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Abstract: In this paper we have generalized the extended interpolative Ciric-
Reich-Rus type ¢ F-contraction given in [22] by introducing extended interpolative
Ciric-Reich-Rus type («, 5,7F) of type-I and type-II contractions. Using these
type contractions we have established some unique fixed point results in S-complete
Hausdorff uniform spaces. We have discussed about some basic definitions, proper-
ties, lemmas and theorems on uniform spaces in the introduction and preliminary
sections. Some corollaries and examples are also given on the basis of the results.
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1. Introduction

Fixed point theorem is one of the most important and powerful tool in modern
Mathematics specially in Functional Analysis. In 1922, Stefan Banach established
a contraction, which is well-known as Banach Contraction Principle (BCP) after
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the name of S. Banach. Since then many authors have been generalizing this
contraction in many direction on different type spaces and establishing fixed point
results.

Later in 1968, R. Kannan [12] gave a generalization of Banach contraction
principle and made a contraction, which is popularly known as Kannan fixed point
theorem. Later in 2012, Wardowski [30] introduced F-contraction on a special
type of functions F' : (0,00) — R, and then established and proved a fixed point
theorems on a complete metric space. One of the most powerful and interesting
generalization of Banach’s contraction is F'-contraction. Since then F'-contraction
has been generalizing and extending in various metric spaces. In 2014, Consentino
and Vetro [8] introduced F-contraction of Hardy-Roger’s type and proved a fixed
point theorem in complete metric space.

In 2016, Nicolae-Adrian Secelean et al. [27] introduced a larger type of F-
contraction called v F-contraction.

After then in 2018, Karapinar et al. [16] introduced a new type of contractive
mapping via interpolation, called Interpolative Kannan Contraction on a metric
space and then established a fixed point theorem, which is given below:

A self-mapping J on a metric space (Y, d) is called Interpolative Kannan con-
traction if the following hold:

d(J€, Jn) < Lld(&, JO)"[d(n, Jm)]'™", ¥ & eY;

where, L € [0,1) and a € (0,1), with & # 7.

If J is an Interpolative Kannan contraction on a complete metric space (Y, d),
then it has a fixed point in Y.

Later Karapinar et al. [14] initiated the Ciric-Reich-Rus type contraction, which
is stated below:

A self-mapping J on a metric space (Y, d) is called Interpolative Ciric-Reich-Rus
type contraction if the following hold:

d(JE, Jn) < L[d(E n)]*.d(&, JOI . [d(n, Jn)] 7", VEneY;

where, L €[0,1) and a,b € (0,1), with & # 1.

In 2019, Mohammadi et al. [20] have extended the result of Karapinar [16]
by using F-contraction, namely extended interpolative Ciric-Reich-Rus type F-
contraction and established a fixed point result, which is stated in the preliminary
section.

In 2012, Samet et al. [24] introduced the notions of a-admissible and a-y
contractive mappings and established fixed point result on complete metric space.



Fized Point Result for a Class of Extended Interpolative ... 105

Also in 2018, Ali et al. [3] established fixed point results on S-complete Haus-
dorff uniform space in («, F))-contractive mappings. In 2021, Karapinar et al. [15]
established («, 3,1, ¢) contractions and established fixed point result on this con-
tractions in complete metric space. Also in 2021, Panja et al. [22] have introduced
extended interpolative Ciric-Reich-Rus type 1 F-contraction and established fixed
point result on b-metric space.

Our result is the extension of the results of Panja et al. [22] on S-complete
Hausdorff uniform space.

2. Preliminaries

From the references {[3], [21], [2]}, we define the following space as:

Let Y be a non-empty set. A non-empty family ( of subsets of Y x Y is called
the uniform structure on Y if it satisfies the following properties:

y1) if U € ¢, then U contains the diagonal {(£,¢)|€ € Y};

yo) if U € ( and V is a subset of Y x Y that contains U, then V € (;

(1)
(2)
(y3) it U,V € (, then UNV € ¢
(4)

ys) if U € (, then there exists V' € ( such that whenever (¢,7) and (n,0) are in
V', then (§,0) is in U;

(ys) if U € ¢, then {(n,&)|(&,m) € U} is also in (.

The pair (Y, () is called a Uniform Space and the element of ( is called entourage
or neighbourhood or surrounding. The pair (Y, () is called a quasi-uniform space
if the condition (y5) does not hold.

Let A = {(n,n)|n € Y} be the diagonal of a non-empty set Y. For G, H €
Y x Y, we use the following: GoH = {({,n)| there exists ¢ € Y : ({,0) €
H and (0,n) € G} and G™' = {(,,n) : (n,€) € G}. For a subset G € (, a pair of
points &, n are said to be G-closed if ({,7) € G and (n,§) € G.

Definition 2.1. [3] A sequence {u,} C Y is called a Cauchy sequence for ¢ if for
any G € (, there exists N € N such that for all n,m > N, p, and p,, are G-closed.

Note. For a Uniform space (Y, (), there is a unique topology 7({) on Y generated
by G(&) ={o € Y|(& o) € G}, where G € (.

Definition 2.2. [22] A uniform space (Y, () is called Hausdorff if
NG = A, forallG € C i.e., if (§,m) € G forall G e, implies &=n.

Definition 2.3. {[3], [21]} Let (Y, () be a uniform space. A functionp:Y XY —
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R* is said to be a A-distance if for any G € (, there exists § > 0 such that if
p(0,&) <0 and p(o,n) < 6 hold for some o € Y, then (&,1n) € G.

Definition 2.4. {[3], [2]} Let (Y, () be a uniform space. A functionp : Y xY — R*
18 said to be a E-distance if following conditions are satisfied:

(e1) p is an A-distance; (e2) p(€,0) < p(&,n) +p(n,0), VEn,o€Y.

Definition 2.5. [6] Let Y be a non-empty set and J:Y —Y and o, :Y XY —
[0,00) be functions. Then J is called (o, B)- admissible mapping if «(§,n) > 1 and
B(&,n) > 1 implies a(JE, Jn) > 1 and B(JE, Jn) > 1; forall{,neY.
Definition 2.6. {[3], [27|} A class of functions I is given by

I'={y:R — R such that (i) v is monotone increasing, (ii) ~"(t) — —oc as

n — oo,
Vt € R;  where 4™ denotes the n-th composition of .}

Lemma 2.1. [22] Ify €', then~(t) <t, forallteR.

Lemma 2.2. {[3], [2]} Let (Y,() be a Hausdorff uniform space and p is an A-
distance on'Y . Let {&,}, {nn} be two sequences inY and {x,},{y,} be two sequence
in [0,00) converging to 0. Then for £, n,0 € Y the following results hold:

(p1) If p(&n,m) <z, and p(&n, 0) < Yp, for alln € N, then n = o. In particular,
i p(En) = 0 and p(é,0) = 0, then 1 = 0.

(12) P(Ens 1) < T and p(€n, @) < Y, for alln € N, then {5} converges to o

(ps) If p(&ny&m) < @y, for alln,m € N with m > n, then {£,} is a Cauchy sequence
in (Y, Q).

Definition 2.7. [3] Let (Y,() be a uniform space and p-be an A-distance. A se-
quence {1, } in the uniform space (Y, () with an A-distance is said to be p-Cauchy if
for every e > 0, there exists N € N such that for alln,m > N, implies p(pn, fim) <
€.

Definition 2.8. {[3], [2]} Let (Y, () be a uniform space and p is an A-distance on
Y. Then

(s1) Y is called S-complete if for each p-Cauchy sequence {u,} C Y, there exists
€Y such that lim p(p,, ) = 0.
n—oo

(s2) Y is called p-Cauchy complete if for each p-Cauchy sequence {u,} CY, there
is €Y such that im p, = p with respect to 7(¢), where 7(¢) is the unique

n—oo

topology generated by G(§) = {o € Y|(§,0) € G}, G € (.
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Definition 2.9. {[3],[30]} A function F : (0,00) — R is said to be F-contraction
iof it satisfies the following conditions:

(f1) F is strictly increasing;

(f2) For every sequence {t,} C (0,00), lim ¢, =0 < lim F(t,) = —oc.
n—o0

n—o0

(f3) There exists a constant | € (0,1) such that t'F(t) — 0, when t — 07.

Note. T denotes the class of all such F-contraction functions defined as above.

Example 2.1. [22] Let F': (0,00 — R) be defined by

(i) F(z) = —=x,0 <n < 1; (i) F(z) =z + Inz;
(iii) F(z) = Inz; (iv) F(z) = In(z + 2?).

These are some examples of F-contractions functions.

Definition 2.10. [4] Let (Y,d) be a metric space. A mapping J : Y — Y is called
an F-contraction of Hardy-Rogers-type if there exists F € T and 7 > 0 such that
P F(A(JE, Jn)) < F(Lad(€, 1)+ Lod(€, JE)+ Lad(n, Ju) + Lud(€, Jn)+ Lad(n, JE)),
forall&,n €Y withd(JE, Jn) > 0, where Ly, Ly, L3, Ly, Ls > 0, L1+ Lo+ L3+2L4 =
1 and Ly # 1.

Definition 2.11. Let (Y,d) be a metric space. We say that a mapping J : Y —
Y is an extended interpolative Ciric-Reich-Rus type F'-contraction if there exist
L1, Ly € (0,1) with Ly + Ly < 1 and F € Y such that

T+ F(d(JS, Jn)) < LiF(d(§n) + Lo F(d(§, JE)) + (1 — Ly — L) F(d(n, Jn)),
Ve, e Y\ Fix(J) with d(JE,Jn) > 0.
Theorem 2.1. [20] An extended interpolative Ciric-Reich-Rus type F-contraction
self mapping on a complete metric space Y admits a fized point in Y .

Definition 2.12. [22] In a b-metric space (Y,d, s) with s > 1, a mapping J : Y —
Y is an extended interpolative Cliric- Reich-Rus type ¥ F -contraction if there exist

F €Y and ¢ € T such that for all §,n € Y\Fix(J) with J # Jn,

F(sd(JE, Jn)) < Liy(F(sd(§,n))) + Latp(F(sd(§, Jn))) + Lsp(F(sd(€, In)));
for some constants Ly, Lo, L3 € [0,1] with 0 < Ly + Lo+ Lg < 1.

Theorem 2.2. [22] Let J : Y — Y an extended interpolative Ciric-Reich-Rus
type ¥ -contraction on a complete b-metric space (Y, d, s). Let wg € Y\Fiz(J) be
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-1

k
such that the series Y |V"(F(sag))|  is convergent, where the constant k € (0,1)
comes from (f3) and ag = d(wo, Twy). Then J admits a fized point in Y.

Definition 2.13. [3] Let (Y,() be a uniform space such that p is an E-distance
onY. A mapping J : Y — Y is said to be an («, F')-contractive mapping if there
exists a function a1 Y XY — [0,00), F' € T and constant 7 > 0 such that

7+ Fal§,mp(JE, Jn) < F(p(n),  YEneY;
whenever, min{a(&,n)p(JE, JIn),p(&,n)} > 0.

Theorem 2.3. [3] Let (Y, () be a S-complete Hausdorff uniform space such that
p is an E-distance on'Y. Let J :Y — Y be an («, F')-contractive mapping which
satisfies the following conditions:

(i) J is a-admissible; (ii) there exists o € Y such that a(&, J&) > 1 and a(J &y, &) >
1;  (ui) J is p-continuous. Then J has a fized point in'Y .

Definition 2.14. Let (Y, () be a uniform space and p is an E-distance on Y. A
mapping J 1Y — Y is said to be an extended interpolative Ciric- Reich-Rus type
(cv, B,vF)- contraction of type-1 if J is («, B)-admissible and if there exist F € T
and v € I' such that the following hold:

a(&, JE)B(n, Jn)F{p(JE, Jn)}
< Li(O{F(p(&m)} + Lo {F (p(&, JE))} + La()v{F (p(n, Jn)) }+

Ly F([(p(&,m)]* (& TN p(n, Jn)]9)}: VEneY; yeTl; Fe ?E; |
2.1

where, L;:[0,00) — [0,1] are continuous, for alli=1,2,3,4;

with Ly(t) + La(t) + La(t) + Ly(t) <1, YVt €[0,00);

and 0<a+b+c<1.
Definition 2.15. Let (Y, () be a uniform space such that p is an E-distance on'Y .
A mapping J 1Y — Y is said to be an extended interpolative Ciric-Reich-Rus type

(o, B,vF)- contraction of type-11 if J is («, §)-admissible and if there exist F' € T
and v € I' such that the following hold:

{F{p(J€, Tn)} + Ly*E&IO50.)

)
< L) F(p(&m)} + Lo F(p(€, JE)} + La(t)y{F(p(n, Jn)) }+

Ly A{F([(p(& )] &, JON [p(n, )]} + Ly VEneY; yel; F ? T;)
2.2
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where, L;:[0,00) — [0,1] are continuous, for all i = 1,2,3,4;
with Ly(t) + La(t) + L3(t) + La(t) < 1, YVt €0,00);
and 0<a+b+c<1; L>1.

3. Main Results

Theorem 3.1. Let (Y, () be an S-complete Hausdorff uniform space with p is an
E-distance on'Y. Let J :Y — 'Y be an extended interpolative Ciric-Reich-Rus type
(e, B,y F)-contraction of type-I1, given in definition 2.14. Let vy € Y \ Fiz(J) be
such that the seriesy - IV"(F(ag))|T is convergent, where the constant | € (0,1)
comes from (f3) and ag = p(vo, Jvg). Then J has a fized point in Y.

Further, if all u,v € Fiz(J) with u # v such that a(u, Ju) > 1, a(v, Jv) > 1 and
Bu, Ju)) > 1, B(v, Jv)) > 1, then fized point of J is unique in 'Y .

Proof. Let vy € Y be such that a(vg, Jvg) > 1 and (v, Jvg) > 1.

Now we can construct a sequence {v,} CY by v, = Jvo = Jv,_1, VneN.
We consider two cases as follows:

Case-I: If v, =v,, for some n € N, then v, is a fixed point of J in Y.
Case-II: Assume v, # v,, for all n € N.

Since J is (a, #)-admissible mapping, so

a(vg, Jug) = a(vg,v1) > 1, a(Jvg, Jur) = a(vy,v2) > 1, a(Juy, Juy) = a(vg, v3) >

1.

Hence by Induction we have, «(vy,,v,11) > 1, ¥V n >0.
Similarly,  S(vp,vns1) > 1, Vn>0.
For the shake of convenience we assume that

Li(t)=L;, Vte[0,00); foralli=1,2,3 4.
Now from (2.1) we have

F{p(vn, vnt1)}

= F{p(Jvn_1, Jvn)}

< a(vp_1, JUu—1)B(Un, JU) F{p(Jvpn_1, JU,)}

< LidF(p(vn-1,va)) } + Loy {F(p(vn-1, Jvn-1))} + Lay{F(p(vn, Jvn)) }+
Loy F([(p(vn—1, 92))* [P(0n-1, TOn-1)) " [(D(vn, Tvn))]}

= Li{F(p(vn—1,va))} + Loy { F(p(vn-1,v0))} + Lsy{ F(p(vn, vns1)) }+

Ly {F ([(p(vn—1,0))*[P(vn—1, va) )] [(P(0n; v 41))]) }
(3.1)
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If p(vn—1,vn) < p(Vn, Upt1), then from (3.1) we have

F{p(vn, vn1)} < (L1 + Lo + L)Y{F (p(vn, vns1))} + Loy {F[p(vn, vas1)* "7}
< (Ly+ Ly + L3 + Ly)v{F(p(vn, vny1))}

< ’}/{F(p(’l)n, Un-i—l))}
< F(p(vn,vny1)), which is a contradiction as ~(t) < t.

Hence
p(vn7 Un-l—l) S p(vn—la Un) (32)
Now from (3.1) and using (3.2) we have

F{p(vn,Vn41)} < (L1 + Lo + Ly + La)y{F(p(vn-1,v4))}
< H{EF(p(vn-1,vn))}
< AH{F(p(vn-2,v01))}
< YHF (p(vn-3,vn-2))}

(3.3)
< y"{F(p(vo,v1))}
— —00 as n — oo.
Hence
lim p(vmvn—&-l) =0. (34)

n—oo

We define a,, := p(vy, vpy1), then a, — 0 as n — oo. Then there exists [ € (0, 1)
such that
a\ F(a,) — 0 as n — oo.

Again using (3.3) we have
a, F(an) < a,7"{F(a0)} < a;,F(ap)

Therefore, by Sandwich Theorem, lim aly"{F(ag)} = 0.
n—oo
So, for € = 1, there exists kg € N such that

1
1

an < [Y"{F(ao)}| , whenever n > k. (3.5)
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Now,

P(Un, Unts) < P(Uny Unt1) + D(Vnt1s Unga) + oo + P(Ungs—1, Ungs)

=0ap + Apy1 + oo + Qpys—1
n+s—1

=D
k=n

n+s—1

<2
k=n

~|

V{F (o)} (3.6)

1
-7
Since the series 757" "y”{F (ag)}| is convergent, so for every s = 1,2,3, ... we

have p(v,, vpes) — 0 as n — 0 and consequently {v,} is a p-Cauchy in Y.
By the completeness of Y, {v,} is convergent so, there exists v € Y such that

lim v, = v.
n—oo

If Ju =w, then v is a fixed point of J in Y.
Assume Jv # v.
Then from (2.1) we have

F{p(vny1, JU)}

= F{p(Ju,, Jv)}

< a(vp, Ju,) B (v, Jv)F{p(Jv,, Jv)}

< Lir{F(p(vn,v))} + Loy { F(p(vn; vag1))} + Lay{F(p(v, Jv)) }+

Lay{F([(p(vn, v))]*[P(vn, vas1))] [0 (v, T0))])}
— —00 as n — oco. [By condition f] (3.7)

Hence lim p(v,,v) =0 ie., p(v,Jv) =0, which gives Jv = v.
n—oo

Hence, v is a fixed point of J in Y.

Uniqueness. Suppose w and z be two fixed points of J in Y such that w # z and
a(w, Jw) > 1,a(z,Jz) > 1 and B(w, Jw) > 1,5(z,Jz) > 1.
Now from (2.1)

F{p(w,z)}

= F{p(Jw, Jz)}

< a(w, Jw)p(z, J2)F{p(Jw, Jz)}

< i F(p(w, 2))} + Loy {F(p(w, Jw))} + Lsy{F (p(z, J2)) } +

Ly F([(p(w, 2)))*[p(w, Jw))[(p(z, J2))])}
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< Lin{ F(p(w, 2))}
< H{EF(p(w,2))}
< F{p(w, z)}, which is a contradiction. (3.8)

Hence w = z. This completes the proof.

Example 3.1. We consider Y = {£ :n € N} U {0};

Also ¢ \ {1}
_ 2 ifEne Y\ {1}
Oé(f,’f]) - { 17 otherwise.
3 ifgnevy\ {1}
B&n) = { 1; otherwise.
F(z)= -7 -1, Yze(0,00); At)=t—3 VteR;
—nl; if )
p(&n) = { : 0'77\ othirfviZe. and J() = VeV,

We consider Ly (t) = 15, La(t) = 0, L3(t) = 0, Ly(t) = 55 and a =1, b =0, ¢ = 0,

then condition (1) holds.
Here, & =0 is the unique fixed point of J in Y.

Corollary 3.1. Let (Y, () be an S-complete Hausdorff uniform space with p is an
E-distance on'Y . Let J:Y —'Y be a function satisfying the following:

a(&, J§)B(n, Jn)F{p(JE, Jn)}

< L F(p(€,m)} + Loy { F(p(€, JE))} + Lav{F(p(n, Jn)) }+

Lyy{F([(p(& m))*[p(&, T [(p(n, Jn))))}y; YV EneY; vel; FeT;
with 0 < L1+ Lo+ L3+ Ly <1;

and 0 <a+b+c<1; (3.9)

such that

(i) J is («, 5)-admissible;

(ii) Let vy € Y \ Fiz(J) be such that the series > -, Iy (F(ao))| T is convergent,
where the constant | € (0,1) comes from (f3) and ay = p(vy, Jvg). Then J has a
fixed point in Y.

Further, if all u,v € Fiz(J) with u # v such that a(u, Ju) > 1, a(v, Jv) > 1 and
Bu, Ju)) > 1, B(v, Jv)) > 1, then fized point of J is unique in Y.

Corollary 3.2. Let (Y, () be an S-complete Hausdorff uniform space with p is an
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E-distance on'Y. Let J:Y —'Y be a function satisfying the following:

F{p(J¢, Jn)}
< Li{F(p(&m)} + Loy { F(p(&, JE))} + Lsy{F(p(n, Jn))}+
Li{ F([(p(&, )] [p(&, IO [(p(n, Jn)))};s VEneY; yel; FeT; (3.10)

with O§L1+L2+L3+L4§1,
and 0<a-+b+c<l1.

Let vy € Y\ Fiz(J) be such that the series Y -, |7"(F(ap)) T is convergent, where
the constant | € (0,1) comes from (fs3) and ay = p(vo, Jvg). Then J has a unique
fixed point in'Y .

Theorem 3.2. Let (Y, () be an S-complete Hausdorff uniform space and p is an
E-distance on'Y. Let J:Y — Y be an extended interpolative Ciric-Reich-Rus type
(o, B,vF)-contraction of type-1I, given in definition 2.15. Let vy € Fiz(J) be
such that the seriesy IV"(F(ag))|T is convergent, where the constant | € (0,1)
comes from (f3) and ag = p(vy, Jvg). Then J has a fized point in'Y.

Further, if all u,v € Fix(J) with u # v such that a(u, Ju) > 1, a(v, Jv) > 1 and
Bu, Ju)) > 1, B(v, Jv)) > 1, then fized point of J is unique in'Y .

Proof. Let vy € Y such that a(vg, Jvg) > 1 and 5(vg, Jvg) > 1.

Now we can construct a sequence {v,} C Y by v, = Jyug = Jv,_1, ¥VneN.

We consider two cases as follows:

Case-I: If v, 1 = v, for some n € N, then v, is a fixed point of J in Y.

Case-II: Assume v, # v,, for all n € N.

Since J is (a, #)-admissible mapping, so

a(vg, Jug) = a(vg,v1) > 1, a(Jvg, Jvr) = a(vy,v2) > 1, a(Jvy, Jug) = a(vg,v3) > 1

Hence by Induction we have, «(vy,v,11) > 1, ¥V n >0.
Similarly, B(Un, Upy1) =1, ¥ n>0.
For the shake of convenience we assume that

Now from (2.2) we have
F{p(vm Un+1>} + L
= F{p(J'Un—ly Jvn)} + L
< {F{p(JUn—l, Jvn)} + L}a(vn—lJvn—l),B(vn,Jvn)
< LIV{F(p(Un—la UN))} + LQV{F@(UN—I’ Jvn—l))} + L3'7{F(p(vm JUn))]""
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Li{ F([(p(vn-1, vu)))*[p(0n=1, JOn-1))]*[(P(vn, Jva))])} + L
= Liy{F(p(vn-1,vn)) } + Loy { F(p(vn_1,v4))} + Lsv{F (p(vn, Vnt1)) }+ (3.11)
Ly {F ([(p(vn—1,02))*[P(0n—1, v [(P(0n, n11))])} + L

If p(vp-1,vn) < p(Vn, Vpt1), then from (3.11) we have

(L1 + Lo + L3)Y{F (p(vn, vni1))} + Lay{F[p(vn, vpi1)* 7T} + L
(L1 + Lo + Ls + La)y{F (p(vn, vnt1))} + L

V{F(p(vm 'Un+1))} + L
F{p(vn,vn4+1)} + L, which is a contradiction as ~(t) < t.

F{p(vn,vn41)} + L

AN CINCIN TN

Hence,
P(Vns Vnt1) < p(Un-1,vp) (3.12)

Now from (3.11) and using (3.12) we have

F{p(vn,vni1)} + L < (L1 + Lo + Ly + L)y { F(p(vn-1,00)) } + L
< HF(p(vp-1,v0))} + L
< AH{F (p(vn—2,001))} + L
< A {F (p(vn-3,vn—2))} + L

(3.13)
< y"{F(p(vo,v1))} + L
Hence from (3.13) we have
F{p(vn,vp:1)} <A™{F(p(vo,v1))}, which — —oc as n — oc.
Therefore,
lim p(vy,, vpy1) = 0. (3.14)

n—oo

We define a,, := p(vp, Upy1), then a,, — 0 as n — oo. Then there exists [ € (0,1)
such that
a\ F(a,) — 0 as n — oo.

Again using (3.12) we have

dl F(an) < ay™{Flag)} < akF(ap)
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Therefore, by Sandwich Theorem, hm al vy {F(ap)} = 0.
So, for € = 1, there exists kg € N such that

1
1

< |[Y"{F(ap)} whenever n > k. (3.15)

)

Now

p(vm Un+8) < p(vm Un—i-l) + p(vn+1> Un+2) +o Tt p<vn+s—17 Un—i—S)
=Qp + Apt1 + oo F Qpys—1
n+s—1

= > (3.16)

n+s—1

<2

~|=

n{F Cl()

~|=

Since the series 775" yn{F(ao)}' is convergent, so for every s = 1,2,3,... we

have p(v,, vpys) = 0 as n — 0 and consequently {v,} is a p-Cauchy in Y.
By the completeness of Y, {v,} is convergent so, there exists v € Y such that

lim v, = v. If Jv =0, then v is a fixed point of J in Y.
n—o0

Assume Jv # v.
Then from (2.2) we have

F{p(vns1,Jv)} + L

= F{p(Jv,, Ju)} + L

< {F{p(Juvy, Jv)} + L}onJon)b.Jv)

< Liv{F(p(vn,v))} + Loy{F (p(vn, vny1))} + Lsy{F(p(v, Jv)) }+

Lay{F([(p(va, 0))]* [P(vn, vas1))) [(p(v, J0))])} + L
— —00 as N — Q.

(3.17)

Hence from (3.17) we have

F{p(vn+1, JU)}
< Li{ F(p(vn, v))} + Loy { F(p(vn, vni1)) } + Lsy{F(p(v, Jv)) }+

Lay{F([(p(vn, )] [p(0n, v [(p (v, J0))]) }

— —00 as N — Q.

(3.18)
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Hence lim p(v,,v) =0i.e., p(v,Jv) =0. Thus  Jv =v.

n—oo
Hence, v is a fixed point of J in Y.

Uniqueness. Suppose w and z be two fixed points of J in Y such that w # z and
a(w, Jw) > 1,a(z,Jz) > 1 and f(w, Jw) > 1,5(z,Jz) > 1.
Now from (2.2)

F{p(w,2)} + L

= F{p(Jw,Jz)} + L

< {F{p(Jw, J2)) + LY

< Li{F(p(w, 2))} + Lo{ F(p(w, Jw))} + Lsv{ F(p(z, J2)) }+

Lay{ F([(p(w, 2))]*[p(w, Jw))"[(p(z, J2))])} + L

< Li{F(p(w,2))} + L

={F(p(w,2))} + L

< F{p(w, z)} + L, which is a contradiction.

(3.19)

Hence w = z. This completes the proof.

Example 3.2. We consider Y = {2 : n € N} U {0};
3; ifEneY \ {1}
ac={ T e

1; otherwise.

L ifEneY\ {1}
6(57 T]) { 3’ otherwise.
F(z) = ___2 V2 € (0,00);
() = éa VieR;

§—nl; ifEFn
p(&,m) = 0;  otherwise.

JE) =5 Ve,

Also we consider Ly (t) = 2, La(t) = 0, L3(t) = 0,L4(t) = 0,L = 2 and a = 1,
b =10, ¢ =0, then condition (2) holds. Here, ¢ = 0 is the unique fixed point of J
inY.

Corollary 3.3. Let (Y,() be an S-complete Hausdorff uniform space such that p
1s an E-distance on'Y . Let J .Y —'Y satisfying the following:

{F{p(JE, Jn)} + Ly&75mIm

< L F(p(&m)} + Lav{ F(p(€, JE))} + Lay{F(p(n, Jn)) }+

Lay{F([(p(&, ))&, T [(p(n, Jn))} + Ly YV EneY;y €T F €T,
with 0 < Ly + Lo+ Ly+ Ly <1;
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and 0<a+b+c<1 and L>1; (3.20)

such that

(i) J is (o, B)-admissible;

(ii) Let vy € Y \ Fiz(.J) be such that the series Y -, |7”(F(a0))\%1 is convergent,
where the constant | € (0,1) comes from (f3) and ag = p(vy, Jvg). Then J has a
fized point in Y .

Further, if all u,v € Fiz(J) with w # v such that a(u, Ju) > 1, a(v, Jv) > 1 and
Bu, Ju)) > 1, B(v, Jv)) > 1, then fized point of J is unique in Y.

4. Conclusion

We have introduced the extended interpolative Ciric-Reich-Rus type (o, 8, vF)-
contractions of type-I and type-II , which are the extensions of extended interpola-
tive Ciric-Reich-Rus type v F-contractions. we have also established and proved
unique fixed point results on S-complete Hausdorff uniform space under these con-
tractions and these are the new ideas in this literature.
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