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Abstract: In this paper, we define enriched (¢, ¢,)-weakly contractive map in
convex metric spaces where v is continuous on [0, +00) and ¢, is not continuous
on [0, +00) and prove the existence and uniqueness of fixed points of these maps in
complete convex metric spaces. We provide an example in support of our result.
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1. Introduction

Weakly contractive maps in Hilbert spaces were introduced by Alber and Guerre-
Delabriere [2] as a generalization of contraction maps and they established the ex-
istence of fixed points in Hilbert spaces. Rhoades [11] extended it to the setting of
metric spaces.

Definition 1. (Rhoades [11]) Let (X, d) be a metric space. A map T : X — X is
said to be weakly contractive if

for all x,y € X, where ¢ : [0, +00) — [0,4+00) is continuous, monotone
nondecreasing with ¢(t) = 0 if and only if t = 0.
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Here we note that every contraction map is weakly contractive, but its converse is
not true (Example 2.1.4, [9]). Rhoades [11] proved that every weakly contractive
map has a unique fixed point in complete metric spaces.

In 2008, Dutta and Choudhury [10] proved the following theorem.

Theorem 1. (Dutta and Choudhury [10]) Let (X, d) be a complete metric space
and let T : X — X be a map satisfying the inequality

Y(d(Tz, Ty)) < Y(d(z,y)) — p(d(z,y)) (2)

forallz,y € X where, ¢ : [0, +00) — [0,+00) are both continuous and monotone
nondecreasing functions with (t) = 0 = ¢(t) if and only if t = 0. Then T has a
unique fized point in X.

If ¢ is the identity map in (2), then clearly T is a weakly contractive map that
was introduced by Rhoades [11]. For more works on the existence of fixed points
of weakly contractive maps, we refer [3, 4, 8, 11] and for applications of fixed point
theory in Science and Engineering, we refer [1].

On the other hand, Takahashi [12] introduced the concept of convexity in metric
spaces namely convex metric spaces and studied the existence of fixed points of
nonexpansive maps in convex metric spaces.

In 2020, Berinde and Pacurar [5] introduced enriched contraction maps in a
normed linear space and proved the existence of fixed points in Banach spaces.
Further, Berinde and Pacurar [6] extended enriched contraction maps in convex
metric spaces and proved the existence of fixed points.

Motivated by the works of Takahashi [12], Berinde and Pacurar [5, 6] and Dutta
and Choudhury [10], in this paper, we define enriched (v, ¢, )-weakly contractive
maps in convex metric spaces and prove the existence and uniqueness of fixed
points. An example is provided in support of our result.

2. Comparison of various contraction maps
In the following, we compare contraction maps, nonexpansive maps, enriched
contraction maps, (A, ¢)-enriched contraction maps.

Definition 2. Let (X, d) be a metric space. Let T : X — X be a selfmap of X. If
there exists a real number ¢ € [0,1) such that

d(Tx,Ty) < c d(z,y) (3)

for all x,y € X, then we say that T is a contraction on X.
In this case, we say that T is a contraction with contraction constant c¢. If c =1
then we call T a nonexpansive map on X.
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Definition 3. (Berinde and Pacurar [6]) Let (X, ||.||) be a normed linear space.
Let T : X — X be a selfmap. If there exist b € [0,4+00) and 6 € [0,b+ 1) such that

16(z —y) + Tx = Tyl < 0[]z —yl| (4)

for all x,y € X, then we say that T is a (b, 0)-enriched contraction.
Here we observe that if b = 0 then 6 € [0,b + 1) so that every contraction is a
(0, 0)-enriched contraction.

Example 1. Let X = [0,1] and T': X — X be given by Tx = 1 — z, x € [0, 1].
Then
bz —y)+ Tz —Tyl=b(x—y)+1—2—1+y|
= |b(z —y) — (z —y)]
= |b—=1||z —y|
< Olx —y| forany 0 <O <b+1,b> 0,
so that T is a (b, #)-enriched contraction. But it is not a contraction. In fact, it is
nonexpansive.
Now the following question is possible.
Is every non-expansive map a (b, #)-enriched contraction map?
The following example shows that its answer is not affirmative.

Example 2. Define T': X — X by Tx = x. Then, for any =,y in X,
bz —y) + To = Ty| = [b(z —y) + z —y|

= |(0+1)(z —y)]

= b+ 1f|z —y|

% Oz — y| for any 6 € [0,b+ 1).
Therefore nonexpansive maps are not (b, #)-enriched contraction maps.

Definition 4. (Takahashi [12]) Let (X,d) be a metric space. Let W : X x X X
0,1] = X be a map. If for all z,y € X and for any X € [0, 1],

for any u € X, then we say that W is a convez structure on X.

A metric space (X, d) endowed with a convex structure W is called a convex
metric space and we denote by (X, d, W). We observe that any normed linear space
is a convex metric space, with convex structure

Wi(z,y,\) =X+ (1 - Ny (6)

for all z,y € X and A € [0,1]. But its converse is not valid; there are several
examples of convex metric spaces which cannot be embedded in any Banach space
(see [12], Example 1 and Example 2).
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The following lemmas present some fundamental properties of a convex metric
space.

Lemma 1. (Takahashi [12]) Let (X,d, W) be a convexr metric space. For each
x,y € X and A\, A1, Ay € [0, 1], we have the following:
(1) dz, W(z,y, )) (1= Nd(z,y) (i) d(W(z,y,A),y) = Ad(z,y)
(79) W(x,x,\) = (i) W(z,y,0) =y  (v) W(x,y,1) =2z and
(1) M1 — ald(a, y) d(W (z,y, M), W(z, y, A2))-

Let (X,d,W) be a convex metric space and 7" : X — X be a selfmap. We
denote the set of all fixed points of T' by Fiz(T), i.e., Fiz(T) ={x € X : Tz = x}.

Lemma 2. (Berinde and Pacurar [6]) Let (X, d, W) be a conver metric space and
T:X — X be aselfmap. Let A € [0,1). We define the map T\ : X — X by

The = W(x, Tx; \) (7)
x € X. Then, for any A € [0, 1),
Fix(T) = Fix(T)). (8)

Definition 5. (Berinde and Pacurar [5]) Let (X, d, W) be a conver metric space.
Let T : X — X be a selfmap. If there exist 0 < c <1 and X € [0,1) such that

d(W(z, Tz, ), W(y, Ty, A)) < ¢ d(z,y) (9)

for all z,y € X, then we say that T is a (A, c)-enriched contraction.

We define Ty : X — X by Th\(x) = W(x,Tz,\),x € X. Then (9) reduces to
d(Thz, Thy) < cd(z,y) for all z,y € X.

Note. In a normed linear space, every (b,0)-enriched contraction is a (X, c)-
enriched contraction with \ = b%l and ¢ = M.

Example 3. Let X =[—2,0] and T': X — X be defined by Tz = —x — 2. Then
AW (z, Tz, \),W(y,Ty,\)) =d((1 — Nz + ATz, (1 — Ny + \Ty)
=|1=Nz+ Tz —(1—- Ny — \Ty|
(L= M)+ A~z —2) — (1= Ay — M=y —2)]
= |(z —y) = 2A\(z —y)|
— - 2\|jz—y|
< c|lz — y| where A = 1 an
Therefore T is a (A, ¢)-enriched contraction with A
tion.

=3,C= but not a contrac-
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Example 4. Let X =R and 7' : R — R be defined by T'vr = 2x — 1. Then

AW (x, Tz, \),W(y, Ty, \)) =d((1 — Nz + \Tx, (1 — Ny + \Ty)
=|1=Nz+ Tz —(1—-Ny— ATy|
=|1=Nz+A2x—1)— (1 =Ny — A2y —1)]
=z —y) + Az —y)|
= [T+ Allz -y
£ clz =y

for any 0 < ¢ < 1 and for any A € [0,1).

Therefore T' is not a (A, ¢)-enriched contraction.

Theorem 2. (Berinde and Pacurar [6]) Let (X,d, W) be a complete conver metric
space and T : X — X be a (A, c)-enriched contraction. Let xo € X. Then the
sequence {x,} 2 defined by the iterative process

Tpr1 = Wiz, Txp, A),n=0,1,2, .. (10)

converges to p (say) in X and p is the unique fixed point of T.

3. Enriched (v, p),)—weakly contractive maps and fixed points
We denote ¥ = {t/1 : [0,400) — [0, +00) satisfying

(i) % is continuous,

(ii) v is nondecreasing and

(iii) ¢(t) = 0 if and only if ¢t = 0}.
We now introduce enriched (1, p,)—weakly contractive maps.

Definition 6. Let (X,d, W) be a convex metric space. Let T : X — X be a
selfmap. If there exist » € U and X € (0,1) and corresponding to this A, there
ezists py : [0, +00) — [0,4+00) such that

YWz, Tz, A), Wy, Ty, A))) < ¢(d(x,y)) — eald(z,y)) (11)

for all x,y € X, where @y is nondecreasing and @, (t) = 0 if and only if t = 0, then
we say that T is an enriched (1, py)-weakly contractive map on the conver metric
space X .

If 1 is the identity map of X then we say that T is an enriched py-weakly con-
tractive map on X.

Remark 1. (i) We observe that every (X, c)-enriched contraction is an enriched
px-weakly contractive map on X. For, dW(z,Tx,\),W(y,Ty,\)) < cd(x,y) =
d(CL’,y) - (1 - C)d(l‘7y) = d(l’,y) - @X(d(xuy)) where @A(t) = (]‘ - C)tat > 0 and
Ae (0,1).
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(ii) Every contraction is a (b,0)-enriched contraction, every (b,0)-enriched con-
traction is a (A, c)-enriched contraction and hence it is an enriched (U, @))-weakly
contractive map.

Example 5. Let X =R and T : X — X be defined by Tx = -2z — 1,2 € R. We
define ¥ on [0, +00) by ¥(t) =t,t > 0. For A € (0,1), we define ¢, on [0,400) by

oa(t) = 3At,t > 0.

Then clearly ¢, satisfies nondecreasing property and ¢, (t) = 0 if and only if ¢ = 0
for each A € (0,1). Now, consider
(AW (2, T2, N), W (y, Ty, \))) = d(W (2, T, A), W (3, Ty, \)
d(1 =Nz + ATz, (1 =Ny + \Ty)
(1 =Nz 4+ Tz —((1 =Ny + A\Ty)|
=[(1=Nz+AX-22-1)—(1—=Ny— -2y —1)]
(z—y

[ (z—y)=3Nz—y)if(z>yand A< i) or (z <yand X >
{ (y—2) =3y —=z)if (r<yand A< 3)or (z>yand X\ >
= ¢(d(z,y)) — pald(z, y)).
Hence T is an enriched (¢, ¢, )-weakly contractive map.
We use the following lemma to prove our main result.

=
W~
S— ——

Lemma 3. (Babu and Sailaja [4], Berzig, Karapinar, Radenovié, Kadelburg,
Jandrli¢ and Jandrlié¢ [7]) Suppose (X,d) is a metric space. Let {x,} be a se-
quence in X such that d(z,, 1) — 0 as n — 4o0o. If {x,} is not a Cauchy
sequence then there exist € > 0 and sequences of positive integers {my} and {n;}
with my, > ng > k such that d(z,,, Tn,) > €, d(Tm—1,Tn,) < € and

(2) kEToo d(xmk’xnk) =€ (”) kEI—Poo d(xmk_l’xnk) =€
(iii) kEI—Poo A(Tpmp—1, Tpypr1) = € (iv) kgrfoo d(Zpy—1,Tp,—1) = €.

Theorem 3. Let (X,d, W) be a complete conver metric space. Suppose that
T: X — X is an enriched (1, px)—weakly contractive map. Then T has a unique
fized point in X.

Proof. Let A be as in the Definition 6. We define Ty : X — X by

The =W(x,Tz;\),x € X.

Then (11) becomes

P(d(The, Tay)) < ¢(d(x,y)) — pald(z, y)) (12)

for all x,y € X. Let g € X. We define z,,1 = Thz,,n=0,1,2, ... .
By taking z =z, and y = x,, in (12), we get
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P(d(@n—1,7n)) — Pa(d(Tn-1,Tn))
Y(d(xy,—1,x,)) that implies
d(xp, Tpe1) < d(xy_1,x,) forn=1,2,3,... .
For, if there exists n € Z* such that d(z,, x,.1) > d(x,_1,x,) that implies
Y(d(xn-1, 7)) < P(d(n, Tns1))
< Y(d(@n-1,7n)) — eald(Tn-1,22))
< ¢(d(xn—1’ xn))’
a contradiction.
Hence, we have {d(x,,x,4+1)} is a decreasing sequence of non-negative reals.
Suppose that nl_l}I_iI_loo d(xp, xpe1) = 5,6 > 0.

We now show that g = 0.
Since 1, ¢, are nondecreasing, we have

w(d(T)\xn—l ) T)\xn)) S
<

(2, 2n11)) < P(A(Tn; 2n1)) = oA (d(Zn, Tn1)). (13)

Let o, = d(xp, Tpy1). Thus, from (13), we have

Y(an) < Plan-1) — palan-1). (14)

Since 5 < a, for all n, we have p(8) < pa(ay,) for all n.
Hence from (14) we have ¥(a,,) < ¥(a,_1) — ©r(B).
Now on letting n — +o00 and using the continuity of 1, it follows that

(B) < P(B) — @a(B). Hence pA(5) = 0. So f = 0.

Therefore nl_l)r_{loo d(xp, Tpy1) = 0.

We now prove that {z,} is a Cauchy sequence.
If {z,} is not Cauchy, then by Lemma 3, there exist € > 0 and sequences of positive
integers {my} and {ng} with n; > my > k such that

d(xp,, Tm,) > € and d(xn, 1, Tm, ) <€, (15)

and (i) to (iv) of Lemma 3 hold.
From (15), we have
%U(E) < ’(/) d(mnk’xmk)) < w(d(‘rnk_l’xmk_l)) - 90)\<d(xnk—17mmk—1)) and it implies
that
PA(A (T, Ty 1)) < (A (@1, T 1)) — P (€)-
Therefore 0 < liminf @y (d(n,—1, Tm,—1)) < limsup o (d(@p, -1, Tm,—1))
< lim sup ¢(d($nk—17 xmk—l)) - ¢(6)
= () —(e) (By (iv) of Lemma 3)
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= 0.
Therefore lim inf o) (d(zn, -1, Tm,—1)) = limsup o (d(2n, —1, T, —1)) = 0 s0
lim @A(d(xnk—hxmk—l)) = 0. (16)

n—-+o0o

Let 7 = § > 0. So there exists L; € Z" such that |d(zp,—1, Zm,—1) — €[ < 7 for all
[ > Ly, by Lemma 3 (iv).
Therefore for [ > Ly, we have € —n < d(zp, —1, Tim,—1) < €+ 1.
That is, € — § < d(Zp;,—1, Tm;—1) < €+ 5.
That iS, % < d(Ink_l,(L’mk_l).
Therefore ¢x(5) < @A(d(Tny—1, Tmy—1)) — 0 as | — +o0, by (16).
Hence it follows that ¢5(5) = 0 so that € = 0,
a contradiction.
Hence {z,} is a Cauchy sequence.
Since X is complete, there exists z* € X such that d(z,,2*) — 0 as n — +oc.
Now, from (12) we have
W(d(Tha*, xpi1)) = Y(Toa*, Thxy,)
< Pld(z”, @n)) — eald(a”, 2,))
< ¢(d(z*,x,)) — 0 as n — +o0.
Therefore nETm¢<d<TAx*’ Tnt1)) =0

which implies that ( lir_{l d(Thz*, x,11)) = 0 so that ¥ (d(Thz*, x*)) = 0.
n—-+0o0

Hence d(Thz*, x*) = 0. Therefore Thz* = x*.
Now suppose that z*, 2] are two distinct fixed points of 7. Then
0 <(d(a*, 27)) = P(d(The™, Thr])) < p(d(z”, 27)) — pald(z”, 27))
which implies that ¢, (d(z*, 27)) < 0 so that ¢, (d(z*, z7)) = 0.
Hence, we have d(z*,z7) = 0.
Therefore x* = z7.
Therefore T has a unique fixed point z* so that Fixz(Ty) = {z*}.
Now, by Lemma 2, we have Fiz(T) = {x*}.
This completes the proof of the theorem.
Remark 2. In the proof of Theorem 1, Dutta and Choudhury [10] assumed the

continuity of @, where as, in Theorem 3, we did not use the continuity of .
By choosing ¢ (t) = t,t > 0 in Theorem 3, we have the following corollary.

Corollary 1. Let (X,d, W) be a complete convex metric space. If T : X — X is
an enriched @y-weakly contractive map of X, then T has a unique fized point in

X.
Corollary 2. Let (X,d) be a complete metric space. If T : X — X is a weakly
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contractive map, then T has a unique fized point in X.
Proof. By choosing 1 as the identity mapping and A = 0, we get the conclusion.

Remark 3. From Remark 1 (i), clearly Theorem 2 follows as a corollary to Corol-
lary 1.
The following is an example in support of Theorem 3.

Example 6. Let T': [0,1] — [0,1] be defined by Tz =z — 57, if 0 <z <1
To avoid cumbersome computations, we choose ¥(t) =t¢,t > 0. Let A € (0,1). W

choose ) .
5)\t, Zf 0 S t S 1,
of t>1.

eat) = {

2
9

Then, for each A € (0,1), clearly ¢, is nondecreasing for t > 0 and p,(t) = 0 if
and only if £ = 0.
Here we note that ¢, is not continuous on [0, 4+00). Let z,y € [0, 1].
We consider,
(AW (2, T, N), W (y, Ty, \))) = dOW (2, T, N), W (3, Ty, V)
d((1 =Nz + ATz, (1 — Ny + \Ty)

=|(1— A)CL’+>\(96—m)—(l—%)y My — 35
= |(1_/\>( )+)‘(x_y)_/\(2$x 2+y>|
=z —y) - (ﬂf@iy)‘

2\ (z—y)
(2+w)(2+y)

) — ifx>y
y—x) - <2+x>(2_+y>

) —

) —

ifex<y
Bla—y)ifz>y
2’\(y—a7) ifr<y

x
( (2.9)) — eald(, ).
T satisfies all the hypotheses of Theorem

Hence T satisfies the inequality (1
3 and T has a unique fixed poin

rf'/-\
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