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1. Introduction, Notations and Definitions
The g— rising factorial is defined as,

(a;9)o=1, (a;¢)n=(1—0a)(l—aq)...(1 —ag"™"), ne(1,2,3,.),

where the parameter ¢ is called the base and |¢| < 1.
The infinite g—rising factorial is defined as,

(a5 q)o0 = 11(1 —aq") = lim (a;q)n.
When £k is complex number, we write
(a5 q)oc
a;q)k = ———.
L G
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Analogues to Gauss’ series, Heine used the series

a,b;q; 2 > (a: q)n(b:q),,
2Py [ ] = Z—(af 4n ,q) 2"z < L (1.1)

n=0

Further generalization of Heine series is given as,

(a1, a9, ...; a5 @)n [(_1)nq(;)] e 2" (1.2)

a1,02,...,0r;4; 2
e (Q7b17b27"'7bs;q)n

bla b27 ceey bs

n=0

where (a1, as, ..., a; q)n = (a1;¢)n(a2; Q)n--.(ar; ¢)n and (5) = n(n —1)/2.
The series (1.2) converges for |z| < oo if r < s and for |z] < 1if r = s+ 1. If
r > s+ 1, it diverges everywhere except z=0.

In this paper, we shall make use of g—binomial theorem,

o (3:9)02"  (a29)
)3 G (g A<bld<t (1.3)

n=0
[Gasper, G. and Rahman, M. (6) eq. (1.3.2), pp. §]
Heine in 1878 established the following transformation formulas,
a,b;q; z b,az;q) e c/b,z;q;b
ZCI)l [ ] = & 2(1)1 [ . (1.4)

c (QZ; Q)oo az

One can prove this transformation by making use (1.3) as,

@062 | (a3 )n (b5 @)n
o [ ¢ ] _HZ:O (@ D)n(ci @)
_ (59)w 5~ (@000 o,
(60w ,; (43 0)n(ba™ @)oo
(390~ (@ Dn = (/YD
a (C;Q)w; (@) = (@) ’

If |2] <1, |b] <1 then
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_ (i) i C/b q ey (42473 @)oo
(¢ ) < (24" @)
_ (i @n(az; q = Z (c/b; @) (z; Q)rbr’
(€ D2 D)0 = (@0)r(az;q),
(b, q)n(az; q) c/b, z;¢;b
2(1)1 )
(€ @)n(2: Qo az
which is the complete proof of (1.4).
Ramanujan generalized the Heine’s transformation (1.4) as
If h is a positive integer and |z|, |b] < 1 then
> . h . r
3 (ah,qh)n(b, D _ (39) (024" ) Z (c/b9)r(2:6"),b" (15)
— (q":4")n(C; O (6 Qo0 = (4:0)r(az; "),

Proof of (1.5).

oo

= bnhn nh;oon
Z( q")n(bsq Z )oo(Cq q),Z

— (¢":4")n(c; @) o bq”h,q) (¢ @)oo

(b7 o9 a,q n n (C/b7q)7” r _nhr
) Z e b © Z b,

(@)oo = (00" = (G:0)r

Now, under the above given conditions we have,

_ i’ OOZ C/er‘ rz ( ;.q )n (thr)n7

h. 4h
0o £ = (0" ¢")n

X —p (q q) (’thr qh)oo ’

(b;q)
(a9
C(00)0 (C/b Q>r (azq"; ¢")
(c;q) 2 ’
( q)

b; @) oo(@2; 4" oo (c/b; z 0"
_ ( q z; /(i((azqq))

which is precisely the right hand side of (1.5).
Gaurav Bhatnagar [5] further generalized (1.5) as

(60 b q)nn o (050)00(0210" )0 5 (€/010)0 (250",
go(qh;qh)n(@qt)nhz (6 d)w(210") e = (qt;qt)r(a2§qh>rtb7 (1.6)

r=
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where max(z,b) < 1, h and ¢ are positive integers such that |¢"| < 1, |¢’| < 1 and
"] < 1.

Proof of (1.6).

Left hand side of (1.6)

o (@6 (b:¢ )
= (q":q")n(c g )nn

(0" (a; q "o
(C, t Z bqnht )ooZ )

Applying (1.3)

(5600 = (@56")n M o
B (C§qt>oon2_%(qh;qh)nz Z t. ot v (¢"")",

—~ (¢ 4"),

Under the given conditions

o X G 3. (g e

Joo = (¢! — (¢";q")n
Again, applying (1.3)

?

; OOZ C/bq ryr azq " q") oo
htr. 4h
)oo =2 (24" ¢") oo
which on simplifications
_ (510950(02¢")o0 5~ (/0012 4")ir
(€0")0(2:4") 0 = (¢4 0")r(a2;¢")er

which is precisely the right hand side of (1.6).

)
r=

2. Generalization of (1.6)
We shall generalize (1.6) as,

— (4" ¢")n(cy; ¢ )nn (254" oo (cy; ¢') oo

y i (cy/bx; ¢')r (24" )er (o

—~ (q":q")r(az;¢")ur

i (0 4")n(b23 ¢ )y _ (0254 )oo (b3 0o

(2.1)



A Note on Heine’s Transformation 77

Proof of (2.1).
Left hand side of (2.1)

_ i (a5¢")n (023 4)n
— (4" ¢")n(cy; " )nn
_ i (a§ qh)n(cyqnth qt)ooam; qt)oo n
“ (0" ¢")n(cy; ¢') oo (bq"™; ¢") o

Y

nht.

_ (bz;q") ooz aq n n(cyq 14"
(cy; ¢') (bzg™™; ¢")oc

Y

Applying (1.3)

bZE q OOZ CLq n nZ(Cy/bx;qt>Tbrxrqnhtr

Y

(v —~ (dq")
|z| <1, |bx| < 1 ]qh| <1,|¢'| <1and |¢" <1
_ (b4 cy/bm ¢), o (46"
= bl‘ 2q r\n
(cy; )0 ZO q')r ()nzo(qhQ)( "

Again, apply (1.3)

_ (025900 5 (cy/b2i)r (026" 0o
N (cy;qt)oo; @ U G
_ (02300 5~ (/025 4)r ) 0 (0200024 )ir
ICTON ZO (q"54")» br) (@25 ¢")ir (23 4")oo
_ (br3¢") (024" ) oo 5 (9/b73 40 (20" o
G ONET DN Z D)z e )
which is the right hand side of (2.1).
Taking y = x,h =t =11n (2.1) we get
(675 9)o0 N~ (@ D (023 @)y _ (0750)
(025 ¢)oc 2= (¢; @)n(cx; @)n (2 ¢)
% i M(bx)r, (2.2)

— (¢:9)r(az;q),

which is Heine’s transformation formula [7; eq. 78].
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3. Further Generalization of (2.1)
Let us consider

oo

Z CL bl’ 5 q )nh(blxlaq ) hzn

C] cy q )nh(cwl, )nh

tinh.

:f: aq n(073 8" oo (cya"™™; 4")oo (116" ™5 4 oo (1713 4" oo
n(cY; 4") oo (bxq”ht,q) (12145 4" ) oo (1915 ¢ )

bx; bxqoo n Cqu r _nhtr
E ) 11t1 Z ZZ yq/q)(bx)qht

;¢ ) (19154 —0 ")

% Z (Clyl/blﬁl; q 1)7‘1 (b1$1)” nhtiry

q

1. At

= (@)

If |z| <1, |bx| < 1, |blx1| <1, |¢"| < 1, |¢"| < 1 then we have

_ (@)oo (br2137 ) (cy/bx; q)r xr(clyl/blxl;qtl)m T
INCTTONCIT N Z (4% q")r ~(ba) (@ q) (bra1)

r,r1=0
o0 . h
> Z (C:q h)'fl (thtr+ht1r1)n

. (073 ¢") oo (blxl q")eo (cy/bx; q),(crys /brx1; @)y by
a (C?JQQ) (clyl,q )OO Z (q q) (qtl;qtl)rl (b ) (bl 1)

r,r1=0
— (a:¢")n h(tr+tir) ™
X zq 1
; (q";q")n { )
_ (0250") oo (b5 ¢ ) o (1713 0™ )
(Z' qh> (cy; @)oo (c1y15 ¢ ) oo

Z 4 )tT+t1r1 (Cy/bﬂf q ) (C1y1/b1x1; qh)T1 . )
. bx)" (byxi)™
Z (CLZ q )tr+t1T1 (q q ) (qtl; qtl)rl ( ) ( ! 1)

r,r1=0

Finally we have the following result,

i a;q") bﬂf @) (0121 6" Don_ _ (0250")oo (073 0 )oo (1713 4" ) o

= (q";4")n(cy; @")nn(c1y1; ¢ )nn (25 ¢")oo (Y3 4" (1915 ¢ ) o
- (2 q Jerttir (Cy/bT; Q) (Clyl/blxl;qtl)n r r

X bx)" (byxy)™. 3.1
Z (@ P (@ g ) ) )

r,r1=0
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[terating the process k times we get,

o0

Z (a; qh)n(bl’;qt)nh(bﬂl; tl)nh(bﬂz, t2)nh (bk$k, )nhzn
— (0" ¢")n(cy; ¢ )nn(cryn; ¢ )nn(c2y2; @2 ) (CuYis 4% )
(a2 ¢") oo (03 ¢") oo (D121 4" ) 00 (D223 4" ) s - (b3 4™ )
(234" (cy; @) o (1915 41 ) oo (2925 G ) oo (ChYR; 4 ) oo
y i (Z; qh)tfr—i-tlrl—i-tgrg—&—‘..—l-tkrk (cy/bx; qt)r<cly1/b1x1; qtl)m
=0 (@23 ") tr sty +tarat . tter, (@' ) (75 67y

TT1,72,...4T
% (023/2/52332; th)rg---(Ckyk/bkak; qt’“)m
(q254%2)py .. (g% q'%)y,

()" (brwy)™ .. (b )™, (3.2)

provided |z| < 1, |bz| < 1, |byzy| < 1,...|bpas] < 1 |¢™| < 1, [¢"] < 1, ...|¢""*| < 1.
Forh=1,t=t =..=1, =1 (3.2) yields

®p [2z5cy/bx, cryr /bixy, ., CrYk /OrTr; az; ¢; b1, bixy, <., by
 (zyey, ey, s Rk @)oo a,bx, bywy, ..., bpy; q; 2

B (CLZ, bx? b1x17 cey bk‘rka q)oo

] , (3.3)

k+2®k’+1
CY,C1Y1, .-+, CLYk

where |z| < 1, |bx| < 1, |byz1] < 1,...|bgxx| < 1, @p is the basic Lauricella function
which is the g-analogue of the fourth Lauricella function see [Andrews 1; problem
4, p. 207]. (3.3) is the theorem 5 (Andrews (1972), p. 621).

Taking k = 1, (3.3) yields

C?J ai
d
DA by

(2, ¢y, 1915 @) o a,br,byxy;q; 2
= 3P .

vaz;q; bx blxl]

(3.4)

o (az,bl‘,b11'1;q>oo cy,C1Y1

In chapter 3 of Agarwal, R. P. [4] book “Resonance of Ramanujan Mathematics,
Part II1” large number of results are given on the continued fractions for the ratio’s
of 3®,. Making use of these results one can have continued fraction representation
for the ratio’s of ®p.
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