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Abstract: The main target of this paper is to find out the estimates of the order
and type of a bicomplex valued entire function. Also the famous Lucas’s theorem on
the zeros of a polynomial is deduced in the light of bicomplex analysis. A result is
proved to show that the order and type remain invariant under differentiation of an
entire function in C,. Also we prove some results related to Hadamard composition
of two entire functions in C,. In fact, we find out here an estimate of the type of
the Hadamard composition of two bicomplex valued entire functions. Also we show
that the zeros of the derivative of a polynomial P(z) in C, are contained within
the convex hull of the zeros of P(z). Some examples are provided to justify the
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results obtained here.
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1. Introduction and Preliminaries

The theory of bicomplex numbers is a matter of active research for quite a
long time since seminal work as carried in [8] and [1] in search of special algebra.
The algebra of bicomplex numbers are widely used in the literature as it becomes
viable commutative alternative [9] to the non skew field of quaternions introduced
by Hamilton [5] (both are four dimensional and generalization of complex numbers).
Now we will discuss some basic definitions and preliminaries of bicomplex analysis.
A bicomplex number is defined as z = x1 + @179 + iow3 + 110014 = (71 + i122) +
i (T3 + 1124) = 21 + G929 where x;,7 = 1,2, 3,4 are all real numbers with i? = i3 =
—1, 4109 = 191, (i1i2)2 = 1 and 2z, 22 are complex numbers. The set of all bicomplex
numbers, complex numbers and real numbers are respectively denoted by C,, Cy
and Cy. 79—conjugate bicomplex number of 21 +1i925 is 21 — 229 and 7;i5—conjugate
bicomplex number of 2y + i529 IS Z1 — 1925.
Addition is the operation on C, defined by the function @ : Cy x Cy — Cs,

(@1 + 1129 + o3 + G190%a, Y1 + 1Yo + G2y + l1l2Ys) =

(w1 +y1) + i1 (2 + y2) +i2 (23 + ys) + G192 (T4 + Ya) -

Scalar multiplication is the operation on C, defined by the function ® : Cy x Cy —
(C27
(@, x1 + 1129 + iox3 + i1i9wy) = (axy + i1ax9 + i2ax3 + iyigaxy)

where a € Cy be any real number. The system (Cq, @, ®) is a linear space. Here
the norm is defined as

I+ Ca— Ry,
1
”LEl + ’ilxz + igl’g + i1i2$4‘| = (SL’% + .T% + SL’% + .T?l) 2,
So the system (Cy,@®,®,]|| ||) is a normed linear space. Now, we will discuss

the idempotent representation of bicomplex numbers. There are four idempotent
elements in Cy. They are
14199 1 —dyis

0,1
P 2 ) 2
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We now denote two non trivial idempotent elements by

. 1+ 2129
2

1 — 1149
and ey =

in (CQ.

€1

where e% = el,eg = e9,e160 = 6961 = 0,61 + 69 =1.

So, e; and e are alternatively called orthogonal idempotents. Every element & =
(21 + i229) € Cy has the following unique representation,

g = (Zl — i122> e + (21 + ’ilzg) €9

= e + &es, where &, & are complex numbers.

This is known as idempotent representation of the element & = (z1 + is22) € Cs.
An element & = (21 + i923) € Cy is non-singular iff |22 + 22| # 0 and it is singular
iff |22 4+ 22| = 0. The set of all singular elements is denoted by 6,.

If f(z) is a bicomplex valued function, then f can be represented as f(z) =
fi(z1) e1t+fa(22) ea where fi(z1), fo(22) € Cy and f1, fo are both functions in C;.
This type of decomposition is known as Ringleb decomposition [6] in Cy. Let
a = (ay +iyas + isaz + i1isay) be a fixed point in Cy. Set o = ay + iya2 and
B = az + i1ay. Then a = (ay + i1ag + igag + iyizay) = o + i83. Let r, 11, r9 denote
numbers in Cy such that » > 0, r; >0, 7y > 0. Let Ay = {21 —i129 : 21,29 In
Cy} and Ay = {21 + 4129 : 21, 20 in Cy}. Let wy and wy denote the numbers in A
and A,, repectively. Observe that w; and wy are in fact complex numbers in C;.
We should recall here that the open ball with centre a and radius r is denoted by
B (a,r) and the closed ball is denoted by B (a,r). They are defined respectively as
follows:

B(a,r) = {z1+i220 € Cqy: [|(21 +i222 — (a4 i20))|| < r}and

B(a,r) = {z1+i222 € Co: |[(21 +i222 — (a+30))|| < r}.

Then the open and closed discus with centre a and radii rq, r respectively denoted
by D (a;r1,75) and D (a;r1,75) are defined as
D (a' r TQ) _ { 21+ 1929 E Cy: 21+ 1920 = ’w1€1.+ W€, }and
Y lwy — (v — i1 8)| < 711, Jwy — (@ — 01 B)| < 79
21+ 1229 € Co 1 21 + 1220 = wre1 + woaeo,

lwi — (@ =01 8)] < 71, Jwa — (a0 — i1 8)| < 7y
complex number then the sequence (1 + %)n converges to a bicomplex number
denoted by exp(w) or €Y, called the bicomplex exponential function. That is

D (a;ry, 7o) = { . If w is any bi-

eV = lim <1+E>n.
n

n—oo
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If w= (21 +i222), then we get that,
¥ = e (cos 2z 4 ig sin z5) = el (cosarg; w +sinarg; w) where €* ¢ 6,.

Let f:Q C Cy — C, be a bicomplex valued function. The derivative of f at a
point wy € Q) is defined by f'(wg) = }Zir%%)_fw, provided the limit exists and
_>

the domain is so chosen that h = hg + i1hy + i9hy + 112203 is invertible. It is easy
to prove that A is not invertible only for hg = —hg, hy = hy or hg = h3, h1 = —hs.
If the bicomplex derivative of f exists at each point of its domain then in similar
to complex function, f will be a bicomplex holomorphic function in €2. Indeed if f
can be expressed as f(w) = g1(21, 22) + 12g2(21, 22), w = 21 + @929 € Q) then f will
be holomorphic if and only if g, go are both complex holomorphic in 2z, 2z, and

09 _ 09 IO

02’1 B 62’2 7822 N 821 .
Moreover, f'(w) = gii + i 892 A function f is said to be a bicomplex entire
function if f is bicomplex holomorphic in the whole bicomplex plane C,. A func-
tion f is said to be bicomplex meromorphic function in an open set Q if f is
a quotient ¥ of two functions which are bicomplex holomorphic in € where h
¢ O, If f is a bicomplex meromorphic function, then f can be represented as
f(2) = fi(z1)er + fa(22)ea where fi(21), fo(22) € Cy and fi(21), f2(22) are
both meromorphic functions in C;. A bicomplex entire function f(w) can be ex-
pressed as f(w) = fe, (21 — i129)e1 + fe,(21 + i122)e2 . For more details, one can
refer [7].

A series of the form Y &, & € Cy is called an infinite series in Cy. Let {S,} be
k=0

the sequence of partial sum of the above series. Then S, Z &, for all n € N.

Then the infinite sum converges iff lim,,_,, .5, exists and dlverges iff the limit does

not exist. If lim,_,., .S, = & then &* is called the sum of the series and we write

> & = £*. The infinite series Z &, has the sum £ = 2 + 1525 iff the following
k=0
two infinite series converge and have the sums

*

(216 — G122k) = 2] — 1125,

NE

B
Il
o

. * . %
(Zlk + legk) = 2z + 1129.

NE

B
Il
o
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For better understanding of series of bicomplex numbers, one can see [3].
Now let us define the order of a bicomplex entire function. The order p; of an
entire function f in C, is defined ([4], [2]) in the following way:

log® M
pf = lim Sup—Og r(r)
r—00 10g r

where My (r) =max{|f (2)| : |z| =7}.

The order py of a bicomplex entire function f(w) = fe, (21 — i122)e1 + fe,(z1 +
i12p)ey is defined by py = max{py, ,py., }

: log® Mj, (i)
where py, = limsup——————

fori=1,2.
r—00 log r;

Now, the type o of an entire function f in C,; is defined ([4], [2]) as follows:

log M(r)

oy = limsup pjf

r—00 r

where My (r) = max{|f (2)| : |z| =1}.

The type o of a bicomplex entire function, f(w) = fe, (21 —t122)e1+ fe, (21+i122)e2
in C, is defined as oy = max{oy, ,0y,, }

log My, ()

S for i = 1,2,

where oy, = limsup

r—00 ot

In this paper our prime concern is to estimate the order and type of a bicomplex
valued entire function and also to derive the well known Lucas’s theorem on the
zeros of a polynomial in the bicomplexial context. We do not explain the standard
definitions and notatios of the theories of bicomplex valued entire functions as those
are available in [2], [6], [7] and [9].

2. Lemmas
In this section, we present some relevant lemmas which will be needed in the
sequel.

Lemma 2.1. ([7]) Let X be a domain in Cy and f: X — Cy be a differentiable
function on X. Then for each a in X there is a discus D(a; Ry, Ry) such that

f(z) = > an(z—a)"™ where a,, = fnT(f) forn=0,1,2,... and for all z € D(a; Ry, Ry).
n=0

Remark 2.1. Lemma 2.1 is known as Taylor’s theorem in Cs.

Lemma 2.2. Let a bicomplex valued function f(z) has Taylor’s series expansion
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oo
> a,z" on a discuss D (0; Ry, Ry) . Suppose there exists numbers > 0, A > 0 and
n=0

an integer N = N (p; A) > 0 with ||a,| < (e"“}‘) for allm > N. Then f(z) is
entire and also given any € > 0, there are numbers Ry > 0 and Ry > 0 such that

M (Ry) = max{|f (2)] : |2] = B1} <exp{(A+¢)R}} for all Ry > Ry,

My (Ry) = max{|f (2)] : |z| = Re} < exp{(A+¢) Ry} for all Ry > Ry.

Proof. By idempotent decomposition, f (z) can be written as f (2) = fi1 (z1) e1 +
fa (22) ea, where f1(z1), fa(z2) € Cy. On the discuss D (0; Ry, Rs), the maximum
modulus function corresponding to f; denoted by My, (R;) can be written as My, (R;) =

|rr‘1ax |fi (zi)| fori =1,2.Since f (2) = Y. a,2" = Y (aler + ales) (z1€1 + 20e2)" =
n=0 n=0

(Za;zl e1+ Za”z’;) ey, therefore we can write fi(z1) = > al 2] on || = Ry
and fo(z) = S aif on [z] = Ry, )

Since [|an| < (2)*, V n > N we have |f/"§| < lan|| < (£2)* ¥ n > N

v < (%)i2ﬁ,‘v’ n > N. Thus |a,| » — 0 as n — oo and hence fi(z)

| =
n

is entire. Similarly, fo(z3) is so. Hence f is entire in Cy. Further, {/ |a—24L‘R? <

1
an|| Ry < (9’;—)‘)“]%1 < 3 ifn > ng = ng(Ry) = {epr2"R{}. Now choose
R' = R’ (1, A) > 1 so large that ng (Ry) > N if Ry > R', then we have

./ lal] 1
an =
2 <2

2
la, | R} < 24 provided n > ny.

e, |a,]

That is

We now deduce an upper bound for My (R;).
N ’ M R — ! . n < / Rn
ow, My (Rr) = max Zanzl < Z ja,| Y
= Z AL STAL

n= no—l—l

< Z|a | R} + Z

n= n0+1
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no
< > || R +V2if Ry > R

n=0
no N no
Also, ) la,| Ry = ) la,|Ri+ ) |ay| Ry
n=0 n=0 n=N+1

N+1<n<ng

N
< R¥Z|a;|+(no—N) max |a, | R}.
n=0

/ n < / n < / n epA W pn
Now. \ augie, Il B < ol R < V2 ma lobll i < V2 o (55)7 i
= V2exp (AR}) . The maximum of (£22)* is achieved for n = pARY, thus we have

max |a,| RY < v2exp (ARY). Hence if Ry > R', it follows that
N+1<n<ng

N
My (R1) < BYY a4+ V2 (no — N)exp (ARY) + v2
n=0

N
= RYY|aj| + (2"epAR} — N)V2exp (AR}) + V2

n=0

N
= exp(AR}) {2“*';6#)\}?‘1‘ — V2N exp (—ARY) Z |al,| + V2exp (—)\R‘f)} :
n=0

Given any £ > 0, there exists a number Ry = R (¢) > R’ such that the expres-
sion above within brackets is less than exp (e RY), provided Ry > Ry. Therefore,
My (Ry) <exp{(A+¢) R} for all Ry > Rj. Analogously, we can write for ¢ > 0,
there exists R > 0 such that My (Ry) < exp{(A+¢) Ry} for all Ry > Rj. This
completes the proof of the lemma.

Lemma 2.3. If ﬁ =0 then ﬁ = 0 where z,k € Cy and Z, k are the respective
11i9— conjugate of z and k.
Proof. Let us write as z = 21 + i920 = (21 —i129) €1 + (21 +i122) eo and &k =
ki + ioky = (k)l — ilkg) e1 + (]{31 + ilkg) e; where 21, 22, /{31, ko € Cy. NOW7
1 1 - (z1=F1) —iz(22—F2)
z—k = (z1—k1)+i2(z2—k2) {(z1—k1)+i2(zz—k2)}{(m)—i2(M)}
(z1—F1) —iz(73—k2)
(21 —k1)—i1 (22—ka)|*e1+|(z1—k1)+i1 (za—k2)[Pea "
Since, Zik = 0, we have (2_1 - k_l) — 9 (2_2 — k_g)
0 e [(5-F) ti (5] et [(F - ) —ir (55— F2)] s =00
So it follows that
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F-k)+i(m—k) =0and (F1—F) =i (m—ks) =0.
Now from above two equations, we obtain that z; = k; and z5 = k.

In view of above equations, now it follows that
1 1

—k (z1—i222)— (k1 —i2k2)
(z1—F1) +iz(22—k2)
{(21*kl)*i2(z2*k2)}{<ﬁ)+i2(ﬂ)}
(z1—F1 ) +io(z3—F2)
[(z1—k1)—i1 (z2—kz2)[Pe1+|(z1—k1)+i1 (z2—k2) Pea
The following lemma [10] says that the order and type remain invariant under

differentiation of an entire function in C;.

= (. This proves the lemma.

Lemma 2.4. The order and type of the derivative of an entire function in Cy s
equal to the order and type of the function.

3. Theorems
In this section we prove the main results of our paper. We prove that the result
stated in Lemma 2.4 is also true if we change the domain from C; to Cs.

Theorem 3.1. Let f(z) € Cy be entire. Then the order and type of f'(z) are same
as those of f(z).

Proof. Since f(z) € Cq, we have by its idempotent representation f(z) = fi(z; —
i129)e1 + fo(21 + i122)es where fi(z1 —i122) and fo(21 + i122) € Cy. Now f'(2) =
fi(z1 — i1z2)en + f(z1 + i122)e2. In view of Lemma 2.4, p; = max{pys,ppt =
max {pp, pyy} = py. Similarly, in view of Lemma 2.4, oy = max{oy,,0p,} =
max { oy O’fé} = o . Thus the theorem is established.

Theorem 3.2. If f(z) € Cy is entire of finite order p (0 < p < 00) and type o

then o = fplimsup n ||an||% .
n—oo
Proof. Let us suppose that ¢ is finite. As ¢ = max {0y, 02} then both ¢; and

oo are finite. Also p = max {p1, p2} with 0 < p; < oo for i« = 1,2. Now, a, =
alei + ales where al, a’ € C;.
Case I. Let |a),| > |a”].

As Jla,|| < max{|a,|,|al|} = |a)| , using Cauchy’s inequality in C; we may
write
M; (R kit kry
lan|| < |a,| < f(n ) < exp(nrl ) < &P (n ) for all m > R;.
1 5! "1
exp(krp) %
Now the minimum value of T . occurs for r = <%> . Thus ||a,| <

1
(E;LL]“); ifn >N and r = <kﬂp)p > Ry (k). Rewriting k& > in Hanug, we have
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k>4 Z limsup n HanH » . Since k is an arbitrary number exceeding o, o > - 2, limsup
TL o0 n—oo

nlan" .

Now, as the right hand side of the above inequality is finite, let £’ be any number
exceedialg the same. Then there exists a number N’ = N’ (k) > 0 such that ||a,|| <
(#)F for all n > N’. Applying Lemma 2.2 with A = k&’ and u = py, given any
e > 0, there exists R’ > 0 such that My (r) < exp {(K' +¢)r}*} for all o> R

Thus we have o1 < &’ and because of the choice of ¥/, o < —hm sup n HanH n
n—oo

Case II. Let |a)| < |al].

My (R2) < exp(krgl)
Ty Ty

Now we can write, ||a,|| < max{|a,]|,|a.|} = |a!| <

nls
ex T >
—p<k ) for all r5 > Ry. Now the minimum value of - (k f)
2 2

<
1
p

occurs for ro = <kp)
Thus |la,|| < (%)% ifn > Ny and ry = (ﬁp)z > Ry (k). Rewriting k& >

—n ||an|| n, we have k > = Zplimsup n ||an|| . Since k is an arbitrary number exceed-
n—>OO

ing o, o0 > 1 hm Sup n ||an|| n. Now as the right hand side of the above inequality

is finite, let k” be any number exceeding the _same. Then there exists a number
N" = N"(E") > 0 such that ||a,| < (—%ﬂﬁ) z for all n > N”. Applying Lemma
2.2 with A = k” and p = po, given any € > 0 there exists R” > 0 such that

Mf (T‘Q) < exp {(k” + 6) 2} for all o > R”. Thus o9 < k" and because of the
choice of k', 09 < 1 hm sup n HanH "

n—oo
Case III. Let |an] = |a!| .Then the case is trivial Combining Cases I, II and
I1I, we obtain that max {0y, 09} < llimsup n HanH de,o0 <L plimsup n Haan
*)OO n—oo
Thus we can say that o = = Zplimsup n HanH . Thus the theorem is established.

n—oo

Remark 3.1. The following examples ensure the validity of the above theorem.

Example 3.1. The function f (z) = Z (690) 2 2™ is of order ¢ and type o.

. . 1 . . .
Example 3.2. Since lim —~2"— = 0 characterizes an entire function of order
n—00] _1
og( Vlan] )
zero, any function with coefficients ||a,|| = —=
n

numbers converging to zero is of order zero.
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logn

Example 3.3. As the condition limsup = 00 characterizes an entire

1 1
n—oo og( W)
function of infinite order, considering [|a,|| = —&, {e,} to a sequence of positive
numbers converging to zero slowly enough with lim ¢, logn = oo.

n—00

We see that the sequence ¢, = W (n =1,2,...) meets these requirements
if 0 < § < 1, as because ¢, — 0 but lime,logn — co. Thus the series f(z) =
n—oo

o

> m, 0 < 6 < 1 represents an entire function of infinite order.
n=0"

Let f (2) = Z a,z" and g (z) = Z b,z" be two bicomplex valued entire functions.
Then the Hadamard composmon [11] of f( ) and g (z) denoted by f(z) o g(2) is
defined by f(z)og(z) = Z by 2" Z cn2" where ¢, = a,b,,.

n=0 n=0
As a consequence of Theorem 3.2, we may prove the following result related to

the Hadamard composition of two entire functions in C,. In fact we will find out
here an estimate of the type of the Hadamard composition of two bicomplex valued
entire functions.

Theorem 3.3. Let f(z) = Z a,z" and g(z) = Z b,z" be entire in Cy with

respective orders and types pl,pg and 01,0'2 Also let PO denote the order cmd
type of (2) 0 g(2) respectively. Then (—mx)s 75" < (G1p0)"" (2p2)"", if
1 2
1 _ 141
p b ,
Proof. In view of Theorem 3.2, we have 0 = eiplim sup nl|c,||*. Therefore,
n—oo

(epo)'/P = limsup n'/? chH% — limsup nei 7 Hanan%

< limsup n1 [|ay||* limsup n7z |[by||
n—00 n—00

= (ep101)"/7 (epa02) /72

= el/p(plal)l/pl (p202)1/ﬂ2
e., (p0) /7 < (pr01) /P (paoa) /P

o \ VP y y
i.e., | — < (pro1) P (paoa) P2
<1/p) ()7 pa02)

g PL tPr -1 -1
Hence, (ﬁ) < (01p1)r (02p2)P2 .
p1 P2
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This completes the proof of the theorem.

The convex hull of a shape is the smallest convex set containing it. The convex
hull may be defined either as the intersection of all convex sets containing a given
subset of a Euclidean space or equivalently as the set of all convex combinations of
points in the subset. A convex polygon is defined as a polygon with all its interior
angles less than 180°. This means that all the vertices of the polygon will point
outwards away from the interior of the shape. Here, we show that the zeros of the
derivative of a polynomial P(z) in Cy are contained within the convex hull of the
zeros of P(z).

Theorem 3.4. The zeros of the derivative P'(z) of a polynomial P(z) in Cy are
contained within the convex hull of the zeros of P(z).

Proof. Let P(z) have zeros z1, 23, ..., z,. Let I' be the least convex polygon con-
taining these zeros. It is sufficient to show that P’(z) cannot vanish anywhere in
the exterior of I'.

Since P(z) = (z—21)(z—22) - - (2 — 2p) {log P(z2)}=> 1, ﬁ
If P'(z) = 0 then there exists zp € Cy such that Zk 13 = 0 and therefore

in view of Lemma 2.3, we have Zk 1 2015 = 0. Thus, Zk ) % = 0.

n

. 1 _ o
Le., Zokz e Z oo That is zo = szaklzk, where K =
n n

’;m Since 20 — Zb Zr with Zb aKk = %zak = % = 1,
n

r=1 r=1 =1 =1
b, > 0, we have zy lies within the convex hull of z,’s where r = 1,2 . This

2,
proves the theorem.

W

Remark 3.2. Above theorem is the bicomplex version of Lucas’s Theorem [4] in
C;.

4. Future Scope

In the line of the works as carried out in the paper one may think of the
formation of the results in the light of in n-dimensional bicomplex numbers with
. Itigio l—igip ldiyiz l—igiy ldipiz 1—igi 1tin_1in

the hlelp oflthe idempotents 0, 1, =512 =2 lis s | e el 5
and —==+" in C,,. As a consequence, the derivation of relevant results in this area
is still virgin and may be an active area of research to the future workers of this

branch.
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