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Abstract: In this paper we consider the discrete fractional boundary value prob-
lem. The Green’s function and it’s properties are used to find maximum value of
function. With the help of maximum value of the function Lyapunov type inequal-
ity is obtain for this problem.
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1. Introduction
In 1907 Lyapunov [14] proved that if the boundary value problem

{ y'(t) +q(t)y(t) =0, a<t<b,
y(a) = y(b) =0,

has a nontrivial solution, where ¢(¢) is a continuous and real valued function on

[a, b], then

(1.1)
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[ latwidn > = (1)

Ferreira has generalized this result by replacing classical derivative 3” by a
fractional order derivative D%, in both Riemann-Liouville fractional derivative and
Caputo fractional derivative sense [9, 10]. Also there are so many generalizations
and extensions of the result (1.2) exist in the literature [4, 5, 6, 7, 15, 16, 20, 21].

Recently, the authors [1, 17] obtained Lyapunov type inequalities for fractional
boundary value problem using generalized fractional differential and integral op-
erators such as Prabhakar derivative, k-Prabhakar derivative, Prabhakar integral
and k-Prabhakar integral.

In [8] Ferreira consider the following discrete fractional boundary value problem

(AYt=—qt+a—ly(t+a—-1), 1<a<2, (1.3)
coupled with one of the following boundary conditions

yla=2)=ylt+a—-1)=0 (1.4)
or yla—2)=A~Ayla+b)=0 (1.5)

where b € N and obtained the discrete Lyapunov type inequalities for the above
conjugate boundary value problem (1.3) and (1.4), and right focal boundary value
problem (1.3) and (1.5).

Also, in [8] Chidouh and et al. proved generalization of the Lyapunov inequality
of [10]. Motivated by the above results. In this paper we consider the following
discrete boundary value problem of fractional difference equation of the form

— A% @)=Mt+a—-1)fly(t+a—1)) (1.6)
yla—2)=0, Ayla—2)=A~Ayla+b-1) (1.7)

where t € [0,b]n,, f : [0,00) — [0,00) is continuous and non decreasing, h :
[a—1,a+b]N, , = [0,00), 1 <a <2, \is a positive parameter and we obtain the
discrete Lyapunov type inequality for this problem.

In [18, 19] D. Pachpatte and et al. obtained the sufficient condition for existence
of solutions to discrete boundary value problem (1.6) — (1.7) and also established
the existence result using Krasnoselski fixed point theorem.
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2. Some Basic Definitions and Preliminary Results

Definition 2.1. [2, 11] The falling factorial function is defined as

I(t+1)
Ft+1—a)

x

for any t and « for which the right hand side is defined. We also appeal to conven-
tion that if t + 1 — « is pole of the Gamma function and t + 1 is not a pole, then
e =0.

Remark 2.1. Using the properties of the Gamma function it is clear that t* > 0,
fort>a > 0.

Definition 2.2. [11, 13| The a-th order fractional sum of a function f defined on
N, :={a,a+1,a+2,..}, a € R and for a > 0, is defined as

t—a

ANCf(t) :ﬁ Z (t—s—1)*2f(s), wheret € Ngyq.

Definition 2.3. [11, 13] The a-th order fractional difference of the function f :
N, = R, where N, := {a,a+ 1,a+2,...}, a € R and fora >0 (N -1 < a <
N,where N € N) is defined by

sS=a

ACF(t) = A" AT £(4), t € Noyn—a,

where A" is the standard forward difference of order n.

Lemma 2.1. [2, 12] Let t and o be any numbers for which t* and t°=L are defined.
Then
AtE = at=L,

Lemma 2.2. [3] Assume a,p > 0 and f : N, — R be a real-valued function.
Moreover, let o, up > 0. Then we have

ATNTEE()] = ATETEO () = ATPATf ()], where t € Npiq .
Lemma 2.3. [2,12] Let 0 < N —1 < a < N. Then

AiaAay(t) = y(t) + CltLil + 6'21501772 + ...+ CNtaiN,

for some C; € R, with 1 <1 < N.
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Lemma 2.4. [22] Let h: [o — 1, + by, _, — [0,00), be given. Then the unique
solution of discrete fractional boundary value problem

— Agy(t) = h(t+a—1)
yla—2)=0,Ay(a—2) = Ay(a+b—1),

where, t € [0, b]y,, is

1
:—P—Z h(s+a —1), (2.1)

where, G : o — 2, a + b]n,_, X [0,b]n, — R is defined as

thl(a+bfs—2)% —|—(t—s—1)L_1, 0<s<t—a<b

G(t, S) _ D(a—1)—(a+b-1)2=2 (22>
0<t—a<s<hb.

t2= L (ob—s—2)2=2
I'(a—1)—(a+b—1)2=2"

Lemma 2.5. [18] The function y is a solution to the boundary value problem
(1.6) — (1.7) if and only if y satisfies

b
:_FLZ (t,s)h(s+a—1)f(y(s +a —1)), (2.3)

(a) 2=

where

t9= 1 (a4b—s5—2)2=
a— 2+(t_5_1)
G(t,s) = § i e

I(a—1)—(a+b—1)2=2"

, 0<s<t—a<hb
0<t—a<s<hb.

Theorem 2.1. [18] Assume that the function h : [ — 1, + b]n,_, — [0,00) is
continuous and the conditions

H; = limy_ % = 00 and

Hy = lim,_,, % = 0 holds then the problem (1.6) — (1.7) has at least one solution.

Theorem 2.2. The Green’s function G(1,s) is given by (2.2) satisfies the following
conditions:

1. G(t,s) >0 forallt € [a —2,a + b]n,_, and s € [0,b]y,;

2. max G(t,s)=G(s+a—2,s), s€[0,b]n,, t € —2,a+b]n,_,-

tela—2,a+b
Proof. Similar to the one found in [10].
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3. Main Results

Theorem 3.1. The function G(s + a — 2, s) has a unique mazimum given by

T+ a—-1I'(a—-1)I'(b+2)
Jmax Gls+a=28) = mo e T+ 2) — Tla + b)

Proof. To find the maximum of G(s+ «a — 2, s) over s we first apply the difference
operator to G(s + a — 2, s). Specifically:

AG(s+a—2,s)

B (s+a—2"Ya+b—s—2)22
_A< Mla—1)—(a+b—1)22 )

1 a—1 a—2
:F(a_l)_(a+b_1)“A((s+a—2)(a+b—s—2) )
B 1 I's+a—1)T(a+b—s—1)
_F(a—1)—(a+b—1)“‘2A( I'(s) I(b—s+1) )

1
CDla—1)—(a+b—1)>2
<F(s+a)F(a+b—s—2) F(s—l—a—l)f‘(a+b—s—1))

I'(s+1) I'(b—s) ['(s) I'b—s+1)
1
CD(a—1)—(a+b—1)>2
(F(s+a)F(a+b—s—2)(b—s) _§F(3+a—1)F(a+b—s—1)>
I'(s+1) L' —s) (b—s) s [(s) IF'b—s+1)
1
CDla—1)—(a4+b—1)22
((b—s)F(s+a)F(a+b—s—2) sF(s+a—1)F(a+b—s—1)>

Fs+1)I'(b—s+1) s+ 1)I'(b—s+1)
_ 1 ((b—s)F(s+a—1+1)F(a+b—5—2)
Ta—1)—(a+b—1)>2 (s +1)I'(b—s+1)
sl'(s+a—1Dl'a+b—s—1—-1+1)
a T(s+1)T(b—s+1) >

1
CDa—1)—(a+b—1)22
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9 ((b—s)(8+a—1)F(5+a—1)F(a+b—s—2)
Cis+DI'(b—s+1)
sl'(s+a—-D'a+b—s—2+1)
Cis+)I'(b—s+1) >

1
Fla—1) = (a+b—1)"2
y ((b—s)(s—l—a—1)F(s+a—1)F(a+b—s—2)
Fs+1)I'(b—s+1)
_s(a+b—s—2)F(s+a—1)F(a+b—s—2)>
Fs+1)I'(b—s+1)
_(b=s)(s+a—-1)—s(a+b-—s—-2)I(s+a—-1)'(a+b—s5—2)

T(a—1)—(a+b—1)*=2 I(s+1)I(b—s+1)
 (ba=b+3s—-2s5a) T'(s+a-1)I(a+b—s—2)
CTla—1)—(a+b—1)22  D(s+1)I(b—s+1)

bla—1)+s(3—2a) I'(s+a—-DI'(a+b—s—2)
CDla-1)—(a+b—-1)22  T(s+1)I(b—s+1)
B bla—1)+s(B3—-2a) TO+2)I(s+a—-DI(a+b—s—2)
CTla—1DI(B+2)—T(a+b) L(s+ I —s+1)
Therefore

AG(s+a—2,s) = (bla—1)+s(3—2a)+1)f(s), with f(s) > 0 for all s € [0, b]x,.
Now, if @ < 2 then ¢(s) = (b(a — 1) + s(3 — 2a) + 1), is increasing and since
q(0) = b(a — 1) +1 > 0, then we conclude that G(s + o — 2,s) is increasing.
On the other hand, if a > % then ¢ is decreasing but nevertheless positive since
qb) =bla—1)+b(3—-2a)+1=0(2—«)+1>0. In conclusion, G(s + o — 2, s)
is increasing for all s. Therefore,

B . Th+a-1I(a—1rb+2)
Jax Glsta=2.8)=Gb+a=20) = o m = 9 T 1 )

And this completes the proof.

Theorem 3.2. Let h: [a—1,a+b]n, , — [0,00) be a nontrivial function. Assume
that f € C(R4,R,) is a nondecreasing function. If the discrete fractional boundary
value problem (1.6) — (1.7) has a nontrivial solution given by (2.3), then

b

S lh(s+a—1)| =

s=0

(o)L (0) (e = DI(b+2) — T(a+b)]n
Fla—DTG+2)Tb+a—1)f(n)
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where, n =  max  y(s+a—1).
[@—1,a+d]N,_4

Proof. Since the discrete fractional boundary value problem (1.6) — (1.7) has a
nontrivial solution as

b
f%;§: h(s+a—1)f(y(s + o — 1)),
N
MH<f@5 Gt s)[[h(s + o = D[ f(y(s + a = 1)),
s=0
v
|WHSFGS G(s+a=2s)|h(s+a—=1)|f(y(s+a-1)),
s=0
where 1 = pq%ﬁzﬁ{N y(s + a — 1). Taking into account that f is nondecreasing

a—1
we get

Tb+a—1DI(a—DI(b+2) <

A
Il = S TOIM@ — T+ —Ta+ ] 2 e+~ DI @)

C(a)L0) T (a—1DT(b+2) —T(a+b)n
Fa—DTG+2)Tb+a—1)f(n)

b

> (s +a—1)>

s=0

And this completes the proof.
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