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Abstract: In this paper a subclass of p-valent harmonic functions in the open unit
disc is introduced by making use of a certain fractional calculus operator and some
properties such as coefficient estimates, distortion theorem and extreme points are
studied.
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1. Introduction

A continuous function f = u + iv is a complex valued harmonic function in a
complex domain C, if both u and v are real harmonic in C. In any simply connected
domain D C C, we can write f=h+g. We call h the analytic part and g the co-
analytic part of f. A necessary and sufficient condition for f to be locally univalent
and sense-preserving in D is that |h/(2)| > |¢'(2)| in D (see Clunie and Sheil-Small
3)).
Denote by M(p) the class of functions f=h+g, that are harmonic multivalent and
sense-preserving in the unit disk U={z € C' : |z| < 1}. The class M(p) was studied
by Ahuja and Jahangiri [1] and class M(p) for p=1 was defined and studied by
Jahangiri et. al. in [5]. For f=h+g € M(p), we may express the analytic functions
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h and g as:

h(z) = 2"+ 127 g(2) = Y bygpa 2" (1.1)

n=2

where z € U,|b,| < 1.

For real number p(—oco < < 1),7(—00 <y < 1) and a positive real number 7
Murugusundramoorthy et al [6] have defined an operator Uj)™" : M(p) — M(p)
as

Up " f(2) = Uy "h(2) + Uy "g(2) (1.2)
where .
UL h(z) = 2P+ ) Th a1 2™ (1.3)
n=2
UL g(z) = 3 Dby, 277 (1.4)
and

pm 2=+ N)n-1(2)n1
b B (2 - 7)77,—1(2 —p+ 7])71—1 (15)

Fora >0and 0 < 3 < 1, let Q5" (p, o, ) denote the family of harmonic functions
f of the form (1.1) such that

L+ ae®)2(UG"f(2)
Re{ anéf;’n O(Z> : —ae‘b} >p (1.6)

We also let MQ“’%”(p, a,f) = Q’m’"(p, a, B)\M(p).

Remark. The above class U’”" (2) of functions is a subclass of the general case
of harmonic univalent functzons which was defined by Clunie and Sheil-Small [3]
in 1984 and the class Qy " (1, i, B) is a subclass of the geneml case of harmonic

starlike functions of order 3 of the form f(z) = z + Z anz" + Z b,z™ which was

studied by Jahangiri [4] in 1999 for which the condztzon of starhkeness 1S given
by %(argf(re )) > 5;0 < B < 1. The arguments used to prove the theorems in

the next three sections as well as the coefficients bounds, distortion theorem and
extreme points for the general case of harmonic starlike functions of order B can

be found in Jahangiri [4).
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2. Coefficient Inequality
We will first derive a sufficient condition for the functions to be in the class

Q2" (p, o, B).
Theorem 2.1. Let f=h+g (h and g being given by 1.1). If

iH(ner—l—ﬂ)Jra(ner—z)}|an+p_1|+

—~ p—pf

{(n+p—1;_ﬁ)ﬂ+a(n+p)}|bn+p 1@ v

(2.1)
1
(p+5>+oé<p+ )} byl then f € QLY(p, o, B).
p_
Proof. Let f=h+g in (2.1), we get

(a5 L\ [AG)
Re{ 1 (2) }‘R 150

<1-

where
A)= (14 ae®) [(ULIR(2)) = (U7 "g(2)) | - ae'® [ULT"h(=) + T2 g 2)]

and B(Z):U&Q’"h(z) + Up"9(2)

Using the fact that Re w(z) > g if and only if |1 — §+w| > |1 + 5 — w| which was
first used by Jahangiri[4], in 1999, it is sufficient to show that

[A(z) + (1= B)B(2)| = [A(2) = (1 + ) B(2)| > 0.
Substituting for A(z) and B(z), we get
(

[A(=2)+(1=B)B(2)| - |A(:)~(14+8) B(2)| = |(1+ae’®) | (U1 k(=) = (U5 g () |
—ac®® [UE2h(z) + TET7g(2)| + (1= B) [UB2h(z) + UETT9(2)] -

(1 + aci®) [2(UE2R(2)) = 2(UGTT9(2)) | — ae® |URI (=) + UETT(2)] -

(1+ 8) |U2"h(z) + TT9(2)| |

= [(1+ ae™®) [pzP + > 07, o7 (n+p — 1)angpr 2" P

— 2 162" (n+p— 1)W} — e [P + 300, T a2

+ Do L0 opgp1 2P 4 (1 = ) [P+ 30, Loy 2P

+3 T W [—|(1+ae'®) [pzp + 302, T2 (0 4 p — Dagsp-12" 7!
S T (4 p — 1)m} — qet® [Zp +3%, Fggma%p_lzmp—l
DS b P




58 South FEast Asian J. of Mathematics and Mathematical Sciences

(1+8) [Zp oo T a1 2P 0 T ’"bn+p71Z”+p*1] |

= [p+1=P)+alp—1e®] 22+ > [(p+n—p)+alp+n—2)e?]
Lo Manyp 12" =302 [0+ n =2+ B) + alp + 1)’ TH T by, 1274771
- [(p —1-08)+alp— 1)6“)] P4y, [(p+n —2-0B)+alp+n-— 2)6@]
DO apsp12" P =32 [(p+n+8) + a(p+n)e™®] T6T by yp_127 1]
>[{p+1-8)—alp-Dr+{p—-1-08)+talp—1}HI|zP

e +n—=0+ap+n—-2)y +{(p+n—-2-p5)+alp+n—2)}
Lo anspall2[P71 =300 [{(p+n =2+ B8) +alp+n)}
+{p+n+8)+al@+n)}Te " buppa |27

=2(p—B)zlP =30, 2[(p+n—1—=3) +alp+n—2)| 057" |anip| |27
S 2[(p+n—148)+alp+n)| L5 bugpr||2[" 7

2(p - B)aplt - { LELLEEPE Dy,

p+n—-1-0)+a(p+n—2)

>

- 2?2{ = DBy 2]
0o (p+n_1+6)+a(p+n) Y n—
—zm{ 0 LB by 121 > 0.

By virtue of (2.1), this implies that f € Q5" (p, a, B).
Theorem 2.2: Let f=h+g € M(p). Then f € MQy " (p, , B) if and only if

g H(ner—l—pﬁ)_—;a(nan—Q)}’anﬂj1‘

+{(n +p—1+7) +a(n+p)} Ibn+p1} pa (2.2)

p—_

<1 J+B)+alp+l)

|by|, where 0 < 8 < 1.

Proof: Since MQy " (p, o, 8) C Qu7 )" (p,a, B) , we only need to prove only if’
part of the theorem. To this end, for functions f of the form (1.1) with condition
(1.6), we notice the condition

(1+ ae®) (UG f(2)) :
Re { anéf;’n (EZ) A (cve™ —|—ﬁ)} >0.

The above inequality is equivalent to
Re[(1 4 ae™®) [pzF + >0, Th T (n 4 p — Dagsp12" P

=2 62" (n+p— 1>m}

_ iP P 00 MY n+p—1 00 HyY5m n+tp—1
(aci® + B) |29 + 5202, ThT sy 12" 4 5200 Ty 12777
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-1
X [Zp+zoo Fuy’zmanﬂo—lzn—w—l +Zoo l-w b lzn+p 1] ]2 0.

Rd@+&( %ﬁﬂ+2§a{p+n—n+a@+n—2k — BT a1 2!
-— Zn 1 { p+n—1)+ a(p+n) i@ —i—ﬁ} e bnip12"71]

X [1 + Zn:Q Fg,g,nan-i-p—lznil + ; 2211 Fggmbn-i-p—lzn_l]il > 0.

This condition must hold for all values of z, such that |z|] = r < 1. Choosing ®

according to condition and noting that Re(—aei®) > —ale’®| =
inequality reduces to

—a, the above

|@+a@—w—ﬁ}—@+a@+)+ﬁﬂw
—}: (n+p—1)+an+p—2) = B}|any
+ﬂn+p—n+am+m+ﬂﬂmw1M%ﬁﬂ*

x [L4+> T4 |%W]V-4+§:w”wmﬂ]v -t >o.

(2.3)

Letting r — 1~ and if the condition (2.2) does not hold, then the numerator
in (2.3) is negative. This contradicts our assumptions that f € MQy)"(p, a, B).
Hence f € MQy " (p, v, B).
For > |Tnip—1] + D opey [Yntp—1| = 1, the harmonic univalent function
(- 8) .
2) = 2P + Tpyp 12" P71
1) 2”2{(n+p—1)—|—a(n+p 2) — BYTET" el
(»—B) ——
+ tp—1 2" TP
2 (ot p 1) +afn + ) 1 IR
shows the equality in the coefficient bound given by (2.2) is sharp.

3. Distortion Theorem

Theorem 3.1. Let the function f(z) defined by (1.1) be in the class MQy)" (p, a, B).
Then for |z| =r < 1, we have

|f(Z)| < (1+‘bp|)rp+(2—7)(2_ﬂ+77) |:(p_5) _ {(p—i_ﬂ)_;a(p_'_l)} |bp|:| ,rp-i-l

2—7+mn) 2
(3.1)



60 South FEast Asian J. of Mathematics and Mathematical Sciences

and

L Il Al e st L]

(2—v+n) 2

(3.2)
The result is sharp.
Proof. We prove only the left hand inequality. Let f € MQg)"(p, a, ). Taking
the absolute value of f(z), we have
£ 2 (1= By = 32 anspi] + s} o7
> (L= |bp|)r? — 1P o Uansp-1] + [bnipal}

> (1— |b,)r? — (2 - ’7)2((22—_/;4:777))(1? — 5)rp+1
$ (2)n1(2=7+N)n

n=2 (2 — ’7)71,—1(2 —u+ 77)n—1(p . B) {|an+p—1| + |bn+p—1|}
2-7C-p+n-25)

> (1 - |bp|)7‘p - 2(2 — o+ 77) ot ZZO:Q
m+p—1—-0)+aln+p—2) (n+p—1+p5)+aln+p) 117757
[ (p _ 25) , |a’n+P—1|+ (p _ B) 1 |bn+P—1”F0,z
> (1 . |bp|)7“p . ( — 7)2((2__/:/—:—7777))(17 - ﬂ) 1— (p + ﬂ;t(;(p + ) |bp|:| pp+l

_ , 2= —p+n) -8 [(+B)+alp+1) ptl
e e s et 101 A

4. Extreme Points

Theorem 4.1. A function f = h+g e MQy " (p, o, B) if and only if f(z) can be

expressed in the form

f(2) =) (Auhn + Bugy) (4.1)
n=1
where
_p —_ P (p—B) ntp— _
ale) = 2 = 27 4 {(n+p—-1-8)+an+p- 2)}F5,’3’nz T =23)

(4.2)

(» - B)
{(n+p—1+p)+aln+p)}lH"
L) is given by (1.5) and )" | (An + By) = 1 with A, >0, B, > 0.
In particular the extreme points of MQG)" (p, a, B) are hy, and g,,.

Proof. Let f(z) be of the form (4.1). Then we have

2Pl in=1,2,3,...),

gn:Zp+
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=3 »P o0 (r—5) mtp—l
T = dna ot B 4 s G T ) rat v p— 2 TR0
+ ZOO (p - 6)

B,z
"{n+p—1+8)+aln+p)} LT
o0 (p—p) _
— 5P n+p—1
Pt 2 ns {(n+p—1-0)+an+p— 2)}1“’””Anz
(p—0) ~
Bn n+p—1
Pl [k p 15 6) +aln 3 p)) TR
Furthermore, let
(p—B) A

[anp-1] = {n+p—1=-8)+an+p—2)}T6)"
(p—5)
{(ntp—1+8)+an+p)}Ier" "
Now, >, { (ntp—1 —f)—j;a(n r=2) } L6 anp—1|+

S P

=Y A+ By =1-A; <1.S0 fe My (p, o, B).
Conversely, suppose that f € MQg)"(p, a, 5).

and [byp-1| =

_ 1 _ _ 2
Setting A,, = (n+p b) —;a(n r=2) } L6 ansp-1| (n1=2,3,...)
p p—
n+p—1+4+08)+an+p
B, = ( 5 _)ﬁ ( ) ng’z7n’bn+p71| (n:1727_“)
and Ay =1-> 7", A,—> 7 B,
Therefore,
f(z) =2+ ZZO:Q |an+p—1|zn+€1 +5)ZZ°1 |bn—1—p—1|zn+pi1
= 2P > p— A ontp—1
zZ +Zn:2 {(n—f—p—l—ﬁ)-i—oz(n—}-p 2)}Fu7n n<
+Z (p ﬁ) ann—i—p—l

At p—1+8)+an+p)} g
= 2 4 30 [An {n(2) — 273 + 300 [Ba{gn(2) — 27}
So f(2) = 20ty (Anha(2) + Buga(2)) -
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