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Abstract: In this paper, we study q-analogue of Catalan numbers and polyno-
mials by using p-adic q-integral on Zp. We investigate some properties of these
numbers and polynomials. In addition, we define q-analogue of 1

2
-Changhee num-

bers by using p-adic q-integral on Zp and derive their explicit expressions and some
identities involving them.
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1. Introduction
Let p be a fixed odd prime number. Throughout this paper, Zp, Qp and Cp

will denote the ring of p-adic integers, the filed of p-adic rational numbers and
the completion of an algebraic closure of Qp. The p-adic norm | . |p is normalized
by | p |p= 1

p
. Let C(Zp) be the space of continuous function on Zp. Let q be an

indeterminate in Cp with | 1−q |p< 1 and q-extension of x is defined by [x]q =
1−qx

1−q
.
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Then the fermionic p-adic q-integral of f on Zp is defined by Kim as follows

I−q(f) =

∫
Zp

f(x)dµ−q(x) = lim
N→∞

pN−1∑
x=0

f(x)µ−q(x+ pNZp),

= lim
N→∞

1

[pN ]−q

pN−1∑
x=0

f(x)(−q)x, (see [4, 10, 14, 15, 26]). (1.1)

Let f1(x) = f(x+ 1). Then, by (1.1), we get

qI−q(f1) + I−q(f) = [2]qf(0). (1.2)

It is well known that the Euler numbers are defined by

2

et + 1
=

∞∑
n=0

En
tn

n!
, (see [12, 17, 19]). (1.3)

Let q be an indeterminate in Cp with | 1 − q |p< 1. The q-analogues of Euler
numbers are given by

[2]q
qet + 1

=
∞∑
n=0

En,q
tn

n!
, (see [7, 23]). (1.4)

Note that limq→1En,q = En, (n ≥ 0).
The q-analogues of Changhee numbers are given by

[2]q
[2]q + t

=
∞∑
n=0

Chn,q
tn

n!
, (see [6-10, 13, 14]). (1.5)

Kim et al. [8] introduced the λ-Changhee polynomials defined by

2

(1 + t)λ + 1
(1 + t)λx =

∞∑
n=0

Chn,λ(x)
tn

n!
, (1.6)

where λ ∈ Zp.
When x = 0, Chn,λ = Chn,λ(0) are called the λ-Changhee numbers.
For n ≥ 0, the Stirling numbers of the first kind are defined by

(x)n =
n∑

l=0

S1(n, l)x
l, (see [1-15]) (1.7)
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where (x)0 = 1, and (x)n = x(x− 1) · · · (x− n+ 1), (n ≥ 1). From (1.7), it is easy
to see that

1

r!
(log(1 + t))r =

∞∑
n=r

S1(n, r)
tn

n!
, (r ≥ 0), (see [11-20]). (1.8)

For n ≥ 0, the Stirling numbers of the second kind are defined by

xn =
n∑

l=0

S2(n, l)(x)l, (see [15-27]). (1.9)

From (1.9), we see that

1

r!
(et − 1)r =

∞∑
n=r

S2(n, r)
tn

n!
. (1.10)

As is well known, the Catalan numbers are defined by the generating function as
follows (see [1, 2, 3, 20, 21, 22, 24, 25, 27])

2

1 +
√
1− 4t

=
1−

√
1− 4t

2t
=

∞∑
n=0

Cnt
n, (1.11)

where Cn =
(
2n
n

)
1

n+1
, (n ≥ 0).

The Catalan polynomials are defined by the generating function as follows (see
[13]) ∫

Zp

(1− 4t)
x+y
2 dµ−1(y) =

2

1 +
√
1− 4t

(1− 4t)
x
2

=
∞∑
n=0

Cn(x)t
n. (1.12)

When x = 0, Cn = Cn(0) are called the Catalan numbers.
Thus, by (1.11) and (1.12), we have

Cn(x) =
n∑

m=0

m∑
j=0

(x
2

)j
S1(m, j)(−4)m

Cn−m

m!
.

Kim introduced the 1
2
-Changhee polynomials which are given by the generating

function (see [12]) ∫
Zp

(1 + t)
x+y
2 dµ−1(y) =

2

1 +
√
1 + t

√
(1 + t)x
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=
∞∑
n=0

Chn, 1
2
(x)

tn

n!
. (1.13)

When x = 0, Chn, 1
2
= Chn, 1

2
(0) are called the 1

2
-Changhee numbers.

On replacing t by −4t in (1.13) and by using (1.12), we have∫
Zp

(1− 4t)
x+y
2 dµ−1(y) =

2

1 +
√
1− 4t

√
(1− 4t)x

=
∞∑
n=0

Chn, 1
2
(x)(−4)n

tn

n!
.

∞∑
n=0

Cn(x)t
n =

∞∑
n=0

Chn, 1
2
(x)(−4)n

tn

n!
. (1.14)

Comparing the coefficients of t, we get

Cn(x) =
(−1)n

n!
Chn, 1

2
(x)22n.

Recently, Kim et al. [11] introduced the q-analogues of Catalan polynomials which
are given by ∫

Zp

(1− 4t)
x+y
2 dµ−q(y) =

[2]q

1 + q
√
1− 4t

(1− 4t)
x
2

=
∞∑
n=0

Cn,q(x)t
n. (1.15)

When x = 0, Cn,q = Cn,q(0) are called the q-Catalan numbers.
The aim of the paper is to introduce the q-analogues of Catalan numbers Cn,q

with the help of a p-adic q-integral on Zp and derive explicit expressions and some
identities for those numbers. In more detail, we deduce explicit expressions of Cn,q,
as a rational function in terms of Euler number and Stirling numbers of the first
kind, as a fermionic p-adic q-integral on Zp and involving q-analogue of 1

2
-Changhee

numbers.

2. q-analogue Catalan Numbers Associated with q-Changhee Numbers

In this section, we assume that q, t ∈ Cp with | 1− q |< 1 and | t |< p−
1

p−1 . Let

us apply (1.2) with f(x) = (1 + t)
1
2 . Then, we have∫

Zp

(1 + t)
x
2 dµ−q(x) =

[2]q

1 + q
√
1 + t

=
[2]q

1− q2 − q2t
(1− q

√
1 + t). (2.1)
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Now, we consider the q-analogues of 1
2
-Changhee numbers which are defined by

[2]q
1− q2 − q2t

(1− q
√
1 + t) =

∞∑
n=0

Chn,q, 1
2

tn

n!
. (2.2)

Note that
lim
q→1

Chn,q, 1
2
= Chn, 1

2
(n ≥ 0).

From (1.2), we note that∫
Zp

extdµ−q(x) =
[2]q

qet + 1
=

∞∑
n=0

En,q
tn

n!
. (2.3)

Thus, by (2.3), we get ∫
Zp

xndµ−q(x) = En,q, (n ≥ 0). (2.4)

On the other hand, by using (2.4) we also have∫
Zp

(1 + t)
x
2 dµ−q(x) =

∞∑
m=0

∫
Zp

xmdµ−q(x)
1

m!
(log(1 + t))m

=
∞∑

m=0

Em,q2
−m

∞∑
n=m

S1(n,m)
tn

n!

=
∞∑
n=0

(
n∑

m=0

Em,q2
−mS1(n,m)

)
tn

n!
. (2.5)

Therefore, by (2.2) and (2.5), we obtain the following theorem.

Theorem 2.1. For n ≥ 0, we have

Chn,q, 1
2
=

n∑
m=0

Em,q2
−mS1(n,m).

By replacing t by −4t in (2.2), we have∫
Zp

(1− 4t)
x
2 dµ−q(x) =

[2]q

q
√
1− 4t+ 1

=
∞∑
n=0

Cn,qt
n. (2.6)
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On the other hand,∫
Zp

(1− 4t)
x
2 dµ−q(x) =

∞∑
n=0

Chn,q, 1
2

(−4)ntn

n!
. (2.7)

Therefore, by (2.6) and (2.7), we obtain the following theorem.

Theorem 2.2. For n ≥ 0, we have

Cn,q = (−1)n
4nChn,q, 1

2

n!
.

From (2.1), we observe that∫
Zp

(1 + t)
x
2 dµ−q(x) =

∞∑
m=0

∫
Zp

(
x
2

m

)
dµ−q(x)

[log(1 + t)]m

m!

=
∞∑

m=0

Cm,q

∞∑
n=m

S1(n,m)
tn

n!

=
∞∑
n=0

(
n∑

m=0

Cm,qS1(n,m)

)
tn

n!
. (2.8)

Therefore, by (2.2) and (2.8), we get the following theorem.

Theorem 2.3. For n ≥ 0, we have

Chn,q, 1
2
=

n∑
m=0

Cm,qS1(n,m).

First, we note that

(1 + t)
1
2 =

∞∑
n=0

(
1
2

n

)
tn =

∞∑
n=0

(1
2
)n

n!
tn

=
∞∑
n=0

1(1
2
− 1)(1

2
− 2) · · · (1

2
− n+ 1)

n!
tn

=
∞∑
n=0

(−1)n−11.3.5 · · · (2n− 3)

n!2n
tn

=
∞∑
n=0

(−1)n−11.3.4 · · · (2n− 3)(2n− 2)(2n− 1)(2n)

n!2n2.4.6 · · · (2n− 2)(2n− 1)(2n)
tn
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=
∞∑
n=0

(−1)n−1(−1)n−1 (2n)!

n!4n(2n− 1)n!
tn =

∞∑
n=0

(
2n

n

)
(−1)n−1

4n(2n− 1)
tn. (2.9)

By (2.1) and (2.9), we get

[2]q =

(
∞∑
n=0

Chn,q, 1
2

tn

n!

)(
(1 + q

√
1 + t)

)

=
∞∑
n=0

Chn,q, 1
2

tn

n!
+

(
∞∑
n=0

Chn,q, 1
2

tn

n!

)(
q

∞∑
m=0

(
2m

m

)
(−1)m−1

4m(2m− 1)
tm

)

=
∞∑
n=0

Chn,q, 1
2

tn

n!
+

∞∑
n=0

(
q

n∑
m=0

Cm
(m+ 1)(−1)m−1

4m(2m− 1)

m!n!

(n−m)!m!
Chn−m,q, 1

2

)
tn

n!

=
∞∑
n=0

Chn,q, 1
2

tn

n!
+

∞∑
n=0

(
q

n∑
m=0

Cm
(m+ 1)(−1)m−1

4m(2m− 1)

(
n

m

)
Chn−m,q, 1

2

)
tn

n!
. (2.10)

By comparing the coefficients of t on both sides, we obtain the following theorem.

Theorem 2.4. For n ≥ 0, we have

Chn,q, 1
2
+ q

n∑
m=0

Cm
(m+ 1)(−1)m−1

4m(2m− 1)

(
n

m

)
Chn−m,q, 1

2
=


[2]q, ifn = 0

0, ifn > 1.

By replacing t by − t
4
in (1.4), we get

[2]q

1 + q
√
1 + t

=
∞∑
n=0

Cn,q

(
− t

4

)n

. (2.11)

=
∞∑
n=0

Cn,q(−1)n4−ntn

On the other hand, we have

[2]q

1 + q
√
1 + t

=
∞∑
n=0

Chn,q, 1
2

tn

n!
. (2.12)

Therefore, by (2.11) and (2.12), we get the following theorem.
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Theorem 2.5. For n ≥ 0, we have

Chn,q, 1
2
= n!Cn,q(−1)n2−2n.

Replacing t by e2t − 1 in (2.1), we have∫
Zp

extdµ−q(x) =
[2]q

qet + 1
=

∞∑
m=0

Chm,q, 1
2

(e2t − 1)m

m!

=
∞∑

m=0

Chm,q, 1
2

∞∑
n=m

S2(n,m)
2ntn

n!

=
∞∑
n=0

(
n∑

m=0

2nChm,q, 1
2
S2(n,m)

)
tn

n!
. (2.13)

On the other hand, we have∫
Zp

extdµ−q(x) =
∞∑
n=0

En,q
tn

n!
. (2.14)

Therefore, by (2.13) and (2.14), we obtain the following theorem.

Theorem 2.6. For n ≥ 0, we have

En,q =
n∑

m=0

2nChm,q, 1
2
S2(n,m).

Now, we observe that

(1 + t)
x
2 =

∞∑
m=0

(x
2

)m [log(1 + t)]m

m!

=
∞∑

m=0

(x
2

)m ∞∑
n=m

S1(n,m)
tn

n!

=
∞∑
n=0

(
n∑

m=0

(x
2

)m
S1(n,m)

)
tn

n!
. (2.15)

Now, we consider the q-analogues of 1
2
-Changhee polynomials which are given by

the generating function to be∫
Zp

(1 + t)
x+y
2 dµ−q(y) =

[2]q

1 + q
√
1 + t

√
(1 + t)x
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=
∞∑
n=0

Chn,q, 1
2
(x)

tn

n!
. (2.16)

When x = 0, Chn,q, 1
2
= Chn,q, 1

2
(0) are called the q-analogues of 1

2
-Changhee num-

bers.
From (2.16), we note that

∞∑
n=0

Chn,q, 1
2
(x)

tn

n!
=

[2]q

1 + q
√
1 + t

√
(1 + t)x

=

(
∞∑
n=0

Chn,q, 1
2

tn

n!

)(
∞∑
l=0

l∑
m=0

(x
2

)m
S1(l,m)

tl

l!

)

=
∞∑
n=0

(
n∑

m=0

(
n

l

)
Chn−l,q, 1

2

l∑
m=0

(x
2

)m
S1(l,m)

)
tn

n!
. (2.17)

By (2.16) and (2.17), we obtain the following theorem.

Theorem 2.7. For n ≥ 0, we have

Chn,q, 1
2
(x) =

n∑
m=0

(
n

l

)
Chn−l,q, 1

2

l∑
m=0

(x
2

)m
S1(l,m).

By replacing t by −4t in (2.16), we have∫
Zp

(1− 4t)
x+y
2 dµ−q(y) =

[2]q

1 + q
√
1− 4t

√
(1− 4t)x =

∞∑
n=0

Cn,q(x)t
n. (2.18)

On the other hand,

∞∑
n=0

Chn,q, 1
2
(x)

(−4t)n

n!
=

∞∑
n=0

Chn,q, 1
2
(x)(−1)n22n

tn

n!
. (2.19)

Therefore, by (2.18) and (2.19), we state the following theorem.

Theorem 2.8. For n ≥ 0, we have

Cn,q(x) =
(−1)n

n!
22nChn,q, 1

2
(x).



38 South East Asian J. of Mathematics and Mathematical Sciences

From (2.16), we note that

[2]q

1 + q
√
1 + t

√
(1 + t)x =

(
∞∑
n=0

Chn,q, 1
2

tn

n!

)(
∞∑

m=0

(
x
2

m

)
(−1)m22mtm

)

=
∞∑
n=0

(
n∑

m=0

(
x
2

m

)
(−1)m22mChn−m,q, 1

2

1

(n−m)!

)
tn. (2.20)

Therefore, by (2.16) and (2.19), we obtain the following theorem.

Theorem 2.9. For n ≥ 0, we have

Chn,q, 1
2
(x) =

n∑
m=0

(
x
2

m

)
(−1)m22mChn−m,q, 1

2

n!

(n−m)!
.

From (1.2), we see that

∞∑
n=0

∫
Zp

(x+ y)ndµ−q(y)
tn

n!
=

∫
Zp

e(x+y)tdµ−q(y) =
[2]q

qet + 1
ext

=
∞∑
n=0

En,q(x)
tn

n!
, (2.21)

where En,q(x) =
∑n

m=0

(
n
m

)
En−m,qx

m =
∫
Zp
(x+y)ndµ−q(y) are q-Euler polynomials.

From (2.16), we have

[2]q

1 + q
√
1 + t

√
(1 + t)x =

∫
Zp

(1 + t)
x+y
2 dµ−q(y)

=
∞∑

m=0

2−m 1

m!
(log(1 + t))m =

∫
Zp

(x+ y)mdµ−q(y)

=
∞∑

m=0

2−mEm,q(x)
∞∑

n=m

S1(n,m)
tn

n!

=
∞∑
n=0

(
n∑

m=0

2−mEm,q(x)S1(n,m)

)
tn

n!
. (2.22)

Thus, by (2.16) and (2.22), we get the following theorem.
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Theorem 2.10. For n ≥ 0, we have

Chn,q, 1
2
(x) =

n∑
m=0

2−mEm,q(x)S1(n,m).

3. Conclusion
The aim of the paper is to introduced q-analogue of Catalan numbers Cn,q with

the help of a p-adic q-integral on Zp and derived explicit expressions and some
identities for those numbers. In more detail, we deduced explicit expressions of
Cn,q, as a rational function in terms of q-Euler number and Stirling numbers of
the first kind, as a fermionic p-adic q-integral on Zp and involving q-analogue of
1
2
-Changhee numbers.

References

[1] Dolgy D. V., Khan W. A., A note on type 2 degenerate poly-Changhee poly-
nomials of the second kind, Symmetry, 13 (579)(2021), 1-12.

[2] Hampel R., On the problem of Catalan, (Polish), Prace Mat., 4 (1960), 11-19.

[3] Hyyro S., On the Catalan problem, (Finnish) Arkhimedes, 1 (1963), 53-54.

[4] Haroon H., Khan W. A., Degenerate Bernoulli numbers and polynomials
associated with degenerate Hermite polynomials, Commun. Korean Math.
Soc., 33 (2018), 651-669.

[5] Inkeri K., On Catalans’s problem, Acta Arith., 9 (1964), 285-290.

[6] Kim D. S., Kim T., Some identities of Korobov-type polynomials associated
with p-adic integrals on Zp, Adv. Diff. Equ., 282 (2015).

[7] Kim T., Kim D. S., A note on nonlinear Changhee differential equations,
Russ. J. Math. Phy., 23 (2016), 88-92.

[8] Kim T., Kim D. S., Seo J.-J., Kwon H.-I., Differential equations associated
with λ-Changhee polynomials, J. Nonlinear Sci. Appl., 9 (2016), 3098-3111.

[9] Kim T., A note on degenerate Stirling numbers of the second kind, Proc.
Jangjeon Math. Soc., 20 (3) (2017), 319-331.

[10] Kim T., A study on the q-Euler numbers and the fermionic q-integral of the
product of several type q-Bernstein polynomials on Zp, Adv. Stud. Contemp.
Math. (Kyungshang), 23 (1) (2013), 5-11.



40 South East Asian J. of Mathematics and Mathematical Sciences

[11] Kim T., Kim D. S., Kwon J., A note on q-analogue of Catalan numbers
arising from fermionic p-adic q-integral on Zp, Adv. Stud. Contemp. Math.
(Kyungshang), 31 (3) (2021), 279-286.

[12] Kim T., A note on Catalan numbers associated with p-adic integral on Zp,
arXiv:1606.00267v1[math.NT] 1 Jun 2016.

[13] Kim T., Kim D. S., Seo J.-J., Symmetric identities for an analogue of Catalan
polynomials, Russ. J. Math. Phys., 27 (3) (2020), 352-358.

[14] Kim T., q-Euler numbers and polynomials associated with p-adic q-integrals,
J. Nonlinear. Math. Phys., 14 (1) (2007), 15-27.

[15] Kim T., Analytic continuation of q-Euler numbers and polynomials, Appl.
Math. Lett., 21 (12) (2008), 1320-1323.

[16] Khan W. A. and Ahmad M., Partially degenerate poly-Bernoulli polynomials
associated with Hermite polynomials, Adv. Stud. Contemp. Math. (Kyung-
shang), 28 (3) (2018), 487-496.

[17] KhanW. A., A new class of degenerate Frobenius-Euler-Hermite polynomials,
Adv. Stud. Contemp. Math. (Kyungshang), 28 (4) (2018), 567-576.

[18] Khan W. A., Acikgoz M., Duran U., Note on the type 2 degenerate multi-
poly-Euler polynomials, Symmetry, 12 (2020), 1-10.

[19] Khan W. A., Nisar K. S., Acikgoz M., Duran U., Multifarious implicit sum-
mation formulae of Hermite-based poly-Daehee polynomials, Appl. Math.
Inf. Sci., 12 (2) (2018), 305-310.

[20] Khan W. A., Alatawi M. S., Ryoo C. S., Duran U., Novel properties of q-Sine-
based and q-Cosine-based q-Fubini polynomials, Symmetry, 15 (356) (2023),
1-18.

[21] Khan W. A., A note on q-analogue of degenerate Catalan numbers associated
p-adic integral on Zp, Symmetry, 14 (119) (2022), 1-10.

[22] Khan W. A., A note on q-analogues of degenerate Catalan-Daehee num-
bers and polynomials, Journal of Mathematics, (2019), Article Id 9486880, 9
pages.



A Note on q-analogue of Catalan Numbers ... 41

[23] Khan W. A., A study on q-analogue of degenerate 1
2
-Changhee numbers and

polynomials, Southeast Asian Journal of Mathematics and Mathematical Sci-
ences, 18 (2) (2022), 1-12.

[24] Nadeem M., Khan W. A., Shadab M., A note on q-analogue of poly-Genocchi
numbers and polynomials, International Journal of Applied Mathematics, 35
(1) (2022), 89-102.

[25] Muhiuddin G., Khan W. A., Younis J., Construction of type 2 poly-Changhee
polynomials and its applications, Journal of Mathematics, Vol. 2021, (2021),
Article ID 7167633, 9 pages.

[26] Rim S. H., Kim T., A note on q-Euler numbers associated with the basic
q-zeta function, Appl. Math. Lett., 20 (4) (2007), 366-369.

[27] Sharma S. K., Khan W. A., Ryoo C. S., Duran U., Diverse properties and
approximate roots for a novel kinds of the (p, q)-Cosine and (p, q)-Sine Geo-
metric polynomials, Mathematics, 10 (2709) (2022), 1-18.



42 South East Asian J. of Mathematics and Mathematical Sciences

Th
is
pa
ge
in
te
nt
io
na
lly
lef
t b
la
nk
.


