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1. Introduction
Throughout this presentation, we use the following standard notions N =

{1, 2, · · · }, N0 = {0, 1, 2, · · · } = N ∪ {0}, Z− = {−1,−2, · · · }. Also as usual Z
denotes the set of integers, R denotes the set of real numbers and C denotes the
set of complex numbers. For any n ∈ N, the q-number can be defined as follows

[n]q =
1− qn

1− q
.
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Note that limq−→1[n]q = n.
The classical Genocchi numbers Gn, the classical Genocchi polynomials Gn(x)

and the generalized Genocchi polynomials G
(α)
n (x) of (real or complex) order α are

usually defined by means of the following generating functions (see [11, 12, 15-24]):

2t

et + 1
=

∞∑
n=0

Gn
tn

n!
(| t |< π), (1.1)

2t

et + 1
ext =

∞∑
n=0

Gn(x)
tn

n!
(| t |< π), (1.2)

and (
2t

et + 1

)α

ext =
∞∑
n=0

G(α)
n (x)

tn

n!
(| t |< π; 1α = 1), (1.3)

with
G1

n(0) = Gn.

The degenerate exponential function [4, 8, 9] is defined by

exλ(t) = (1 + λt)
x
λ and e1λ(t) = eλ(t), (λ ∈ R). (1.4)

Note that

lim
λ→0

(1 + λt)
x
λ =

∞∑
n=0

xntn

n!
= ext.

In [2, 3], Carlitz introduced the degenerate Bernoulli and degenerate Euler poly-
nomials defined by

t

eλ(t)− 1
exλ(t) =

t

(1 + λt)
1
λ − 1

(1 + λt)
x
λ =

∞∑
n=0

βn(x;λ)
tn

n!
, (1.5)

and
2

eλ(t) + 1
exλ(t) =

2

(1 + λt)
1
λ − 1

(1 + λt)
x
λ =

∞∑
n=0

En(x;λ)
tn

n!
. (1.6)

In the case when x = 0, Bn,λ(0) := Bn,λ are called the degenerate Bernoulli numbers
and En,λ(0) := En,λ are called the degenerate Euler numbers.

Let (x)n,λ be the degenerate falling factorial sequence given by

(x)n,λ := x(x− λ) · · · (x− (n− 1)λ), (n ≥ 1),
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with the assumption (x)0,λ = 1.
The the degenerate Genocchi polynomials are defined by (see [14])

2t

eλ(t) + 1
exλ(t) =

∞∑
n=0

Gn,λ(x)
tn

n!
. (1.7)

In the case when x = 0, Gn,λ := Gn,λ(0) are called the degenerate Genocchi
numbers.

The classical polylogarithm function Lik(z) is defined by (see [5])

Lik(z) =
∞∑

m=1

zm

mk
, (k ∈ Z) (1.8)

so for k ≤ 1,

Li1(z) = − ln(1− z), Li0(z) =
z

1− z
, Li−1(z) =

z

(1− z)2
, ...

The poly-Bernoulli polynomials are given by (see [13])

Lik(1− e−t)

et − 1
ext =

∞∑
n=0

B(k)
n (x)

tn

n!
, (see [11]) (1.9)

For k = 1 in (1.9), we have

Li1(1− e−t)

et − 1
ext =

t

et − 1
ext =

∞∑
n=0

Bn(x)
tn

n!
. (1.10)

From (1.9) and (1.10), we have

B(1)
n (x) = Bn(x).

Very recently, Jung and Ryoo [6] introduced the degenerate q-poly-Bernoulli poly-

nomials B
(k)
n,q(x;λ) defined by

Lik,q(1− e−t)

(1 + λt)
1
λ − 1

(1 + λt)
x
λ =

∞∑
n=0

B(k)
n,q(x;λ)

tn

n!
, (1.11)

where

Lik,q(t) =
∞∑
n=0

tn

[n]kq
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is the k-th q-polylogarithm function.
Note that

lim
λ→0

Lik,q(1− e−t)

(1 + λt)
1
λ − 1

(1 + λt)
x
λ =

∞∑
n=0

lim
λ→0

B
(k)
n,λ,q(x)

tn

n!

=
Lik,q(1− e−t)

et − 1
ext =

∞∑
n=0

B(k)
n,q(x)

tn

n!
. (1.12)

We recall the following definition as:
The Stirling numbers of the first kind are defined by

(x)n = x(x− 1) · · · (x− n+ 1) =
n∑

l=0

S1(n, l)x
l, (n ≥ 0). (1.13)

and the Stirling numbers of the second kind are defined by (see [1-12])

(et − 1)n = n!
∞∑
l=n

S2(l, n)
tl

l!
. (1.14)

A generalized falling factorial sum τk(n;λ) can be defined by the generating function
[25]:

∞∑
k=0

τk(n;λ)
tk

k!
=

1− (−(1 + λt))
(n+1)

λ

1 + (1 + λt)
1
λ

. (1.15)

where limλ−→0 τk(n;λ) = Tk(n).
In this paper, we consider a new class of degenerate q poly-Genocchi polyno-

mials G
(k)
n,q(x;λ) and develop some elementary properties and derive some implicit

formulae and symmetric identities for the degenerate q poly-Genocchi polynomials
by using different analytical means of their respective generating functions.

2. Degenerate q-poly-Genocchi Numbers and Polynomials
In this section, we introduce degenerate q-poly-Genocchi numbers and polyno-

mials and investigate some basic properties of these polynomials. We start with
the following definition as.

Definition 2.1. Let λ ∈ C, k ∈ Z, n ≥ 0 and 0 ≤ q < 1. We consider the degen-
erate q-poly-Genocchi polynomials by means of the following generating function

2Lik,q(1− e−t)

(1 + λt)
1
λ + 1

(1 + λt)
x
λ =

∞∑
n=0

G(k)
n,q(x;λ)

tn

n!
. (2.1)
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When x = 0 in (2.1), G
(k)
n,q(λ) = G

(k)
n,q(0;λ) are called the degenerate q-poly-Genocchi

numbers.
Note that

G
(1)
n,q→1(x;λ) = Gn(x;λ),

and
lim
λ−→0

G(k)
n,q(x;λ) = G(k)

n,q(x) ( k ∈ Z), (2.2)

where G
(k)
n,q(x) are called the q-poly-Genocchi polynomials.

Theorem 2.1. For n ≥ 0, we have

G(k)
n,q(x;λ) =

n∑
m=0

(
n
m

)
G(k)

m,q(x)n−m,λ. (2.3)

Proof. Using definition (2.1), we have

∞∑
n=0

G(k)
n,q(x;λ)

tn

n!
=

∞∑
m=0

G(k)
m,q

tm

m!

∞∑
n=0

(x)n,λ
tn

n!

=
∞∑
n=0

(
n∑

m=0

G(k)
m,q(x)n−m,λ

)
tn

n!
.

Comparing the coefficients of tn

n!
in both sides, we get (2.3).

Theorem 2.2. For n ≥ 0, we have

G
(2)
n,1(x;λ) =

n∑
m=0

(
n
m

)
Bmm!

m+ 1
En−m(x;λ). (2.4)

Proof. Applying Definition (2.1), we have

∞∑
n=0

G
(k)
n,1(x;λ)

tn

n!
=

2Lik(1− e−t)

(1 + λt)
1
λ + 1

(1 + λt)
x
λ

=
2(1 + λt)

x
λ

(1 + λt)
1
λ + 1

∫ t

0

1

ez − 1

∫ t

0

1

ez − 1
· · · 1

ez − 1

∫ t

0

z

ez − 1︸ ︷︷ ︸
(k−2)−times

dz · · · dz. (2.5)

For k = 2 in (2.5), we have

∞∑
n=0

G
(2)
n,1(x;λ)

tn

n!
=

2(1 + λt)
x
λ

(1 + λt)
1
λ + 1

∫ t

0

z

ez − 1
dz
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=

(
∞∑

m=0

Bmt
m

m+ 1

)
2(1 + λt)

x
λ

(1 + λt)
1
λ + 1

=

(
∞∑

m=0

Bmm!

m+ 1

tm

m!

)(
∞∑
n=0

En(x;λ)
tn

n!

)
.

Replacing n by n−m in above equation, we have

=
∞∑
n=0

(
n∑

m=0

(
n
m

)
Bmm!

m+ 1
En−m(x;λ)

)
tn

n!
.

On equating the coefficients of the like powers of tn

n!
in the above equation, we get

the result (2.4).

Theorem 2.3. For n ≥ 0, we have

G(k)
n,q(x;λ) =

n∑
p=0

(
n
p

)(p+1∑
l=1

(−1)l+p+1l!S2(p+ 1, l)

[l]kq(p+ 1)

)
Gn−p(x;λ). (2.6)

Proof. From equation (2.1), we have

∞∑
n=0

G(k)
n,q(x;λ)

tn

n!
=

(
Lik,q(1− e−t)

t

)(
2t(1 + λt)

x
λ

(1 + λt)
1
λ + 1

)
. (2.7)

Now
1

t
Lik,q(1− e−t) =

1

t

∞∑
l=1

(1− e−t)l

[l]kq
=

1

t

∞∑
l=1

(−1)l

[l]kq
(1− e−t)l

=
1

t

∞∑
l=1

(−1)l

[l]kq
l!

∞∑
p=l

(−1)pS2(p, l)
tp

p!

=
1

t

∞∑
p=1

p∑
l=1

(−1)l+p

[l]kq
l!S2(p, l)

tp

p!

=
∞∑
p=0

(
p+1∑
l=1

(−1)l+p+1

[l]kq
l!
S2(p+ 1, l)

p+ 1

)
tp

p!
. (2.8)

From equations (2.7) and (2.8), we have

∞∑
n=0

G(k)
n,q(x;λ)

tn

n!
=

∞∑
p=0

(
p+1∑
l=1

(−1)l+p+1

[l]kq
l!
S2(p+ 1, l)

p+ 1

)
tp

p!

(
∞∑
n=0

Gn(x;λ)
tn

n!

)
.
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Replacing n by n− p in the r.h.s of above equation and comparing the coefficients
of tn

n!
, we get the result (2.6).

Theorem 2.4. For n ≥ 1, we have

G(k)
n,q(x+ 1;λ) +G(k)

n,q(x;λ)

= 2
n∑

p=1

(
n
p

)(p−1∑
l=0

(−1)l+p+1

[l + 1]qk
(l + 1)!S2(p, l + 1)

)
(x)n−p,λ. (2.9)

Proof. Using the definition (2.1), we have

∞∑
n=0

G(k)
n,q(x+ 1, λ)

tn

n!
+

∞∑
n=0

G(k)
n,q(x;λ)

tn

n!

=
2Lik,q(1− e−t)

(1 + λt)
1
λ + 1

(1 + λt)
x+1
λ +

2Lik,q(1− e−t)

(1 + λt)
1
λ + 1

(1 + λt)
x
λ

= 2Lik,q(1− e−t)(1 + λt)
x
λ

= 2
∞∑
l=0

(1− e−t)l+1

[l + 1]qk
(1 + λt)

x
λ

= 2
∞∑
p=1

(
p−1∑
l=0

(−1)l+p+1

[l + 1]kq
(l + 1)!S2(p, l + 1)

)
tp

p!
(1 + λt)

x
λ (1 + λt2)

y
λ

= 2

(
∞∑
p=1

(
p−1∑
l=0

(−1)l+p+1

[l + 1]qk
(l + 1)!S2(p, l + 1)

)
tp

p!

)(
∞∑
n=0

(x)n,λ
tn

n!

)
.

Replacing n by n − p in the above equation and comparing the coefficients of tn

n!
,

we get the result (2.9).

Theorem 2.5. For n ≥ 0, d ∈ N and k ∈ Z, we have

G(k)
n,q(x+ y;λ) =

n∑
m=0

(
n

m

)
G

(k)
n−m,q(x)(y)m,λ. (2.10)

Proof. From equation (2.1), we have

∞∑
n=0

G(k)
n,q(x+ y;λ)

tn

n!
=

2Lik,q(1− e−t)

(1 + λt)
1
λ + 1

(1 + λt)
x+y
λ
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=
∑

G(k)
n,q(x)

tn

n!

∞∑
m=0

(y)m,λ
tm

m!

=
∞∑
n=0

(
n∑

m=0

(
n

m

)
G

(k)
n−m,q(x)(y)m,λ

)
tn

n!
.

On comparing the coefficient of tn

n!
, we get the result (2.10).

3. Symmetry Identities for Degenerate q-poly-Genocchi Polynomials
In this section, we introduce general symmetry identities for the degenerate

q-poly-Genocchi polynomials G
(k)
n,q(x;λ) by applying the generating function (2.1).

We begin following identities as.

Theorem 3.1. Let a, b > 0 and a ̸= b. For x ∈ R and n ≥ 0, the following identity
holds true:

n∑
m=0

(
n
m

)
an−mbmG

(k)
n−m,q

(
bx,

λ

a

)
G(k)

m,q

(
ax,

λ

b

)

=
n∑

m=0

(
n
m

)
bn−mamG

(k)
n−m,q

(
ax,

λ

b

)
G(k)

m,q

(
bx,

λ

a

)
. (3.1)

Proof. Let

G(t) =

(
2Lik,q(1− e−at)2Lik,q(1− e−bt)

((1 + λt)
a
λ + 1)((1 + λt)

b
λ + 1)

)
(1 + λt)

2abx
λ . (3.2)

Then G(t) is symmetric in a and b and we can written

G(t) =
∞∑
n=0

G(k)
n,q

(
bx,

λ

a

)
(at)n

n!

∞∑
m=0

G(k)
m,q

(
ax,

λ

b

)
(bt)m

m!

G(t) =
∞∑
n=0

(
n∑

m=0

(
n
m

)
an−mbmG

(k)
n−m,q

(
bx,

λ

a

)
G(k)

m,q

(
ax,

λ

b

))
tn

n!
.

Similarly, we can show that

G(t) =
∞∑
n=0

G(k)
n,q

(
ax,

λ

b

)
(bt)n

n!

∞∑
m=0

G(k)
m,q

(
bx,

λ

a

)
(at)m

m!

G(t) =
∞∑
n=0

(
n∑

m=0

(
n
m

)
bn−mamG

(k)
n−m,q

(
ax,

λ

b

)
G(k)

m,q

(
bx,

λ

a

))
tn

n!
.
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Comparing the coefficients of tn

n!
on the right hand sides of the last two equations,

we arrive the desired result.

Corollary 3.1. On setting b = 1 in Theorem 3.1, we get

n∑
m=0

(
n
m

)
an−mG

(k)
n−m,q

(
x,

λ

a

)
G(k)

m,q (ax, λ)

=
n∑

m=0

(
n
m

)
amG

(k)
n−m,q (ax, λ)G

(k)
m,q

(
x,

λ

a

)
. (3.3)

Theorem 3.2. For all integers a > 0, b > 0, and n ≥ 0, the following identity
holds true:

n∑
m=0

(
n
m

)
an−mbmG

(k)
n−m,q

(
bx,

λ

a

) m∑
i=0

(
m
i

)
τi(a− 1;λ)G

(k)
m−i,q

(
ay,

λ

b

)

=
n∑

m=0

(
n
m

)
bn−mamG

(k)
n−m,q

(
ax,

λ

b

) m∑
i=0

(
m
i

)
τi(b− 1;λ)G

(k)
m−i,q

(
by,

λ

a

)
,

(3.4)
where generalized falling factorial sum τk(n;λ) is given by (1.15).
Proof. We now use

H(t) =
2Lik,q(1− e−at)2Lik,q(1− e−bt)(1− (−(1 + λt))

ab
λ )(1 + λt)

ab(x+y)
λ

((1 + λt)
a
λ + 1)((1 + λt)

b
λ + 1)2

to find that

H(t) =

(
2Lik,q(1− e−at)

(1 + λt)
a
λ + 1

)
(1 + λt)

abx
λ

(
1− (−(1 + λt))

ab
λ

(1 + λt)
b
λ + 1

)
(
2Lik,q(1− e−bt)

(1 + λt)
b
λ + 1

)
(1 + λt)

aby
λ

=
∞∑
n=0

G(k)
n,q

(
bx,

λ

a

)
(at)n

n!

∞∑
n=0

τn(a− 1;λ)
(bt)n

n!

∞∑
n=0

G(k)
n,q

(
ay,

λ

b

)
(bt)n

n!

=
∞∑
n=0

G(k)
n,q

(
bx,

λ

a

)
(at)n

n!

∞∑
m=0

m∑
i=0

(
m
i

)
bmτi(a− 1;λ)G

(k)
m−i,q

(
ay,

λ

b

)
tm

m!
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=

∞∑
n=0

(
n∑

m=0

(
n
m

)
an−mbmG

(k)
n−m,q

(
bx,

λ

a

) m∑
i=0

(
m
i

)
τi(a− 1;λ)G

(k)
m−i,q

(
ay,

λ

b

))
tn

n!
.

(3.5)
By using a similar plan, we get

H(t) =

∞∑
n=0

(
n∑

m=0

(
n
m

)
bn−mamG

(k)
n−m,q

(
ax,

λ

b

) m∑
i=0

(
m
i

)
τi(b− 1;λ)G

(k)
m−i,q

(
by,

λ

a

))
tn

n!
.

(3.6)

After comparing the coefficients of tn

n!
on the right hand sides of the last two equa-

tions, we arrive at the desired result.

References

[1] Alatawi, M. S., Khan, W. A., Ryoo, C. S., Explicit properties of q-Cosine and
q-Sine Array-type polynomials containing symmetric structures, Symmetry,
14(1675) (2022), 1-18.

[2] Carlitz, L., Degenerate Stirling, Bernoulli and Eulerian numbers, Utilitas
Math., 15 (1979), 51-88.

[3] Carlitz, L. A degenerate Staudt-Clausen theorem, Arch. Math. (Basel), 7
(1956), 28-33.

[4] Dolgy, D. V., Khan, W. A., A note on type two degenerate poly-Changhee
polynomials of the second kind, Symmetry, 13 (579) (2021), 1-12.

[5] Kaneko, M., Poly-Bernoulli numbers, J. Théor Nombres Bordeaux, 9 (1)
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