) d*(Sb, SSb).d*(SSb, Sb)
1+d*(Sb,55b) 1+ d*(Sb,SSh)

1+ d*(Sb, SSb) + d*(5Sb, Sb)

1+ d*(Sb, Sb) + d*(5Sb, §§b)]}‘

= maz{d*(Sb, S5b),0,0,d*(Sb, SSb),0,d*(Sb, SSb),0}.

— d*(Sb, 55b).

%[d*(ﬁa, $5b) + d*(O3b, Ta)),

I}

d*(Sb, Sb)|[

And

d*(5b,55b)
0 < / £(t)dt
0
d*(Ta,S5b)
= / £(t)dt
0
. Al(a,,Sb)
Bd*(a, Sb) / £(t)dt
0

. d*(5b,55b) d*(5b,55b)
= B(d"(a, b)) / £(t)dt < / (),

which is a contradiction. Hence SSb = Qg b = Sb. This implies Sb is the common
fixed point of Q and S.

Similarly, we can prove that Ta is the common fixed point of P and T. Since
Sb = Ta. This shows that Sb is the common fixed point of P, Q,S and 7. If
we assume that PM is closed subset of M, the proof is similar. Similarly, we
can prove the theorem for cases when TM or SM is closed subset of M. Since
TM C QM and SM C PM. Now, we shall prove the uniqueness of common fixed

IN
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point. Suppose that P, Q, S and T have two fixed points r and s such that r # s.
Now, in the view of (2.4) and (&, 5) € & x &, we obtain that

Ay (r, s) = maz{d*(Tr,Ss),d*(Tr, Pr),d*(Ss, Qs), %[d*(pr, Ss) 4+ d*(Qs, Tr)),
d*(Pr,Tr).d*(Qs,Ss) d*(Pr,Ss).d*(Qs,Tr)
1+d<(Tr,Ss) = 14d*(Tr,8Ss)
a (T, pry LI @) & (S, Pr)
L+ d*(Tr, Pr)+d*(Ss,Qs)
= max{d*(r,s),d"(r,r),d"(s, s), %[d* (r,s) +d*(s,1)],
d*(r,r).d*(s,s) d*(r,s).d*(s,r) 1+ d*(r,s)+d*(r,r)
) ) d (r7 T)l:
1+ d*(r, s) 1+ d*(r,s) L+ d*(r,r) + d*(s, s)

d*(r,s).d*(s,r)
1+ d*(r,s) O}

I}

= maz{d*(r, s),0,0,d*(r,s),0,

=d"(r,s).
And

d*(r,s)
0
< /0 E(t)dt
d*(Tr,Ss)
_ /O £(t)dt
Aq(r,s)
< Bd* d
< g [ ewa
d*(Tr,s)
= d” d
B [ e

d*(r,s)
< / §(t)dt,
0

which is a contradiction. Hence ﬁ’, Q, S and T have a unique common fixed point.

Theorem 2.3. Let (M, d*) be a metric space and let p, Q, S and T be self mappings
on M satisfying (2.2),(2.4) and the followings:

TM C QMand pair(P,T)satisﬁes(CLRp) property or; (2.15)

SM C PMand pair(Q, g)satisﬁes(CLRQ) property . (2.16)
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Then, ]5, Q, S and T have a unique common fized point in M. o
Proof. Without loss of generality, we assume that 7'M C QM and the pair (P, 7))
satisfy the (CLRp) property. Then there exists a sequence {u,} € M such that,

lim Pun = lim T/Ln = ]50,

n—-+0oo n—-+00

for some ¢ € M.
Since TM C QQM, therefore there exists a sequence v, in M such that

Tpin = Quy.

Hence  lim, Qun = Pe.

Now, we shall prove that lim, S Vp = Pe.

Let, if possible lim,, Sv, =d +# Pe.

Now, in the view of (2.4), Lemma 1.6 and (&, 8) € & X &3, we obtain that

Ay (g, V) = max{d*(T,un, Sun), d*(Tun, Pyn), d*(gun, Qun),

1 % [ 15 _ % [ A 7

é[d (P:um Syn) +d (QVmT,un”v

d*(ﬁun,fun).d*(é)un,gnun) d*(ﬁ,un,gun).d*(é)un,fun)

1+ d*(Tpn, Sv) 7 1+ d*(Tin, Svy)

. . 1+d* Tun,@un + d* Syn,Pu n

0" (T, Py o LT s Q) & (E 0, Prton)
1+ d*(Tuan, Ppn) + d*(Svy, Quy)

Taking limit as n — 400, we get

)

. oA N 1 N A
liIJIrl Ay (pnvy) = maz{d*(Pec,d),d*(Pc, Pc),d*(d, Pc), §[d*(Pc, d) + d*(Pc, Pc)],
n—-+0oo
d*(Pc, Pc).d*(Pc,d) d*(Pe,d).d*(Pc, Pc)
1+d (Pce,d) 1+ d*(Pe,d)

.o 1+d*(Pe,d) +d*(d, P
d*(PC,PC)[ + (A C7A)+ ( ) AC)
1+ d*(Pc, Pc) + d*(d, Pc)

. A 1 N
= maz{d*(Pc,d),0,d"(d, Pc), §[d*(Pc, d) +0],0,0,0}.

I}

= d*(Pc,d).
And

d*(Pe,d)
0 < / E(t)dt
0
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d*(T'pn,Svn)
= limsup/ E(t)dt
0

n—-+0o0o

Ax(pn,svn)
< timsuplad () sy [ ¢(oyi
0

n—-+o0o n—-+oo

d*(Pe,d)
< [ e
0

which is ridiculous. Thus Pc = d, that is,
lim S v, = Pe.

n——+o00

Subsequently, we have

lim SI/n— lim P,un— hm Tpm— lim Qun—P =d.

n—-4o00 n—-+00 n—-+400o

Now, we show that Tec=d.
Let, if possible T'c # d.
Now, in the light of (2.4), Lemma 1.6 and (&, §) € & X &3, we obtain that

Ay (e, vy) = maz{d*(Te, Sv,), d*(T'e, Pvy,), d* (Svy, Quy),
1 PN N A
g[d*(Pc, Svy) + d*(Quy, Tc)],
d*(Pc, Tc).d*(Quy, Snuy,) d*(Pe, Sv,).d*(Quy, T)
1+ d*(Tc, Svy) ’ 1+ d*(Te, Svy,)
1+ d*(TC> QVTL) + d*(gl/m ISC)]}

1+ d*(Tc, Pc) + d*(Sv,, Quy,)
Taking limit as n — 400, we get

Y

d*(Te, Pe)

. . 1 .
lim A (c,v,) = maz{d*(Te,d), d"(Te,d), d*(d,d), 5[d"(d, d) + d"(d, Tc)],
n—-+0oo
d*(d, Tc).d*(d,d) d*(d,d).d*(d,Tc) & (Fe d)[1 + d*(Te,d) + d*(d, d)
14+d*(Te,d) = 1+d(Te,d) " 4 d5(Te,d) + d*(d, d)

~ N 1 ~ A
= maz{d"(Tc,d),d"(Tc,d),0, 5[0+ d*(d, Tc)], 0,0,d"(Te,d)}.
= d*(Te,d).

I}

And
d* (T'e,d)
0 < / £(t)dt
0
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d*(Te,Svn)
= limsup/ E(t)dt
0

n—-+00

A1 (e,vn)
< limsup[pd*(c, v,)] lim sup/ E(t)dt
0

n—-+o0o n—-+o0o
d*(Te,d)
< / £(t)dt,
0

a contradiction. Thus T'c = d = Pc. Since the pair (]5, T) is weakly compatible, it
follows that T'd = Pd.

Also, since TM C QM, then, there exists a in M , such that Tec = Qa, that is
Qa =d.

Now, we show that Sa = d. Let, if possible Sa #d.

Now, in the light of (2.4), Lemma 1.6 and (&, 8) € & X &3, we obtain that

A1 (pin, @) = maz{d* (T pin, Sa), d* (T pin, Ppin), d*(Sa, Qa),
1 * (T Q * (A T
S (P, Sa) + (Qa, Ty,
d*(]sun, Tun).d*(Qa, S'a) d*(]sun, S'a).d*(@a, Tpn)
1+ d*(Tn, Sa) ’ 1+ d*(T i, Sa)
Y . 1—|—d*Tn,Qa + d* S’a,pn
&Py, Py (Ttn, Qa) + d*(Sa, Ppy)
1+ d*(Tpin, Ppyn) + d*(Sa, Qa)
Taking limit as n — 400, we get

lim Ay (pn, a) = maz{d’(d, Sa),d*(d,d),d*(Sa,d), %[d*(d, Sa) + d*(d, d)),

d*(d,d).d"(d, Sa) d*(d, Sa).d"(d,d) o+ (d, (D) + d*(Sa, d)
1+d*(d,Sa) =~ 1+d*(d, Sa) =~ 1+d*(d,d)+d(Sa,d)

— maz{d"(d, $a), 0,d"(3a, d). %[d*(d, Sa) +01,0,0,0}.
= d*(d, Sa).

I}

And

d*(d,5a)
0 < / E(t)dt
0

d*(T'pn,Sa)
= lim sup/ £(t)dt
0

n—oo
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Al(/"nra)
< limsup[pd*(un, a)]lim sup/ E(t)dt
0

n—-400 n—-+4oo
d*(d,Sa)
< [ ewa
0

a contradiction. Thus Sa = d = Qu.

Since the pair (Q, S ) is weakly compatible, it follows that Sd = Qd Now, we show
that Sd = T'd. Let, if possible Sd # T'd.

Now, in the view of (2.4), and (£, 8) € (& x &3), we obtain that

Ay (d,d) = maz{d*(Td, Sd),d*(Td, Pd),d*(Sd, Qd), %[d*(ﬁd, Sd) + d*(Qd, Td)],
d*(Pd,Td).d*(Qd, Sd) d*(Pd,Sd).d*(Qd, Td)
1+d*(Td,Sd) 1+ d~(Td,Sd)
a(Td, pay I LL Q) + d°(5d, Pd)),
1+ d*(Td, Pd) + d*(5d, Qd)
= maz{d*(Td, Sd),d*(T'd, Td),d*(Sd, Sd), %[d*(fd, Sd) + d*(Sd, Td)),
d*(Td, Td).d*(Sd, Sd) d*(Td,Sd).d*(Sd,Td)
1+d*(Td,Sd,) ~ 1+d*(Td,5d)
g (Fa, Py LD 5d) + (5, Td),
1+ d*(Td, Td) + d*(Sd, Sd)
d*(Td, Sd).d*(Sd, Td)
1+ d*(Td, Sd)

Y

9

= maz{d*(Td,Sd),0,0,d*(Td, Sd),0, L0}

= d*(Td, Sd).
And

d*(Td,Sd)
0 d
< /O E(t)dt
Aq(d,d)
< prad [ e

d*(Td,Sd)
= sy [ e

d*(T'd,5d)
< [ e
0
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a contradiction. Hence TAd = Sd. Thus Pd = QAdA: Sd = Td.
Now, we show that d = Sd. Let, if possible d # Sd.
Now, in the view of (2.4), and (&, ) € (& x &), we obtain that

A (d,d) = max{d*(Tc, Sd), d*(Tec, Pc), d*(Sd, Qd ,ld* Pe, Sd) + d*(Qd, Te)],
2
d*(Pe,Te).d*(Qd, Sd) d*(Pe,Sd).d*(Qd, Tc)
1+d*(Te,Sd) ~ 1+4d*(Tc,Sd)
& (e, poy b4 (Le:@d) + d'(5d, Pe)y
1+ d*(Tc, Pc) + d*(Sd, Qd)
N ~ N 1 N N
= maz{d"(d, Sd), d"(d, d), d*(Sd, Sd), 5[d" (d, 5d) + d*(Sd, d)],
d*(d, d).d*(Sd, Sd) d*(d,Sd).d*(Sd,d)
14+d(d,Sd,) = 1+d*(d,Sd)
. 1+ d*(d, Sd) + d*(Sd,d
(LS L5 )y
1+ d*(d, d) 4 d*(Sd, Sd)
d*(d, Sd).d*(Sd, d)

1+ d*(d, Sd)

)

I

= maz{d*(d, Sd),0,0,d*(d, Sd),0, L0}

A

= d*(d, 5d).

And

d*(d,Sd)
0 < / f(t)dt
0
d*(Tc,Sd)
= / £(t)dt
0

A1 (c,d)
Bd*(c, d) /0 E(t)di

IN

d*(d,Sd)
= B@ed) [ e
0
d*(d,Sd)
d
< /0 (t)dt,

a contradiction. Hence d = S’d, which shows that d = P = Qd = Sd = T'd. This
shows that d is the common fixed point of P, @, .S and T'. Now, we shall prove the
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uniqueness of common fixed point. Suppose that ]3, Q, S and T have two fixed
points 7 and s such that r # s.
Now, in the view of (2.4) and (£, ) € & X &3, we obtain that

Ay (r,s) = mag{d*(Tr,Ss),d*(Tr, Pr),d*(Ss, Qs), %[d*(pr, Ss) 4+ d*(Qs, Tr)],
d*(Pr,Tr).d*(Qs,Ss) d*(Pr,Ss).d*(Qs,Tr)
1+d*(Tr,Ss)  14d*(Tr,Ss)
& (Fr, Pt LI O0) £ S ),y
L+ d*(Tr, Pr) + d*(Ss,Qs)
= mar{d*(r,5),d"(r,7), d°(5, ), 5[d"(r, ) + (5,7,
d*(r,r).d*(s,s) d*(r,s).d*(s,r) 1L+ d*(r,s) + d*(r,r)

bl

L+d*(r,s) = 1+4d*(r,s) A 7")[1 + d*(r,r) 4+ d*(s, s)]}
= maz{d*(r,s),0,0,d"(r,s),0, d iﬁ—sc)lféri’)r) ,0}.

=d*(r, s).

And

d*(r,s)
0 d
< /O E(t)dt
d*(Tr,Ss)
- [ ewa
Aq(r,s)
d* d
< o) | e
d*(Tr,s)
= d* d
s [ e

d*(r,s)
< [
0

which is a contradiction. Hence f’, Q, S and T have a unique common fixed point.

Example 2.4. Let ]5, Q, S and T be self mappings on M. M = RT be endowed
with the Euclidean metric Ay(r,s) = ||r —s|| for all r,s € M. Let 8 : R* —
[0,1),£: Rt - R" and P,Q,S and T are defined by
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T 2
Pr=3+3, Qr =12, Sr=1,

. 1 if M- {1
36 lfT’ZE

B(t) = 2L £(t) = 3t, for all t € R.

3+4t°

Clearly, TM C QM,SM C PM, also (t) € [1,1).
Since PQ(})A: Qﬁ( 1) =1, implies that the pair (Ap Q) is weakly compatible and
ST(1) = TS(1) = 1, implies that the pair (5, T) is weakly compatible. Hence

(2.1)-(2.3) satisfied.
Now, we check condition (2.4). For this we have two cases:
Case 1. r € M — {3}, s e RT. It is easy to see that

d*(Tr,Ss) Ay (r,s)
/ E(t)dt < B (r, ) / ()]
0 0

Case 2.r = %, clearly

d*(Tr,Ss) %
/0 car = [ ey

IN
™
ISH
*
—~
>
Vo)
~—
Iy
—~
~+
~—
IS
~+

)
< B [ dnar

Hence, (2.4) holds. Also, lim, o0 Ppn = lim +(2HL) + 2=1

n——+o0o 3 1
And lim,, Tun =1. o
Hence lim,,_, o0 Ppn = lim,, o T, implies that (P,T) satisfies the E.A. prop-
erty.
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Also, we can easily see that lim,, Q,un = lim, ., S iy, = 1 which shows that
the pair (Q, S ) satisfies the E.A. property.

lim,, | o Pun =1lim,, 0 T,un =1= ]5(1) implies that (P, T) satisfies the (CLRp)
property.

Also, we can easily see that lim,,_, | o Qun = lim,, | oo S = 1= Q(l) which shows
that the pair (Q, S”) satisfies the (CLR) property.

Hence all the conditions of Theorems 2.1, 2.2 and 2.3 are satisfied. Hence f’, Q, S
and T have a unique common fixed point. Here, 1 is the common fixed point.
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