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1. Introduction, Notations and Definitions
The q− rising factorial is defined as,

(a; q)0 = 1, (a; q)n = (1− a)(1− aq)...(1− aqn−1), n ∈ (1, 2, 3, ...),

where the parameter q is called the base and |q| < 1.
The infinite q−rising factorial is defined as,

(a; q)∞ =
∞∏
r=0

(1− aqr) = lim
n→∞

(a; q)n.

When k is complex number, we write

(a; q)k =
(a; q)∞
(aqk; q)∞

.
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Analogues to Gauss’ series, Heine used the series

2Φ1

[
a, b; q; z

c

]
=

∞∑
n=0

(a; q)n(b; q)n
(q; q)n(c; q)n

zn, |z| < 1. (1.1)

Further generalization of Heine series is given as,

rΦs

[
a1, a2, ..., ar; q; z

b1, b2, ..., bs

]
=

∞∑
n=0

(a1, a2, ..., ar; q)n
(q, b1, b2, ..., bs; q)n

[
(−1)nq(

n
2)
]1+s−r

zn, (1.2)

where (a1, a2, ..., ar; q)n = (a1; q)n(a2; q)n...(ar; q)n and
(
n
2

)
= n(n− 1)/2.

The series (1.2) converges for |z| < ∞ if r ≤ s and for |z| < 1 if r = s + 1. If
r > s+ 1, it diverges everywhere except z=0.

In this paper, we shall make use of q−binomial theorem,

∞∑
n=0

(a; q)nz
n

(q; q)n
=

(az; q)∞
(z; q)∞

, |z| < 1, |q| < 1. (1.3)

[Gasper, G. and Rahman, M. (6) eq. (1.3.2), pp. 8]

Heine in 1878 established the following transformation formulas,

2Φ1

[
a, b; q; z

c

]
=

(b, az; q)∞
(c, z; q)∞

2Φ1

[
c/b, z; q; b

az

]
. (1.4)

One can prove this transformation by making use (1.3) as,

2Φ1

[
a, b; q; z

c

]
=

∞∑
n=0

(a; q)n(b; q)n
(q; q)n(c; q)n

zn

=
(b; q)∞
(c; q)∞

∞∑
n=0

(a; q)n(cq
n; q)∞

(q; q)n(bqn; q)∞
zn,

=
(b; q)∞
(c; q)∞

∞∑
n=0

(a; q)n
(q; q)n

zn
∞∑
r=0

(c/b; q)r
(q; q)r

brqnr,

If |z| < 1, |b| < 1 then

=
(b; q)n
(c; q)n

∞∑
r=0

(c/b; q)r
(q; q)r

br
∞∑
n=0

(a; q)n
(q; q)n

(zqr)n,
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=
(b; q)n
(c; q)n

∞∑
r=0

(c/b; q)r
(q; q)r

br
(azqr; q)∞
(zqr; q)∞

,

=
(b; q)n(az; q)∞
(c; q)n(z; q)∞

∞∑
r=0

(c/b; q)r(z; q)r
(q; q)r(az; q)r

br,

=
(b; q)n(az; q)∞
(c; q)n(z; q)∞

2Φ1

[
c/b, z; q; b

az

]
,

which is the complete proof of (1.4).
Ramanujan generalized the Heine’s transformation (1.4) as

If h is a positive integer and |z|, |b| < 1 then

∞∑
n=0

(a; qh)n(b; q)nh
(qh; qh)n(c; q)nh

zn =
(b; q)∞(az; qh)∞
(c; q)∞(z; qh)∞

∞∑
r=0

(c/b; q)r(z; q
h)rb

r

(q; q)r(az; qh)r
. (1.5)

Proof of (1.5).

∞∑
n=0

(a; qh)n(b; q)nh
(qh; qh)n(c; q)nh

zn =
∞∑
n=0

(a; qh)n(b; q)∞(cqnh; q)∞
(qh; qh)n(bqnh; q)∞(c; q)∞

zn,

=
(b; q)∞
(c; q)∞

∞∑
n=0

(a; qh)n
(qh; qh)n

zn
∞∑
r=0

(c/b; q)r
(q; q)r

brqnhr,

Now, under the above given conditions we have,

=
(b; q)∞
(c; q)∞

∞∑
r=0

(c/b; q)r
(q; q)r

br
∞∑
n=0

(a; qh)n
(qh; qh)n

(zqhr)n,

=
(b; q)∞
(c; q)∞

∞∑
r=0

(c/b; q)r
(q; q)r

br
(azqhr; qh)∞
(zqhr; qh)∞

,

=
(b; q)∞(az; qh)∞
(c; q)∞(z; qh)∞

∞∑
r=0

(c/b; q)r(z; q
h)rb

r

(q; q)r(az; qh)r
,

which is precisely the right hand side of (1.5).
Gaurav Bhatnagar [5] further generalized (1.5) as,

∞∑
n=0

(a; qh)n(b; q
t)nh

(qh; qh)n(c; qt)nh
zn =

(b; qt)∞(az; qh)∞
(c; qt)∞(z; qh)∞

∞∑
r=0

(c/b; qt)r(z; q
h)rt

(qt; qt)r(az; qh)rt
br, (1.6)
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where max(z, b) < 1, h and t are positive integers such that |qh| < 1, |qt| < 1 and
|qht| < 1.
Proof of (1.6).
Left hand side of (1.6)

=
∞∑
n=0

(a; qh)n(b; q
t)nh

(qh; qh)n(c; qt)nh
zn,

=
(b; qt)∞
(c; qt)∞

∞∑
n=0

(a; qh)n(cq
nht; qt)∞

(qh; qh)n(bqnht; qt)∞
zn,

Applying (1.3)

=
(b; qt)∞
(c; qt)∞

∞∑
n=0

(a; qh)n
(qh; qh)n

zn
∞∑
r=0

(c/b; qt)r
(qt; qt)r

br(qnht)r,

Under the given conditions

=
(b; qt)∞
(c; qt)∞

∞∑
r=0

(c/b; qt)r
(qt; qt)r

br
∞∑
n=0

(a; qh)n
(qh; qh)n

(zqhtr)n,

Again, applying (1.3)

=
(b; qt)∞
(c; qt)∞

∞∑
r=0

(c/b; qt)r
(qt; qt)r

br
(azqhtr; qh)∞
(zqhtr; qh)∞

,

which on simplifications

=
(b; qt)∞(az; qh)∞
(c; qt)∞(z; qh)∞

∞∑
r=0

(c/b; qt)r(z; q
h)tr

(qt; qt)r(az; qh)tr
br,

which is precisely the right hand side of (1.6).

2. Generalization of (1.6)
We shall generalize (1.6) as,

∞∑
n=0

(a; qh)n(bx; q
t)nh

(qh; qh)n(cy; qt)nh
zn =

(az; qh)∞(bx; qt)∞
(z; qh)∞(cy; qt)∞

×
∞∑
r=0

(cy/bx; qt)r(z; q
h)tr

(qt; qt)r(az; qh)tr
(bx)r. (2.1)
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Proof of (2.1).
Left hand side of (2.1)

=
∞∑
n=0

(a; qh)n(bx; q
t)nh

(qh; qh)n(cy; qt)nh
zn

=
∞∑
n=0

(a; qh)n(cyq
nht; qt)∞(bx; qt)∞

(qh; qh)n(cy; qt)∞(bxqnht; qt)∞
zn,

=
(bx; qt)∞
(cy; qt)∞

∞∑
n=0

(a; qh)n
(qh; qh)n

zn
(cyqnht; qt)∞
(bxqnht; qt)∞

,

Applying (1.3)

=
(bx; qt)∞
(cy; qt)∞

∞∑
n=0

(a; qh)n
(qh; qh)n

zn
∞∑
r=0

(cy/bx; qt)r
(qt; qt)r

brxrqnhtr,

|z| < 1, |bx| < 1, |qh| < 1, |qt| < 1 and |qht| < 1

=
(bx; qt)∞
(cy; qt)∞

∞∑
r=0

(cy/bx; qt)r
(qt; qt)r

(bx)r
∞∑
n=0

(a; qh)n
(qh; qh)n

(zqhtr)n,

Again, apply (1.3)

=
(bx; qt)∞
(cy; qt)∞

∞∑
r=0

(cy/bx; qt)r
(qt; qt)r

(bx)r
(azqhtr; qh)∞
(zqhtr; qh)∞

,

=
(bx; qt)∞
(cy; qt)∞

∞∑
r=0

(cy/bx; qt)r
(qt; qt)r

(bx)r
(az; qh)∞(z; qh)tr
(az; qh)tr(z; qh)∞

,

=
(bx; qt)∞(az; qh)∞
(cy; qt)∞(z; qh)∞

∞∑
r=0

(cy/bx; qt)r(z; q
h)tr

(qt; qt)r(az; qh)tr
(bx)r,

which is the right hand side of (2.1).
Taking y = x, h = t = 1 in (2.1) we get

(cx; q)∞
(bx; q)∞

∞∑
n=0

(a; q)n(bx; q)n
(q; q)n(cx; q)n

zn =
(az; q)∞
(z; q)∞

×
∞∑
r=0

(c/b; q)r(z; q)r
(q; q)r(az; q)r

(bx)r, (2.2)

which is Heine’s transformation formula [7; eq. 78].
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3. Further Generalization of (2.1)
Let us consider

∞∑
n=0

(a; qh)n(bx; q
t)nh(b1x1; q

t1)nh
(qh; qh)n(cy; qt)nh(c1y1; qt1)nh

zn

=
∞∑
n=0

(a; qh)n(bx; q
t)∞(cyqnth; qt)∞(c1y1q

t1nh; qt1)∞(b1x1; q
t1)∞

(qh; qh)n(cy; qt)∞(bxqnht; qt)∞(b1x1qnht1 ; qt1)∞(c1y1; qt1)∞
zn

=
(bx; qt)∞(b1x1; q

t1)∞
(cy; qt)∞(c1y1; qt1)∞

∞∑
n=0

(a; qh)n
(qh; qh)n

zn
∞∑
r=0

(cy/bx; qt)r
(qt; qt)r

(bx)rqnhtr

×
∞∑

r1=0

(c1y1/b1x1; q
t1)r1

(qt1 ; qt1)r1
(b1x1)

r1qnht1r1

If |z| < 1, |bx| < 1, |b1x1| < 1, |qht| < 1, |qht1| < 1 then we have

=
(bx; qt)∞(b1x1; q

t1)∞
(cy; qt)∞(c1y1; qt1)∞

∞∑
r,r1=0

(cy/bx; qt)r
(qt; qt)r

(bx)r
(c1y1/b1x1; q

t1)r1
(qt1 ; qt1)r1

(b1x1)
r1

×
∞∑
n=0

(a; qh)n
(qh; qh)n

(zqhtr+ht1r1)n

=
(bx; qt)∞(b1x1; q

t1)∞
(cy; qt)∞(c1y1; qt1)∞

∞∑
r,r1=0

(cy/bx; qt)r(c1y1/b1x1; q
t1)r1

(qt; qt)r(qt1 ; qt1)r1
(bx)r(b1x1)

r1

×
∞∑
n=0

(a; qh)n
(qh; qh)n

{
zqh(tr+t1r1)

}n

=
(az; qh)∞(bx; qt)∞(b1x1; q

t1)∞
(z; qh)∞(cy; qt)∞(c1y1; qt1)∞

×
∞∑

r,r1=0

(z; qh)tr+t1r1(cy/bx; q
t)r(c1y1/b1x1; q

t1)r1
(az; qh)tr+t1r1(q

t; qt)r(qt1 ; qt1)r1
(bx)r(b1x1)

r1

Finally we have the following result,

∞∑
n=0

(a; qh)n(bx; q
t)nh(b1x1; q

t1)nh
(qh; qh)n(cy; qt)nh(c1y1; qt1)nh

zn =
(az; qh)∞(bx; qt)∞(b1x1; q

t1)∞
(z; qh)∞(cy; qt)∞(c1y1; qt1)∞

×
∞∑

r,r1=0

(z; qh)tr+t1r1(cy/bx; q
t)r(c1y1/b1x1; q

t1)r1
(az; qh)tr+t1r1(q

t; qt)r(qt1 ; qt1)r1
(bx)r(b1x1)

r1 . (3.1)
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Iterating the process k times we get,

∞∑
n=0

(a; qh)n(bx; q
t)nh(b1x1; q

t1)nh(b2x2; q
t2)nh...(bkxk; q

tk)nh
(qh; qh)n(cy; qt)nh(c1y1; qt1)nh(c2y2; qt2)nh...(ckyk; qtk)nh

zn

=
(az; qh)∞(bx; qt)∞(b1x1; q

t1)∞(b2x2; q
t2)∞...(bkxk; q

tk)∞
(z; qh)∞(cy; qt)∞(c1y1; qt1)∞(c2y2; qt2)∞...(ckyk; qtk)∞

×
∞∑

r,r1,r2,...,rk=0

(z; qh)tr+t1r1+t2r2+...+tkrk(cy/bx; q
t)r(c1y1/b1x1; q

t1)r1
(az; qh)tr+t1r1+t2r2+...+tkrk(q

t; qt)r(qt1 ; qt1)r1

× (c2y2/b2x2; q
t2)r2 ...(ckyk/bkxk; q

tk)r1
(qt2 ; qt2)r2 ...(q

tk ; qtk)rk
(bx)r(b1x1)

r1 ...(bkxk)
rk , (3.2)

provided |z| < 1, |bx| < 1, |b1x1| < 1,...|bkxk| < 1 |qht| < 1, |qht1| < 1, ...|qhtk | < 1.
For h = 1, t = t1 = ... = tk = 1 (3.2) yields

ΦD [z; cy/bx, c1y1/b1x1, ..., ckyk/bkxk; az; q; bx, b1x1, ..., bkxk]

=
(z, cy, c1y1, ..., ckyk; q)∞
(az, bx, b1x1, .., bkxk; q)∞

k+2Φk+1

[
a, bx, b1x1, ..., bkxk; q; z

cy, c1y1, ..., ckyk

]
, (3.3)

where |z| < 1, |bx| < 1, |b1x1| < 1,...|bkxk| < 1, ΦD is the basic Lauricella function
which is the q-analogue of the fourth Lauricella function see [Andrews 1; problem
4, p. 207]. (3.3) is the theorem 5 (Andrews (1972), p. 621).
Taking k = 1, (3.3) yields

ΦD

[
z;

cy

bx
,
c1y1
b1x1

; az; q; bx, b1x1

]
=

(z, cy, c1y1; q)∞
(az, bx, b1x1; q)∞

3Φ2

[
a, bx, b1x1; q; z

cy, c1y1

]
. (3.4)

In chapter 3 of Agarwal, R. P. [4] book “Resonance of Ramanujan Mathematics,
Part III” large number of results are given on the continued fractions for the ratio’s
of 3Φ2. Making use of these results one can have continued fraction representation
for the ratio’s of ΦD.

Acknowledgement
The authors are thankful to Dr. S. N. Singh, Ex. Reader and Head, Department

of Mathematics, T.D.P.G. College, Jaunpur (U.P.), INDIA, for his noble guidance
during the preparation of this paper. The second named author Akash Rawat would



80 South East Asian J. of Mathematics and Mathematical Sciences

like to thanks Council of Scientific and Industrial Research (CSIR) for supporting
a JRF fellowship No: 08/336(0001)/2019-EMR-I, under which this work has been
done.

References

[1] Askey, R. A., Theory and Application of Special Function, (Problems and
Prospects for Basic Hypergeometric Functions; Andrews, G. E., page 191-
224.), Academic Press, New York, 1975.

[2] Andrews, G. E., Summations and Transformations for basci Appell series, J.
London Math. Soc., (2) 4, (1972), 618-622.

[3] Andrews, G. E. and Berndt, B. C., Ramanujan’s Lost Notebook, Part I,
Springer, New York, 2005.

[4] Agarwal, R. P., Resonance of Ramanujan’s Mathematics, Part III, New Edge
International (P) Limited, New Delhi, 1999.

[5] Bhatnagar, G., A bibasic Heine transformation formula and Ramanujan’s 2ϕ1

transformations, (2016), arXiv:1606.05460.

[6] Gasper, G. and Rahman, M., Basic Hypergeometric Series, (Second edition),
Cambridge University Press, 2004.

[7] Heine, E., Untersuchungen über die Reihe 1 + (qα−1)(qβ−1)
(q−1)(qγ−1)

z + ...,, J. Reine

Angew. Math., 34, (1847), 285-328.


