South Fast Asian J. of Mathematics and Mathematical Sciences
Vol. 19, No. 1 (2023), pp. 121-13/

DOI: 10.56827/SEAJMMS.2023.1901.11 ISSN (Online): 2582-0850
ISSN (Print): 0972-7752

GENERALIZED FIXED POINT RESULT OF BANACH AND
KANNAN TYPE IN S-MENGER SPACES

Krishna Kanta Sarkar, Krishnapada Das* and Abhijit Pramanik**

The Park Institution, Shambazar,
Kolkata - 700004, West Bengal, INDIA

E-mail : krishnakantal505@gmail.com

*Department of Mathematics,
Sarojini Naidu College for Women,
Dum Dum, Kolkata - 700028, West Bengal, INDIA

E-mail : kestapm@yahoo.co.in

**Department of Basic Science, MCKVIE,
Liluah, Howrah - 711204, West Bengal, INDIA

E-mail : abhijit_pramanik@yahoo.co.in
(Received: Dec. 17, 2021 Accepted: Apr. 27, 2023 Published: Apr. 30, 2023)

Abstract: S-metric space is a relatively new concept in the literature and currently
there is much attention being given to the generalization of S-metric spaces and
fixed point theory in these spaces. Recently, the concept of S-Menger spaces was
introduced in the literature as a generalization of both S-metric spaces and Menger
spaces. Combinations of Banach and Kannan type contractions are very much
important to find fixed point results and there are very few works on S-metric
spaces that includes both of these type contractions. In this paper, we present a
fixed point result in S-Menger spaces that includes both Banach type contractions
and Kannan type contractions. We have also deduced some corollaries from our
result and provided examples to validate our work.
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1. Introduction

The study of fixed point result originated in the literature due to Banach [3] for
contractive type mappings. Since then, the theory has been extended in various
directions. Some researchers have generalized contractive conditions, while the
others have focused on the underlying space for the improvement of the theory. [6,
8, 12, 15, 27] and [28] are some examples of generalization of the space. In [11]
Kannan introduced another type of contraction, commonly known as Kannan type
contraction, which has also been an area of active research in fixed point theory.

Recently D*-metric spaces [28] had been used as a generalization of D-metric
spaces [6]. Mustafa and Sims [15] proposed a generalization of metric spaces which
is known as G-metric spaces. In [27] Sedghi et al. introduced the notion of S-metric
spaces as a generalized version of both G-metric spaces and D*-metric spaces. Some
of the recent works dealing with these spaces may be noted in [1, 4, 7, 9, 13, 16,
17, 19, 20, 21, 25, 26, 29] and [31].

Probabilistic generalization of metric spaces was proposed by K. Menger [12]
in 1942 which was further extended by Schweizer and Sklar [23]. With the help of
t-norm this spaces was further extended to Menger spaces. A comprehensive study
of this spaces may be noted in [10] and [24]. The generalization of this space and
the study of fixed points in this space continue to be an active area of research.
Some recent references may be noted in [2, 14, 18].

Recently, in [22] S-Menger spaces were introduced as a probabilistic general-
ization of S-metric spaces by the present authors. Some basic properties of these
spaces were discussed and a fixed point theorem was proved in that paper. In the
present paper we have proved a fixed point result using combinations of Banach and
Kannan type contraction in S-Menger spaces with the help of U-function. Some
corollaries has been deduced and examples are provided in support of our result.

2. Definitions and Mathematical Preliminaries
In this section, we have provided some preliminary definitions and lemmas along
with some examples that are necessary for our main theorem.

Definition 2.1. S-metric Space [27]
Let X be a nonempty set. An S-metric on X is a function S : X® — [0,00) that
satisfies the following conditions, for each x,y,z,a € X,

(1) S(x,y,2) 20,

(ii)  S(z,y,z) =0 if and only if x =y = z,
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i) S(x.y.7) < S(z,x.a) + S(,y.0) + S(z. 2.0).
The pair (X, S) is called an S-metric space.

Definition 2.2. [10, 24] A mapping F : R — R* s called a distribution function
if it is non-decreasing and left continuous with %nlgF(t) =0 and sup F(t) = 1,
€ teR

where R is the set of real numbers and R denotes the set of non-negative real
numbers.

Definition 2.3. t-norm [10, 24]

A t-norm is a function T : [0,1] x [0,1] — [0,1] which satisfies the following

conditions
(1) T(
(i) T(
(i) T(c,d) > T(a,b) whenever ¢ > a and d > b,
(i) T(T(a,b),c) =T(a,T(b,c)).

Definition 2.4. n-th order t-norm [30]
A mapping T : [0, 1] — [0, 1] is called n-th order t-norm if the following conditions
are satisfied:

(i) 7(0,0,0,..,0,)=0,T(a,1,1,.....1) = a, for all a € [0,1],

(i) T(ai,az,as,...... La,) = T(ag, a1, as, ...... La,) = T(ag,as,ay, ...... , Q)

(i) a; > b0 =1,2,3....,n implies T'(ay, az, ag, ...... ,ap) > T'(by, b, b, ...... ,bn)

(Z’U) T(T(al,ag,ag, ...... ,an),bg,bg, ...... >bn)
= T(al,T(ag,ag, ...... ,an,bQ),bg, ...... 7bn)
:T(al,az,T(CLg,CM ...... ,an,bz,b3>,b4 ..... >bn>

When n = 2,3 then we have binary t-norm and 3-rd order t-norm respectively.

Definition 2.5. Menger space [10, 24|

A Menger space is a triplet (X, F, A) where X is a non empty set, F is a function
defined on X x X to the set of distribution functions and A is a t-norm, such that
the following are satisfied:
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(1)  F,,(0)=0 foralzyecX,
(1))  Fyy(s)=1 foralls >0 and x,y € X if and only if x =y,
(1))  Fypy(s)=F,.(s) forallz,y € X,s >0 and
()  Fpy(ut+v)> A(F,.(u), F,,)) for allu,v >0 and z,y,z € X.

Now we go through the definition of S-Menger space, which was introduced by
the present authors in [22].

Definition 2.6. S-Menger space [22]

The 3-tuple (X, F,T) is said to be S-Menger space if X is a non-empty set, F' is a
functions defined on X3 to the set of distribution function and T is a continuous
third order t-norm such that the following conditions are satisfied:

(1)  Fpy.(0)=0 foralzyzeX,
(i)  Fpnu(t) <1 fort>0 withx #vy,
(i)  Fy,.(t) =1 forallt >0, if and only if x =y = 2,

(M)) Fm,y,z (t) 2 T(Fz,:p,a(tl)a Fy,y,a(t2)7 Fz,z,a<t3));
where t =ty +to +t3 and t,ty,to,t3 >0, for all x,y,z,a € X.

Example 2.7. Let X = {x1, 29, 23,24}, T(a,b,¢)= min {a,b,c}, that is T is the
3rd order minimum ¢-norm and F, , ,(t) be defined as,

0, if t<0,
(a) Fiy o203 (t) = Foy o103 (t) = sz,m,xl(t) = F:m,xz,xl(t) = 0.65, it 0 <t<5,
1, if t>5.

(b) F$1,$2,$4 (t) = F1’27I17$4 (t) = F$1,$4,$2 (t)

0, if ¢t<0,
0.60, if0<t<5,
1, it ¢t>05.

= Fx4,w1,:fc2 (t) = Fws,:m,:vz (t) = :v4 z3, :vz

1, if t>5.
0, if ¢t<0,
0.75, if 0 <t<5,
1, if t>5.

0, if t<0
(C) Fm,xs,xz (t> = ng,m,xz (t) = F:cz,:rg,:m (t) = :1:3 x2, :r4 0.55, if 0 <t<5,
(d) Fz1,z3,x4 (t) = Fx3,x1,x4 (t) = Fx1,x4,x3 (t) = a:4 x1 5173 {
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0, if ¢t <0,
(e) Fz27z3711 (t) - Fl"3,&?2,1?1 (t) - sz,m,xs (t) - Fw4,w2,$3 (t) - 0.70, if 0<t< 9,
1, if ¢t>05.

0, it t<0,
0.80, if 0 <t<5,
1 if t>5.
0, it ¢t<0,
0.50, if 0 <t<5,
1, if t>5.

(f) Fxs,u,m(t) - :04 x3, :01
(g) Foiar o (t) = Fip 2, :r:1

0, if t<0,
(h> le,xl,xs (t) = x3 x3, gcl 0-55, if 0<t < 2,

1, if > 2.

0, if t<o0,
(i) Fm1,z1,z4(t> = Fyy o, xl 0.70, if 0<t<4,

1, if t> 4.

0, if ¢<0,
(3) Frpwows(t) = Frg zg.z0( 0.50, if 0<t<7,

1, if t>7.

0, if t<o,
(K) Foyzpa(t) = Foy 2y o 0.50, if 0<t<6,

1, if ¢>6.

0, if t<o0,
(1) Fzs,zg,u(t) = Fyyna, 25 (1) = 0.55, if 0<t<3,

1, if t> 3.

For any z,y € X we see that F, . ,(t) = F,,.(t) < 1, where z #y. If v =y
then F, . .(t) = 1forall x € X,t > 0. We can verified that (X, F,T') is a S-Menger
space.

Some more examples of S-Menger space :
Example 2.8. Let X =R, F,, .(t) be defined as

Foys(t) = my=aimar
for all z,y,2 € X, t > 0 and A = 3" order minimum ¢-norm. Then (X, F, A) is
an S-Menger space.

Example 2.9. Let X =R" and ||.|| a norm on X, F, , .(t) be defined as

t
Foy:(t) = o=
for all z,y,2z € X, ¢t > 0 and A = 3" order minimum ¢-norm. Then (X, F,A) is
an S-Menger space.
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Definition 2.10. Let (X, F,T) be an S-Menger space. A sequence {x,} C X is
satd to be converge to some point x € X if given € > 0, A > 0 we find a positive
integer N x such that for all n > N,

Foponale) >1— A (2.1)

Definition 2.11. Let (X, F,T) be an S-Menger space. A sequence {x,} is said to
be Cauchy sequence if F), (t) > 1 asn — oo forp=1,2,3.... for eacht > 0.

ny,Tn,Tntp

Definition 2.12. Let (X, F,T) be an S-Menger space. A sequence {x,} is said to
be G-Cauchy sequence in X if given € > 0, X > 0 there exists a positive integer Ne »
such that

Fopanam(€) >1—X, forall m,n > N,,. (2.2)

Definition 2.13. An S-Menger space (X, F,T) is said to be complete if every
Cauchy sequence is convergent in X.

We now propose some lemmas in S-Menger spaces which will be needed for our
main theorem.

Lemma 2.14. In every S-Menger space (X, F,T), where T is a continuous third
order t-norm we have Fy ,,(t) = F,, .(t) for x,y € X and for all t > 0.
Proof. From definition of S-Menger space we can write, for all ¢ > 0 and z,y € X.
F"va)y (t) Z T<Fl'7xux(€)7 Fx7$7$<6>7 Fy,y,iﬂ (t - 26))
=T(1,1,F,,.(t — 2¢€)).
Taking limit € — 0, we have,
Fry () = T(L 1, Fy (1),

Similarly we can prove,
Fyya(t) = Foay(t)). (2.4)

From the relations (2.3) and (2.4) we can write,
Therefore, F, ,,(t) = F,,.(t), for all t > 0 and =,y € X.

Lemma 2.15. Let (X, F,T) be an S-Menger space where T is a continuous third
order t-norm. If the sequence {z,} in X converges to x, then {z,} is a Cauchy
sequence.

Proof. Since lim z,, = z, then for each A € (0, 1) there exist ng € N, for all t > 0

n—oo

and n,m =n+ p > ng € N where p is the positive integer, such that,
Fopanz(t)>1—A

and
Fo o a(t) >1 =\

Using triangular inequality we have,
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B tnm (1) 2 T (Fap 22 (€)s Fip 0 (€)s Fip i (t — 26)).
Taking limit € — 0 and n — oo we get,
Fop oz am(t) = 1.
Therefore, {z,,} is a Cauchy sequence.

Lemma 2.16. Let (X, F,T) be an S-Menger space and T' is continuous third or-
der t-norm. If t is a continuity point of F, . ,(.) and sequence {x,} and {y,} are
sequences in X, converging to x,y (respectively) then,

Hm Fy, g0 yn(t) = Fupy(t).

n—oo

Proof. Let z,y € X, t > 0 continuity point of F,,,(.) and {z,},{y.} are se-
quences in X, converging to x,y (respectively). Then for every 0 < € < i, we can
write,
Fanonn®) = T(Fay s 2(€), Fap (€. Byt = 26)),
> T(Frp0n,0(€)s Fropana(€), T(Fyyyny(€), Fypyny(€), Foay(t — 4€))).
For n — oo we obtain,
im F,, 4, 0.(0) > T(1,1,T(1,1, F, . (t —4€))) > Fy ., (t — 4e). (2.5)

n—oo
Again we have,

Fw,z,y(t + 4e) > T<Fz,x,wn (e), Frzzn (€), Fyyan (t + 2¢)),

> T(Fw,x,arn (e), z,7, . (6), T(Fy,%yn(e)v Fy,y,yn(e)a Fonyn ().
For n — oo we can write,

Frooy(t+4e) >T(1,1,7(1,1, lim F,, 4, ,,.(8))) > lm F, .. .. (1). (2.6)
n—oo

n—o0
From the relations (2.5) and (2.6) we have,
Fopyt—4e) < lim F, o 0 (8) < Fypy(t+ 4e).
n—oo

Since t is a continuity point of F ,,(.), the result follows.

Lemma 2.17. The limit of convergent sequence in an S-Menger space (X, F,T),
where T 1s a continuous third order t-norm, is unique.
Proof. Let the sequence {x,} converges to z and y in the S-Menger space
(X, FT).
Therefore, for all t > 0,

lim Fa},z,xn (t) = ]-7

n—oo
and

nlgrolo Fy,y,xn (t) =1
Now for every ty,to,t3,t > 0 with t = t; + t5 + t3 we have, as n — oo,
Frvu, (t1) =1
Fx,r,zn (tg) — 1
Fy,y,xn (tg) — 1.
The conclusion follows from the definition of S-Menger space that is,
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Fw,w,y (t) = Fx,x,y(tl +t2+ t3> > T(Fw,z,azn (tl)’ F:c,x,wn (t2)7 Fy,y,xn (t3>>-
Taking limit n — oo, we have from above inequality,
Fppy(t)>T(1,1,1) = 1.
Therefore, x = y, hence the proof of the lemma is completed.

Lemma 2.18. Let (X, F,T) be an S-Menger space with continuous third order
t-norm T'. Then F,,,(t) is non-decreasing with respect to t, for all v,y € X.
Proof. From the definition of S-Menger space we can write,

Fl‘@»y(t) > T(Fx,x,a(tl)v Fx,x,a(t2)> Fy,y,a(tB))a
where t,t1,t5,t3 > 0 with t =t + 13 + 13, and z,y,a € X.
If we take a = x, then we get from the inequality,

Fz,a:,y (t) Z T(-Fz,m,m (tl), Fm,m,r (t2)7 Fy,y,ﬂ:(t?:))a

Fx:x»y(t) = T<1? L, Fy:y,z(ti’»))-
S0, Fyuy(t) > F,,(ts), [Where t > t5]
Therefore, F' is non-decreasing with respect to ¢ > 0 .
We now give the definition of W-functions. This type of functions will be used in
our result.

Definition 2.19. V-function [5]
A function ¢ : [0,1]* — [0, 1] is said to be a W-function if

(i) ¥(0,0,0,0) =0, and ¥(1,1,1,1) = 1
(ii) 1 -is monotone increasing and continuous,
(iii) Y(z,z,xz,2) >z forall 0<z <1.

An example of this type of WU-function is

JEL+b/Tate/Tz+dy/ "
(1, Ty, T3, 1) = NS where a, b, ¢ and d are positive real numbers.

3. Main Results
We now present our main theorem, which utilizes the W-function.

Theorem 3.1. Let (X, F,T) be a complete S-Menger space where T is minimum
third ordered t-norm and f : X — X be a mapping satisfying the following condi-
tions:
there are k € (0,1) and ¢ € ¥, such that,

Fio py,5:(t) 2 ¢(Fwyz(%)a Fm,x,fﬂﬂ(%)u Fyﬂu,fy(%)a Fzsz(%)) (3.1)
forall x,y,z € X,t >0 and

Fypp:(t) >0,V2,z € X and for all t > 0.

Then f has a unique fixed point.
Proof. Let xy be any arbitrary point in X. Now we define the sequence {z,} in X
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by x, = fx,_1, n € N, where N is the set of natural numbers. We are supposing
Tn # Tn_1,Yn € N, otherwise existence of a fixed point is obvious.
Taking, * = 2,1,y = x,_1 and z = z,, we can write from (3.1),
Ffmnflyfxnftlvfxn( ) > ¢( Tn—1,Tn— lvxn(]i) Fwnflvxnflvfxnfl(%)7Fxnflaznflvfxnfl(£)7
Fxnyxnvfxn(E))7
So,
F$n7mn7xn+1( ) > ,l/}( Tn—1,Tn— 17xn(]i) Fxnflvl'nflvl’n(é) Tn—1,n— 1737n(]i) Fxnyxn7$n+l(%))'(3’2)
We claim that, F, ., %H( ) > Fup e xn(%), for all t > 0 and n>1.
If not, let for some t; >0, n > 1 Fxmxmxnﬂ(i) # 1 and
Fwnywn:xn+1< ) < an 1,Ln— 1:93n(t];)'
Then we can write from (3.2),

F17n7$n7$n+1 (tl) > ¢( $n7$n7$n+l (%) F33n717n7$n+1 (t];> F$n7$n7$n+1 (tkl> an7mn1x’ﬂ+1 (%)
> Foananss (2) [ by the properties of ¢ function)].

~

> Fy. wnania (t1), which is a contradiction, as 0 < k < 1.
Therefore, for all t > 0 and n>1,
Fxnyxnyxn+l( ) > Fxn 1,Tn— 1yxn(%)' (33)

Now for ¢ > 0, using (3.3) in (3.2) we can get,

Fxnyfﬂn,fﬂnJrl( ) > ¢( Tn—1,Tn— 1,xn(£t)7 Tn—1,Tn— 1,xn(£>7anfl,mnfl,mn(£>7anfl,mnfl,xn(é))'
7))
ity we can get, for all £ > 0,

> F-Tnflaxnfhmn ( k

By repeated use of above inequalit;
Fl‘n71‘n7$n+1 (t> Z (Fl'nflaxnflaxn(i)

> (F.

Tn—2,Tn—2,Tn—1 ( k2 )

> (Fagwo: (77)- (3.4)
Now for ¢t > 0 and n — oo we have from (3.4),
Jim. Fpamanir (t) = 1. (3.5)

We now claim that {z,} is a Cauchy sequence. If not then there exists ¢ > 0, A\ > 0
and subsequences {@y,y} and {z,y} such that n(r) > m(r) > r with » > Ny |
where Nj is a positive integer|, we have

F (€) <1— A (3.6)

T (r) s Tm(r)Tn(r)

Tonry Tonry By 1 (€) = 1 — A (3.7)
From (3.6) we can write,
1 )\ > Fxm(r)vxm(r)vxn(r)( ) fom('r) 1»fxm('r) 17fxn('r) 1(6)
€
> w(me(r)—lazm(r) 1 n(’l‘) 1€k 9 m(’r)—l» m(T)—l: m(z) E 9

Tm(r)—1Tm(r)—1:Tm(r) K/ Tn(r)—1:Tn(r)—1:Tn(r) K/ <38)
By (3.5) for 0 < Ay < A < 1, it is possible to find a positive integer Ny such that

for all r > N,
F,

(E
Tm(r)—1Tm(r)—1Tm(r) \ k

)>1=A (3.9)
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F$n(r)—17$n(r)—1a$n(r)(%) Z 1- >\1' (310)
As 0 < k < 1, we have ; > ¢ and make a choice of positive numbers f; and 3,
such that £>e+ B+ P
Now,
Fxm(r)fhxm('r)flaxn(r)fl (%) Z Fxm(7)717$m(r),1,xn<r) 1 (51 + /82 + 6)
2 T(Fxm(r)*hxm(r)*l’xm“ (B ) Tm(r)—1Tm(r)—1>Tm(r) (/82>

1

T (r)—1>Tn(r)—1>Lm(r) (€))
= T(Fx (ﬁl) T (r)— 1T (r)—1:Tm(r) (ﬁ2)

(1) T () T () —1 \€ ) (3 11)

Let 0 < Ay < A < 1 be chosen. Then by (3.5) there exists a positive integer N3

such that for all r > N3,

m(r)—1:Tm(r)—1>Tm(r)

Fxm(r)flza:m('r)—lvzm(r) (ﬂl) Z 1 - >\2' (312>
Tm(r)—1Tm(r)—1>Tm(r) /82) Z 1 - )\2 (313)
Using (3.7), (3.12) and (3.13) in (3.11) for all » > max {Ny, Ny, N3},
Fxm(r)flvxm(r)flaxn(r)—l(i) 2 T(l - )\27 1 - )\27 1 - )\)
As 0 < Xy <A< 1andT is min. t-norm, we have,
TG—A%L—&J—A)_l—A
F Tm(r)—1Tm(r)—1>Tn(r)— 1(%) (314)

Using (3.9), (3.10) and (3.14) in
1-A>F,

(3.8) we get
> (1= A1 = A1 — ALl —A),
>P(1—=A1—=X\1=X1-=X)[since 0 < A\ < A < 1],
> 1 — X [by the properties of ]

Tm(r)sTm(r), zn(?")( )

which is a contradiction.
Hence {z,} is a Cauchy sequence.

Since (X, F,T) be a complete S-Menger space, so lim x, = u for some u € X.
n—oo

We now show that fu = u.

First we show that F,, , r,(t) = 1 for every continuity point ¢ > 0 of Fy, , fu(.).
Indeed, let us suppose that for some continuity point ¢t > 0 of F,, , f.(.) we have,
Fyufu(t) < 1. Then 0 < F,, f,(t) < 1. Putting © = z,,y = =, and z = w in
inequality (3.1) we can write,

Fan fan,pult) 2 9( xnxnu( )s Fonanfon (£)s Fonan fon(£): Fupu(3)),
an+1,xn+1,fu( ) 2 V(Fep u(k) Fwn,xn,xnﬂ(%)’ Fxn,xn,xnﬂ(%)v Fu,u,fit(%))'
Limiting n — oo both the side of the above inequality we get,
Fuaesalt) 2 6(Funald): Fans(5): Faal ). Fususal£)
Fual®) > 01,11, Fy ()
> Y zLufu( ), fﬂtufu(t) Fuufu(), Fusu(f))
> Fua fu( ) [by the properties of 1]
> Fuupult ) which is a contradiction, as 0 < k£ < 1.
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Hence, F, ,, fu(t) = 1 for every continuity point ¢ > 0 of F,, .(.). As the set
of discontinuity points of F, ., r, is at most countable, the equality F, , r,(t) = 1
actually holds for all ¢ > 0. This implies fu = u.

For uniqueness, if possible let u and v be two distinct fixed points of f.
Then F, ,»(t) < 1 for some t > 0, and
Fu,u,v (t) Ffu fu,fo <t>
( v(%)a 17 17 1)
( uuv(%) uuv( ) Fuuv(;i) Fu,u,v(%))
> Fu up(%) [by the properties of ¢
> Fu,uﬂ,( ) again we arrived at a contradiction, as 0 < k < 1.
Therefore, v = u. By this proof of the theorem is completed.

%) i f
); Fuul

From theorem 3.1. we get the following corollaries.

Corollary 3.2. Let (X,S,T) be a complete S-Menger space where T is minimum
third ordered t-norm and f : X — X be a self mapping satisfying the following

conditions :
there is k € (0,1) such that,
fo,f:v,fy( ) = w( ccxy( ) Fx,z,fx(%)v F%%fl/(i)) (3-15)
for all x,y € X, t >0, where ¥ is a V-function and
Fx,zﬁfy(t) > 0,Vz,y € X and for allt > 0.
Then f has a unique fixed point.

Corollary 3.3. Let (X,S,T) be a complete S-Menger space where T is minimum
third ordered t-norm and f : X — X be a self mapping satisfying the following

conditions :
there is k € (0,1) such that,

Ffw,fx,fy() U( x:vy( ), Fy@d‘y(%)) (3.16)
forall z,y € X,t >0, where ¢ is a V-function and

Fyzry(t) > 0,Va,y € X and for all t > 0.
Then f has a unique fixed point.

Now we give some examples which validate Theorem 3.1.

Example 3.4. Let X =[0,1], F be defined as F, , ,(t)=e" where
all z,y,2 € X, t > 0, T(a,b,c) =min {a,b,c} then (X, F,T) is a complete S-
Menger space. Let us take the self mapping f : X — X, defined by fr = %.

. 1 1
Then taking 2 < k < 1 and ¢(21, 22, 23, 4) = mm{xl’””f"’ﬂ @) £ satisfies all
the conditions of Theorem: 3.1 and we have z = 0 is the unique fixed point of f.

lz—yl+|y—z|+]z—x|
t
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_lz=zl+ly—=|
t

Example 3.5. Let X =[0,1], F be defined as F}, , .(t)=e where all
z,y,z € X, t>0,T(a,b,c) =min {a,b,c} then (X, F,T) is a complete S-Menger

space. Let us take the self mapping f : X — X, defined by fr = 3. Then

) 1 1
taking % < k <1 and ¢(x1, 29,73, 24) = mm{xl’“}*;x?’)“(“)l, f satisfies all the

conditions of Theorem: 3.1 and we have x = 0 is the unique fixed point of f.

4. Conclusion

S-Metric spaces and their extension, S-Menger spaces are relatively new con-
cepts, which were introduced by the present authors. In this study, we have proved
a fixed point theorem in S-Menger spaces, which extends and generalizes some ex-
isting fixed point results in the literature. Our result can also be applied to other
spaces such as b-metric spaces, intuitionistic fuzzy metric spaces, Menger spaces,
as well as non-linear programming and game theory. We have used the minimum
t-norm to establish our result and it leads us to further investigate which types of
t-norms can replace the minimum ¢-norm in our main theorem. This theorem is
also an example of the use of W-function in finding fixed point results.
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